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O01mas xapakrepucTuKa padoThbl

AKTYaJIbHOCTh T€MbI HCCJIEJOBAHMS.

[Ipu BBIOOpE JydIlIeTO0 KOHCTPYKTUBHOTO PEIICHUS ISl CTPOUTEIbHOU
KOHCTPYKIIUU WA €€ KOHCTPYKTHMBHOM YacTH, HEOOXOAMMO HMETh BO3MOXKHOCTH
ONpENEeNIUTh TOJHYI KapTUHY WX HaNpsHKeHHO-AE)OPMUPOBAHHOTO COCTOSIHUS OT
KOMOMHAIIMK PA3IMYHBIX BapUAHTOB BO3JACUCTBUH, IMO3BOJSIONIYI0 MPOTHO3UPOBATH
MOBEJCHUE KOHCTPYKIIMU TpPU M3MEHEHUHM €€ mapaMmeTpoB. JlJis 3TOro MoOryt OBITh
MCITI0JIb30BaHbI KaK aHAJTUTUYECKUE, TaK U YHCIICHHBIE METO/IbI.

B Hacrosiiee Bpemsi 0JTHUM U3 HauOoJiee pacipOCTPaHEHHBIX U YHUBEPCATIbHBIX
YHUCJICHHBIX METOJIOB SIBJSIETCS METOJ KOHEUHbIX 3iemeHToB (MKD). DtoT mMeTon Ha
HayaJbHOM ATane MPUMEHSUICS NI pacyeTa CTEP>KHEBBIX CHCTEM, U paccMaTpHUBAJICS
KaK Pa3BUTHE KJIACCUYECKUX METOJ0B CTPOUTEIBHOW MEXAHHUKH, a 3aTeM ObLII 000011IeH
Ha pacyer IJIAaCTUH U 000JI0YEK, YTO MO3BOJIMIIO B JabHEHIIIEM 000CHOBATh U Pa3BUTh,
KaK METOJbI TUCKPETU3ANN KOHTUHYAIbHBIX CUCTEM, TaK U METOJ/Ibl KOHTUHYJIU3AIlUU
PErYJISPHBIX TUCKPETHBIX CUCTEM.

Teopuu 3T0r0 METOAA M peANM3aUU pa3pabOTaHHBIX HA €r0 OCHOBE aJITOPUTMOB
pacyera NOCBSLIEHO OrPOMHOE KOJHMYECTBO CTAaTe€, MOHOrpaduii, y4eOHUKOB U
0030poB: pabotsl [x. Aprupuca, K.}O. bare, P. I'amnarepa, A.C. I'opoaenkoro, O.K.
3enkeBu4a, A.M. MacnennukoBa, JI. Hoppu, [Dx. Opena, [./x. Onmana, B.N.
CmuBkepa, A.B. Ilepenbmytepa, A.A. Ilokposckoro, b.I'. IlonoBa, B.A. IlocTHOBa,
SI.A. IlparyceBuua, P.b. Pukapaca, A.E. benkuna, C.C. I'aBprommna, M. CekynoBuua,
I'. Crpenra, JIx. ®duxca, I0.A. Troxkamosa, C.}JO. ®uanko, A.C. Ilpi6enko, B.C.
Yysukosckoro, JI.A. IlImuta, ®.K. boruepa, P.JI. ®okca, @. bpessu, A. [louecku u ap.

B crTpouTenbHOl MEXaHMKE METOJI KOHEYHBIX J3JIEMEHTOB 4Yalle€ BCEro
UCIIOJIB3YIOT B €ro KJIAacCMYeCcKoM BHAE - B (opme MeroAa mepeMenieHuil. ITo
OOBSICHSIETCSI €r0 M3BECTHBIM MPEUMYIIECTBOM, 3aKJIOYAIONIEMCSI B BO3MOKHOCTH
MOJHOW (popManu3anuu aaropuTMOB pacyeTa M PeAU3yIoIUX HMX MPOTPaMMHBIX
CPEJICTB, [0 CPAaBHEHUIO C APYTMMH U3BECTHBIMU (hopmamu U Moaudukanusamu MKD.

MHOTrOUHCIICHHBIE MPOTPAMMHBIE KOMIUICKCHI, PEATU3YIOIINE METOJI KOHEUHBIX
AJIEMEHTOB, MO3BOJISIIOT MPOBECTH JACTAIHHOE MCCIIEAOBAHUE CI0XKHBIX KOHCTPYKIIUN U
MOJIYYUTh NOJHYI0 MH(MOpMAINIO 00 X HAPSHKEHHO-Ae()OPMUPOBAHHOM COCTOSIHUH.

Tem He mMeHee, aHaIM3 UMEIOMUXCS Myonukanui mo teopun MKD u npaktuke
€ro MPUMEHEHHS B MPOTPAMMHBIX KOMILJIEKCAX TMOKa3all, YTO TpaJWIMOHHAas (opma
MK3 B mnepememnieHusix, Ha KOTOPOH OCHOBAHO OOJBIIMHCTBO MPOTPAMMHBIX
KOMILUIEKCOB, Hapsily C JIOCTOMHCTBAMU HMMEET W Psii HEpa3pelIeHHbIX 10 KOHIA
po0seM, TPUBOASIIUX K HEOOXOAMMOCTH BepUPUKAIIMHM MOJYyIaeMbIX Ha €r0 OCHOBE
pEe3yJabTAaTOB pacuera, KaKk JUCKPETHBIX (CTEP>KHEBBIX), TaK M JUCKPETE3UPOBAHHBIX
KOHTHUHYaJIbHBIX CUCTEM.

Kak oTrmeuaercst B psiie paboT, K HUM OTHOCSITCS: MpoOjIeMa OJHOBPEMEHHOIO
YVAOBJIETBOPEHUSI B pa3pelialoliX YPaBHCHUSX YCIOBHUSM paBHOBECHS B y3Jax
KOHEUHO-3JIEMEHTHOM M COBMECTHOCTH JAedopMaluii Ha MEXKIJIEMEHTHBIX TpaHHUIIAX;
NMOHW)KEHHAs, M0 CPAaBHEHHUIO C IMEPEMENICHUSIMU, TOYHOCTb BBIYMCIICHMS YCUIIMM
(HampspKEeHUi); CJIOXKHOCTh ydeTa pa3pblBOB 3HAYEHUW YCUIUN (HampspKEHUH) Ha
MEXDJIEMEHTHBIX T'PAHUIIAX; HEUCIOJIb30BAHUE TPAHUYHBIX YCIOBHM, BBIPAXKEHHBIX B



4

yewIHsIX (HanpsDKeHMsX); ‘‘3amupaHue’” TpH  pacyeTe ¢ Y4YeTOM DJIEMEHTOB,
oOnafaronmx OOJBIION CABUTOBOM JKECTKOCTBIO, Korja sHeprus aedopmaiuu OT
C/IBUTA 3HAYUTEJILHO MIPEBBINIACT FHEPTHUIO Iehopmaiuu ot u3ruoa.

Takke K HHMM OTHOCSATCA COJEpXalmuecs B KUHEMATHYECKUX TPaHUYHBIX
YCJIOBHUSIX CMEIICHHS KOHEYHOI'O 3JIEMEHTa KAaK ECTKOrO IEJIOro, HE CBSI3aHHBIE C
pabotoit BHyTpeHHUX cuil. OHU MPUBOIAT K YXYJIUICHUIO 00YCIOBJICHHOCTH MaTpPUIIbI
KECTKOCTH BCEW KOHCTPYKIMU NPU CTYUIEHUH KOHEYHO-3JIEMEHTHOW CETKH, KOrjaa
HEOOXOIMMO TOBBICUTh TOYHOCTH PEIICHHSI B OMACHBIX 30HAX, WM MPU UTEPALUOHHOM
pELICHUH HEJIMHEWHBIX 3a7a4.

Cnoxnoctu npumeHeHuss MKD B mnepeMemeHusx BO3HUKAIOT TaKXKe IpU
BKIIIOUEHUU B KOHCTPYKIMIO HeAeOPMUPYEMBIX OJJIIEMEHTOB M TpU pacuerax
T€OMETPUYECKH U3MEHSAEMBIX CUCTEM B BUJI€ KHHEMAaTUYECKOM 1IEMH.

NMeHHO 3TH TpoOsieMbl OOBACHSIOT MOSBIEHUE pPsia padOT LENbI0 KOTOPBIX
SBJISIETCS. TEOPETHUECKOe 00OCHOBAaHUE, UCCIIEIOBAHNE U pa3BUTHE Apyrux popm MKDO:
B HamnpsyKeHUsiX, B (opMe MeToAa CWI, B CMEIIaHHOM (opMe UM B pazIuyHBIX
rUOpHUIHBIX BapHaHTAX.

OpHako aHanM3 UMEIOUIMXCS Ha CErOAHSIIHUN JEHb MyOJUKaUWd MO 3TUM
dopmam MKD npuBoauT K BBIBOJY O TOM, YTO paccMarpuBaembie B HUX (popmbl MKD
HE yJanock GopMaan30BaTh U alTOPUTMU3UPOBATH C TOM K€ MPOCTOTOM, KaKk 3TO UMEET
MeCTO B TpaguunoHHOM MKD B nepeMeneHusx.

[IpoBeneHHbIN aHAIN3 COBPEMEHHBIX UCCIICIOBAHUM MO3BOJSIET CPOPMYTUPOBATH
(yHIAMEHTAIbHYI0O HAay4HYI0 NpoOJeMy, Ha pelIeHHWE KOTOPOW HaIlpaBJieHO AaHHOE
WCCIICOBAHNE: PACIIMPEHHE BO3MOXHOCTEM METOAA KOHEYHBIX JJIEMEHTOB U €r0
pa3BUTHE, MAOIIEE BO3MOKHOCTH CPABHUTEIBHOIO aHalIW3a pe3yJbTaTOB pacyeTa
MOJIy4a€MbIX HAa OCHOBE €r0 pa3InyHbIX (hOpM.

Ecnu mnpuHATE 3a OCHOBY KIJIACCHYECKYI0 (OpMYy CMEIIaHHOTO METOo/a
CTPOUTENILHOM MEXaHUKH M HCIOJIb30BaTh pacueTHyro cxemy MKD co cMmemaHHbIMU
HEU3BECTHBIMH, TO YIIOMSIHYTHIE BbIIIE MPOOIEMBbl MOKHO YCTpaHUTh. Takasi pacyeTHas
cxema OyneT mpuMeHHMa K JII0OBIM THITAM 3JIEMEHTOB M OyJIeT HEM3MECHHOM Ha BCEX
CTausAX pabOThl KOHCTPYKIIMHU, BKIIIOUAs €€ MEePEeX0/1 B MEXaHHU3M.

Henbi0 wuccieq0BaHUA SBISETCS pPACIIMPEHUE TEOPUHM METOAA KOHEUYHBIX
3JIeMEHTOB BKJtoueHHeM B He€ MKD B (opme kimaccnyeckoro CMemaHHOTO MeEToja
CTPOUTENILHOM MEXaHUKU U Pa3padOTKH COOTBETCTBYIOIIUX (PU3UKO-MATEMATUYECKUX
MOJENEN KOHEYHBIX JJIEMEHTOB M AJITOPUTMOB pAaCcu€TOB pPA3JUYHBIX THUIIOB
KOHCTPYKTUBHBIX 3JIEMEHTOB U KOHCTPYKLMU B JIMHEWHOU U HEJIMHENHOM [TOCTAHOBKAX.

JUist TOCTMO>KEHMsI TOCTaBJIEHHOW 1ed ObUTM COPMYIMPOBAHBI M PEUICHBI
CIEAYIOIINE 3a4a4H:

1. Paciputh 0OIIyI0 TEOPUIO METOJa KOHEUHBIX 3JEMEHTOB, BKIIOYMB B HEE
MKD B popme Ki1accuueckoro CMEIIaHHOTO METO/1a CTPOUTEIbHON MEXaHHKHU.

2. Ob6ocHoBatry misa 3toir dopmbel MKD  dusmko-maTeMaTHYeCKUe MOJEIH
KOHEYHBIX JIEMEHTOB U UX OCHOBHBIE CUCTEMBI.

3. PazpabGortaTh anroput™Mbl (OPMHpPOBAHUS pa3peIIAOIIUX YpaBHEHUH Jis
pelieHus 3a7a4 CTaTUKH, JUHAMUKH U YCTOMYMBOCTH KOHCTPYKTHBHBIX 3JIEMEHTOB U
KOHCTPYKIIMH.
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4. [IlpoBectn TecTUpoBaHME M  amnpoOalrio, peaJn30BaHHBIX (U3HUKO-
MaTeMaTHYECKUX MOJIEJIE KOHEUYHBIX 3JIEMEHTOB U aJITOPUTMOB PAaCUETOB PA3TUYHBIX
TUIIOB KOHCTPYKTHUBHBIX 3JIEMEHTOB M KOHCTPYKUHMM B JIMHEWHOM W HEJIMHECWUHOMU
MTOCTAHOBKAaX.

MeToabl MCCJIe10BaAHNA.

B pabore uCnosib30BaIMCh MOAXOAbI U METOABl CTPOUTEIBHOM MEXaHUKU H
TEOPUH YIIPYTOCTH C UCIIOIB30BAHUEM OOMICHIPUHSITHIX TUINOTE3 U JOMYIICHUH, METOIbI
JUHEHHOM anreOpbl U BEIYMCIUTEILHON MaTEMATHKHU.

IHonoxeHusi, BLIHOCUMbIE HA 3ALLUTY:

1. OCHOBHBIE MOJOXEHHUS TEOPHUH METOJAa KOHEYHBIX 3JEMEHTOB B (opme
KJIACCUYECKOI'0 CMENIAaHHOTO METO/1A.

2. Cnocobsl  mosydyeHuss (U3UKO-MATEMATUUECKUX MOJENECH  KOHEUHBIX
AJIEMEHTOB CO CMEIIAHHBIMU HEU3BECTHBIMU B OCHOBHOW CHCTEME.

3. IloctpoeHue  paspemialonMX  ypaBHEHHH Ha  0a3e  IMOJIyYEHHBIX
MaTEeMaTUUECKUX MOJIENCH KOHEYHBIX DJIEMEHTOB M pa3paboTKa ajIropuTMOB HUX
pELIEHHUs.

4. ANTOPUTMBI peHIeHUS MPOOJIEMHBIX 3a7ad: HCKIIOYCHHE BIMSIHUS Ha
ne(OPMUPOBAHHOE COCTOSIHUE CHUCTEMBbl MEPEMENICHU KOHEUHBIX 3JIEMEHTOB Kak
YKECTKOTO LIEJIOT0, YUEeT KECTKUX BKIKOYECHUN U OTBEPCTUM.

5. OcobeHHOCTH (U3MKO-MATEMAaTUUYECKUX MOJENENH 3ahady JUHAMUKUA U
YCTOMYMBOCTY KOHCTPYKIIUM U PEANU3YIOIINX UX aJITOPUTMOB pacyeTa.

6. @PuU3NKO-MAaTEMATUYECKHE MOAENH PEAYKLIHOHHBIX METOJIOB IOHWKEHUS
nopsijika OOJBIINX CUCTEM YACTOTHBIX pa3peliatouiuX ypaBHEHUH.

7. PU3MKO-MATEMaTUYECKUE MOJEIN M AJITOPUTMBl PELIEHUS TE€OMETPUYECKU
HEJIMHEWHBIX 3aJad M 3aJa4 pacyera KOHCTPYKTUBHO-HEIIMHEMHBIX CHCTEM C
OJTHOCTOPOHHUMH CBSI3SIMU.

HayuyHast HOBU3HA UCCJICIOBAHMS:

1. Pacimmpena oOiast Teopusi METO/1a KOHEUHBIX 3JIEMEHTOB, BKIIFOUEHUEM B HETO
HOBOH (hOpMBI, Oa3UPYIOIICHCS HAa KJIACCHYECKOM CMEIIaHHOM METOJE CTPOUTEIbLHOM
MEXAHUKH.

2. BnepBble BBeneHO (yHAAMEHTaIbHOE MOHSATHE-TEPMUH — «MaTpulla
OTKJIMKOBY, SIBJIsSIFOIIEECs 0000IIEHNEM MOHITHIH MaTpHI] )KECTKOCTH M MOJATIMBOCTH,
U MO3BOJISIONIEE MPUAATh SIBHBIM (PU3NYECKUN CMBICI COOTBETCTBYIOIINUM CMEIIAHHOMY
METOZY OCHOBHBIM CUCTEMAM JIJI1 KOHEYHBIX AJIEMEHTOB.

3. Pa3paboTanbl aiaropuTMbl MOJY4YeHHs MaTpull OTKIMKOoB KO mna 3amau
CTaTUKH, a TaK)K€ MaTpPULl MaccC IJIs 3a1a4y JUHAMUKU U MATpULl OTKJIMKOB IS 3aJad
YCTOMYMBOCTH, TO3BOJSIONIME TMOJy4aTh O3TH MATPUIBl ISl PA3JIUYHBIX THUIIOB
KOHEUHBIX AJIEMEHTOB C TOM K€ IMPOCTOTOM, KaK 3TO MUMEET MECTO MPHU MOCTPOECHHUH
MaTpHulIl )KECTKOCTH U Macc B MKD B nepeMenieHusx.

4. Pa3paOoTaHbl alrOpuUTMbl TOCTPOCHHUS CHUCTEM pa3pelIalouX KOHEUHO-
JJIEMEHTHBIX YpPaBHEHMM JUIs 3aJad CTaTHMKW, JWHAMUKA W YCTOMYUBOCTH,
OTJIMYAIOIIMXCS OT pa3pemarimux ypaBHeHui MKD B nepeMenieHusix HallmuueM B HUX
B KA4eCTBE Y3JIOBBIX HEH3BECTHBIX KaK MEPEMELICHUN, TaK W YCWIHM, IIPU TOM K€
KOJINYECTBE HEU3BECTHBIX B Y3JI€.
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5. Pemena, npucymas MKD B nepeMenieHusix, mpo6ieMa BBITOIHEHHS B y3J1ax
KOHEYHO-3JIEMEHTHOM CETKM OJHOBPEMEHHO KaK YCJIOBH paBHOBECHS, TakK H
COBMECTHOCTH Jiepopmariuii Ha MEK3IJIEMEHTHBIX TPaHUIlax.

6. Pemena mpoGiieMa HCKIIIOYEHUS! BIMSHHS Ha Je(OPMHPOBAHHOE COCTOSIHHE
CUCTEMBI TNEepEeMEIIEHUN KOHEYHBIX JJIEMEHTOB KaK KECTKOro ueiuoro. [ns cucrewm,
MpEACTaBIIeMbIX aHcamOiieM cTepkHeBbIX KD wiu TpeyronbHbix KO-mmactuHok, B
paspemaromux ypaBHeHusix MKD B (dopme KiaccMueckoro CMEIIaHHOTO METoJa
VCKJIFOUEHHUE BIUSHUS NEPEMEIICHHN KOHEYHBIX 3JIEMEHTOB KaK JKECTKOrO LEJOro U3
paspemaronmx KOHEYHO-3JIEMEHTHBIX YPAaBHEHHI BBINOJIHSAETCS B SIBHOM BHJE, YTO
CHUMaeT npoOieMy IJI0X0H OOYCIIOBJIEHHOCTH CHCTEM pAa3pellalolnX YpaBHEHH,
npucymyro MKD B nepemenieHusx.

7. BnepBeie Ha ocHoBe MKD B (popMe KiIaccHuecKoro CMEIIaHHOTO METOJa
pa3paboTaH €AWHBIA aJIrOPUTM pEIIeHUS HEJIMHEWHBIX 3aJad O HaXOXKICHUU
HaNPsHKEHHO-1e(OPMUPOBAHHOTO COCTOSIHUSI, KaK HEPACTSLDKUMBIX, TaK M PaCTSHKUMBIX
HUTEM.

8. Pa3paboran airopuT™M pelieHus TE€OMETPUUYECKH HEIMHEWHBIX 3ajad,
NO3BOJIIIOIIMN BBISIBUTH KOH(UIypaluu KOHCTPYKIIMM, COOTBETCTBYIOILHME TOYKaM
oudypkarmm.

9. PazpabGortan anropuT™m pacueTa KOHCTPYKTUBHO HEJIMHEHHBIX CHUCTEM C
OJTHOCTOPOHHUMMU CBSI3IMH, KOTOPBINA MO3BOJISIET OTCIAEAUTH BKIIFOUEHHUE U BBIKIIOUEHUE
OJIHOCTOPOHHUX CBSI3€ B MpOLECCE MOMIArOBOTO HArpyKeHUs, YCTPAHUTh MpoOiIeMy
3alMKIMBAHUS B UTEPALIMOHHOM IPOLIECCE OTHICKAHMS Paboveil CXEMbI U CYIIECTBEHHO
YMEHBUIUTh YUCIIO UTEPALIUN.

Teopernyeckasi U NPaKTH4YECKAsA 3HAYNMOCTb.

[IpakTHyeckoe 3HAYEHUE MOJYYEHHBIX pEe3yJbTaTOB COCTOMT B TOM, YTO
npeiaraemass popma MKD pacmupser Bo3MoxuHocth MKD mo cpaBHeHUHIO ¢
CYIIIECTBYIOIIMMU €ro Bapuantamu M (opmamu. Paspabotanubie mis 310l (HopmbI
MKD airoputMbl M MpOrpaMMHBIE CPEACTBA YHWCICHHOW pealu3aluyd MOJIENIeH
pa3pelarmx KOHEUHO-3JIEMEHTHBIX YPaBHEHUH MPEIOCTABISIOT BO3MOXKHOCTh OoJiee
riTyOOKOTO CpPaBHUTENBHOIO aHalIM3a Pe3ysbTaTOB pacyeTa, IMOJYYEHHBIX IPYTMMHU
YUCJIICHHBIMU METO/IAMH.

PesynpTaThl paboThl HCHONB3YIOTCS B Y4eOHOM Tmporiecce Ha Kadeape
crpoutenbHoil MexaHuku MAuC Boar['TY B Buge yueOHbIX MOCOOMH M pacdeTHBIX
porpamm.

JluccepTalluOHHOE MCCIIEOBAHUE BHITIOJIHSIOCH B paMKax NMpoekToB PODU: 16-
41-340558-p a «Meroa KOHEUHBIX 3JEMEHTOB B (OpME KIACCHMYECKOIO CMEUIaHHOTO
METO/Ia CTPOUTEIHHOU MEXaHUKHU (TE€OpHsl, AITOPUTMBI, ITporpammel)», 18-41-340008-
p_a «Pa3paboTka mMaTeMaTHYECKUX MOJENEH, aJrOpUTMOB U MPOrPAMMHBIX CpPEICTB
JUISL  UCCIIEOBaHUS ~ KOHCTPYKTHUBHO-HEJIMHEMHOTO  TMOBEJAEHUS  CTPOUTEIbHBIX
KOHCTpYKIui, Ha ocHoBe MKD B popMe KIaCCUYECKOTO CMEIIaHHOTO MeToay, 18-41-
340013-p a Pa3paboTka MaTeMaTHYECKUX MOJEINICH, aJTOPUTMOB U TPOTPAMMHBIX
CPEIICTB JJIS ONPEACIICHUS] HUBIINX YacTOT B (hOPM COOCTBEHHBIX KOJICOAHUMN CIIOKHBIX
KOHCTpYK1uH, Ha ocHoBe MKD B popme Ki1accuyeckoro cMemaHHOro METO1a.



7

CooTBeTcTBHE JUCCEPTALMH NACIOPTY HAYYHOH CHENUATBHOCTH.

JuccepTalliOHHBIE HMCCIEAOBAaHUA COOTBETCTBYIOT MACHOPTY CIEIUATBLHOCTH
05.23.17 — «CtpoutenbHas MexaHuKa»: 1. 1 (oOlue TpUHIUIIBI pacyeTa COOpYKeHUH U
WX DJIIEMEHTOB), 1. 2 (JIMHEWHAs U HEeJTMHEHHAas: MeXaHWKa KOHCTPYKIIMI U COOpYKEHHUI,
pa3paboTka pU3MKO-MaTeMaTHUYECKUX MOJENEH Ux pacyeta), M. 4 (UUCIECHHBIE METOIbI
pacyeTa COOpyKEHUHN U UX PJIEMEHTOB).

JloCTOBEpPHOCTH pe3yJibTaTOB obecrieunBaeTcs YIOBJIETBOPEHUEM
pa3pabOTaHHBIX AJTOPUTMOB OCHOBHBIM COOTHOLICHHSIM CTPOUTEIBHON MEXaHHKH,
TEOPUH YIPYTrOCTH W MEXAHWKHU CIUIOIIHOM Cpenbl, MCIOJIb30BAaHUEM OOOCHOBAHHBIX
YUCJIEHHBIX METOJOB M MOATBEPKIAETCS CPABHEHUEM PE3YJIbTATOB PEIIECHUS TECTOBBIX
IPUMEPOB, TMOJYYCHHBIX C TIOMOMIBIO pPa3pabOTaHHBIX KOHEYHBIX JJIEMEHTOB, C
pe3yNbTaTaMH MCCIETOBAaHUN APYTHX aBTOPOB.

OcHOBHBIEC pE3yJIbTaThl JUCCEPTALUU AOKIAABIBATUCh, Ha KOH(pepeHuusx: 60-s
MEXIyHapOIHAsl HAay4YHO-TeXHHUYeckass koHdepeHius moionasix ydeHbix (CIIGIACY,
Cankrt-IletepOypr, 2007); cumno3mym «AKTyalbHbIe MPOOIEMBbI KOMITBIOTEPHOTO
MOJICIUPOBAHUSI KOHCTPYKUM U coopyxkenuit» (Hwxkuuii Hosropon, 2007); 16th
Annual Workshop of the European Group for Intelligent Computing in Engineering
(EG-ICE) (TU Berlin, Germany, 2009); 14th International Conference on Computing in
Civil and Building Engineering (Moscow, Russia 2012); TpeTbsi MexmayHapoaHas
HayyHass KoHepeHIUs «3adaud M METOJbI KOMIIBIOTEPHOTO MOJICIMPOBAHUS
KOHCTPYKIIMH M coopyxkeHui» («3omotoBckue ureHus») (MockBa, Poccus, 2014);
MATBIA  MEXIYHAPOAHBIN CHUMIIO3UYM «AKTyallbHble MPOOJIEMbI KOMITBIOTEPHOIO
MOJICJIMPOBaHUSI KOHCTPYKIMU U coopyxkenuin» (MUpkyrck, Poccus, 2014); yeTBepTas
MEXAYHAapOaHas HayyHas KOH(epeHUMs «3agadyd M METOJbl KOMIBIOTEPHOTO
MOJICTTUPOBAHUsI KOHCTPYKIMI W coopykeHuil» («3o10ToBckue uteHus») (Mocksa,
Poccus, 2015); nsatas MexayHapoAHash HaydHas KoHpepeHuus «3agadyd U METOJbI
KOMIIBIOTEPHOT'O MOJICIMPOBAHUS KOHCTPYKLMA U COOpYyKeHUui» («30J0TOBCKHE
yreHus») (MockBa, Poccus, 2016); wmexayHapoaHas  Hay4HO-TEXHUYECKas
koH(pepenuus «lIpom-Umxkunupunry (Yensounck, Poccus, 2016); mexmyHapomgHas
Hay4HO-TeXHHUYecKass KoHpepeHIus: «CTpOUTEIbCTBO, apXUTEKTypa M TexHOchepHas
6e3onacHocThy (Yensiounck, Poccus, 2017); necsitas Bcepoccuiickas KoH(MEpEHIUs 1o
MexaHuke nedopmupyemoro TBepaoro tena (Camapa, Poccus, 2017); MexBYy30BCKUI
cemuHap «I'eomeTpus u pacuet 00oj0ueKk HekaHoHUYecKor popmbr» (Mocksa, Poccus,
2018); cumno3uym «AKTyallbHble TPOOJIEMbl KOMIBIOTEPHOTO MOJEIUPOBAHUS
KOHCTpYKIMH u coopyxenuit» (HoBocuOupck, Poccusa, 2018); MexaynapoaHas
Hay4HO-TIpakTuyeckass kKoHdpepeHuus «Mmxenepubie cuctembl — 2019» (Mockaa,
Poccus, 2019); wmexBy30Bckuii cemuHap «l'eomerpus U pacder 000JIOYEK
HekaHoHuuyeckoi (opmbl» (Mocksa, Poccus, 2019).

I[Myoaukanuu. [lo maTepuanam guccepranuu onyoJMKoBaHo 75 padoT. U3 HuUX:
1 monHorpadusi, 32 cTaTbM B BEAYLUIUMX PEUEH3UPYEMBbIX HAyUYHBIX >XypHalIax U
u3aHusgX, 6 cTaTeil B M3MAHMSIX, BXOIAIIUX B MEXKIyHApOAHbIC pedepaTuBHbIC Oa3bI
JaHHBIX W cucTeMbl muTupoBanuii Web of Science m Scopus, 6 cBHIETEIBCTB O
peructpanuu nporpamm st OBM, 5 yueOHbIXx mocoOwmii, 25 cTaTeil B MpouYnx
pELeH3UPYEMBIX JKypHajaxX U COOpHUKaX TPYAOB KOH(EPEHIIHH.
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JIn4yHBIH BKJIA aBTOPA COCTOUT B TEOPETUUECKOM 0OOCHOBAaHMH HOBOW (HOPMBI
METOAa KOHEUHBIX 3J€MEHTOB, 0Aa3UPYIOIECICS HA KIAaCCUYECKOM CMEIIAHHOM METO/IE,
pa3paboTke (U3NKO-MAaTEeMaTHYECKUX MOJIeNIell KOHEYHBIX 3JIEMEHTOB, alrOPUTMOB H
IPOTPaMMHBIX CPEJCTB, MO3BOJISIONIMX BBITOIHATH PEIICHUE TNHEHHBIX U HETMHEHHBIX
3aj1a4 CTaTUKU, TMHAMHUKH U YCTOMYMBOCTH COOPYKECHUH.

Bce mpencraBieHHblE B JIUCCEpTAllMM IOJIOKEHHS, BBHIHOCHMBIE Ha 3aIIUTY,
HOJYYEHBI JIMYHO aBTOPOM, JIHOO IMOJT €r0 pyKOBOACTBOM. B paboTax, omyOIuKOBaHHBIX
B COaBTOPCTBE, JIMYHOE YyYacTHE aBTOpA 3aKJIIOYaeTcs B OMNpEAENCHUM MpOOJIEeMBI,
IIOCTaHOBKE 33/1a4, pa3paboTKe TeOPETUUECKOTro 000CHOBAHMSI.

Crpykrypa u 00bem guccepranuu. J(uccepranus COCTOUT U3 BBEICHUS, IECTU
TJIaB, 3aKJIIOYEHHS, CIIMCKA JIUTEepaTypbl U npuinoxenuil. KommuectBo crpanui — 283,
pUCYHKOB — 125, Tabmwmi — 26.

Conepsxkanue padoTbl

Bo BBeneHuM 0O0OCHOBaHA AaKTyaJlbHOCTh TEMBI HCCIEAOBAHMS, CTEMEHb €&
pa3paboTaHHOCTH, c(HOPMYIMPOBAHBI 11€)Ib, 3aJa4M, HAyYHAsi HOBU3HA, TEOPETUYECKas
U TPaKTUYECKAas] 3HAYUMOCTb, METOHOJIOTHMSI M METOJbl HCCIEHOBAHUS, CTEIEHb
JIOCTOBEPHOCTH U anpoOarius pe3yabTaToB.

B nepBoii riaBe mnpeacTaBlieH KpAaTKUN HMCTOPUYECKHI 0030p CTAHOBICHHUS U
pa3BUTHS KJIACCUYECKUX METOJOB CTPOUTEIIBHOW MEXAaHWUKA W METOJa KOHEUHBIX
AJIIEMEHTOB.

[lepBOoHAUaNbHO METOJ KOHEUHBIX DJIEMEHTOB MPUMEHSJICS B OCHOBHOM B
3a/layax CTPOUTEIbHOW MEXaHWKH M PacCMaTPHUBAJICS KAaK Pa3BUTHE M pACIIMpPEHUE €€
KJIACCUYECKUX METOA0B. Takoe pacHIMpeHHe OCYIIECTBIIIOCh Ha OCHOBE JIBYX
MOAXOJOB: a) AWCKpPETU3alvs CIUIOMIHOMW cpenbl (IJIacTUH, 000JI0OYEK) Ha OCHOBE
MPEACTABICHUS] WX COBOKYIHOCTBHIO TMPOCTHIX JJIEMEHTOB, pacCMaTpPUBAEMbIX B
CTPOUTEIBLHOM  MexaHuke; ©) [AMCKpeTH3alds Ha OCHOBE Iepexoja  OT
mudepeHnanbHbIX K KOHEYHO-Pa3HOCTHBIM WK alre0pandyeckuM ypaBHEHHSIM.

[lo3)ke MOpUIIIO TOHMMAHUE CBSA3M OJTUX TMOJAXOJOB K JUCKPETHU3ALMHU
mudpepeHnnanbHbIX YpaBHEHUN U JUCKPETU3AIMH CIUIONIHONW 00J1acTH, T.€. Mepexoja
or muddepeHnnanbHbIX ypaBHEHUN K alreOpanyeckuM Ha OCHOBE BapHAIlMOHHBIX
METOJOB U TEpexoJa OT KOHTUHYaJIbHBIX CHUCTEM K JHUCKPETHBIM, Ha OCHOBE
KJIACCUYECKUX METOJOB CTPOUTEIHHON MEXaHUKH.

MaremaTuyeckre OCHOBBI METOJla KOHEUYHBIX JJIEMEHTOB BIIEpBbIC OBLIU
chopmynupoBanbl P. Kypantom B 1943r., u pa3BuThl B cemuaecarbix rojgax 20 Beka B
paborax JIxx. Onena, a TepMUH «KOHEUYHBINA 3JIEMEHT, IPOYHO BOIIEIUINN B HAYUYHYIO U
y4eOHYI0 TUTEpaTypy, BriepBbie BBeaeH B 1960 r. P.B. Knadowm.

Ecnu Ha HavasnibHOM 3Tane pa3Butuss MKD B ero ocHOBe, Kak U B KJIACCUYECKUX
METOJIaX CTPOUTEILHOW MEXaHMKHU JieXasl MPUHIIMIT BO3MOXXHBIX TMEpPEMEIICHHH, TO B
JaJbHEUIIIeM CTall HMCIOJIb30BaTh M APYTM€ BapHUAIIMOHHBIC MPUHIUIIBI, U METObI
(mpuniun Jlarpanxka, Kactunbsino, Peiicchepa u T.4.). IlpuumHoil 3Toro crana
HEOOXOIMMOCTh MPEeoAoJeHUsT mpobiieM mpu npumenennn MKD B mepemenieHusx,
OTMEUYCHHBIX BBIIIE IPH 0OOCHOBAHUH AKTYaJTbHOCTH TEMbI UCCIICOBAHMS.

B pe3ynbpTaTe ObuM pa3BUTHI CMEIIaHHbBIE U THOpUAHBIE hopMynupoBku MKD.
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Bcem sTuM ¢GopMynupoBKamM IMOCBSIIEHO 3a MOCIEAHEE BpeMsl JOCTATOYHO
OO0JIBIIIOE KOJIMYECTBO cTaTel u MoHorpaduii. OcoOblit MHTEpeC MPeACTaBISAIOT PaOOTHI
®. bpessu u A. Ilonecku.

Nnesa npumenennss MKD Ha OCHOBE KJIACCHYECKOTO CMEIMIAHHOTO METOAA IS
3a/layu U3ruda riIacTUHKU ObLIa u3j0KeHa B paboTax A.M. MacnennukoBa emie B 80-x
rogax 20-ro Beka. OJJHaKO OHa OCTajach NPAKTHUUYECKU HE 3aMEUYEHHOM W HE IMOJTy4dnsia
JaJbHEUIIETO pa3BUTHs. 3HAUUTENBHO Mo3xke A.A. [TokpoBckum u P.A. XedyMOBbIM B
pacyere IIapHUPHO-CTEPKHEBBIX cucTeM o MKD Obliia nprMeHeHa OCHOBHAs cCUCTEMA
CMEIIIaHHOTO MeToJa 0e3 TEOPEeTHUECKOro OOOCHOBaHMSA. DTa K€ OCHOBHAs CHUCTEMa
MoJyyuja TpPUMEHEHHWEe B MyOJIUKaIUsAX U JOKTOPCKOM jauccepraumu  A.A.
[ToxpoBckoro.

PaboThl ymOMSIHYTBIX BBIIIE HCCJEAOBATENEH, IMOCBAILIECHHBIE MpoOIemMe
paznuuHbix popm MKD, He mpuBenu k pa3paboTke (opM, aHAIOTHYHBIX O CTENECHU
OPOCTOTHl (opManM3alMi M AJTOPUTMHU3ALUM METOAY KOHEYHBIX DJIEMEHTaxX B
NEPEMELIEHUSX U MPUBOJAAT K BBIBOJY O HEOOXOAUMOCTU pa3paboTku Oosee oOmien
dopmMbl MKD Ha OCHOBE KIaCCHUECKOIO CMEIIAHHOTO METOJa CTPOUTEIbHOU
MEXAHUKH.

B otnnuune ot cMemaHHbIX U ruOpUHBIX popmyarpoBok MKD, ocHOBaHHBIX Ha
UCIOJIb30BaHUU CMEIIAHHBIX (YHKIMOHAJIOB IMOTEHIMAIBHOW 3HEpruu (XeyuMHrepa
Peticcuepa, Xy Bacunzy u ap.), paspabotanHas B 1aHHOM auccepranuu popma MKD,
OCHOBAaHA HAa KJIACCUYECKOM CMEIIAaHHOM METOJE CTPOUTEIIBHOW MEXAHUKH.

OTnpaBHOM TOYKOM IS TEOPETHYECKOTO OOOCHOBAHUS  UCIIOIb30BaHUS
OCHOBHOM CHCTEMBI CMEIIAHHOTO METOJa [JIi KOHEYHOIO 3JIEMEHTA, IOCITYKWIN
YHOMSIHYTHIE BbIlIe padoThl A.M. MacneHHuKoBa.

Bo BTOpOM r/1aBe WM3JIOKEHBl TEOPETHUYECKHE OCHOBBI METOAA KOHEYHBIX
AJIIEMEHTOB B (JOpME KJIACCUYECKOTO CMEIIAHHOTO METO/1a.

BBenenue QpyHIaMEHTaIbHOTO MOHATUS — «MaTpULAa OTKIUKOBY, SBISIOLIETOCS
0000LIEHNEM TOHATUN «MaTpULla KECTKOCTH» B METOJE MNEepeMEUICHUH M «MaTpulia
HOJIATIMBOCTU» B METOJIE€ CWJ, TMO3BOJWIO OOOCHOBAaTh COOTBETCTBYIOLIME
KJIACCUYECKOMY CMEIIAHHOMY METOy OCHOBHBIE CUCTEMBI JJIsI KOHEYHOTO JJIEMEHTA.

Ha 6a3e nByx BapHallMOHHBIX MPUHIIMIIOB MEXaHUKHU AEPOPMHUPYEMOTrO TBEPIOTO
TeJla MCCIEAO0BAaHA BO3MOXHOCTb ITIOCTPOCHMS JBYX BAapHaHTOB MAaTeMaTUYECKOU
Mozenu KD u cucreM paspeiniaronux ypaBHEHU M.

[lepBblii M3 HUX 3aKJIIOYAETCS B HEMOCPEACTBEHHOM HCIIOJIb30BAaHWU IPUHIIMIA
BO3MOYKHOTO HW3MEHEHHUS HalpsHKeHHO-Ie(OPMUPOBAHHOTO COCTOSIHUSL  CHCTEMBI.
[loka3aHo, 4TO Ha OCHOBE 3TOr0 MPHUHIMIA MOTYT OBITh MOJy4YeHBbI KOA(D(UIIMEHTHI
CUCTEMbI KAHOHUYECKUX YPABHEHHI CMEIIAaHHOTO METO/IA.

BTopoli BapuaHT 3aKJIIOYAETCS B COCTABJIECHHUM IUISI CUCTEMBI, MOJIEIUPYEMOU
aHcaM0JieM KOHEUYHBIX 3JIEMEHTOB, SHEPIeTUUECKOro (PYHKI[MOHANIa C UCIOJIb30BAHUEM
OCHOBHOHM cucTeMbl it KD co cMemaHHbIMM HEU3BECTHBIMU. [lOydeHHBIM Takum
o0pa3oM (QYHKIIMOHAN IS JAUCKPETHBIX CHUCTEM SBISIETCA aHAJIOroM (yHKIMOHAIA
PeiiccHepa 1J1s1 KOHTUHYaIbHBIX CUCTEM.

[Tokxazano, uTo 00a BapHaHTa ajJropuT™Ma MOJydYeHUs KOA()(PUIMEHTOB MaTPHULIBI
OTKJIMKOB NPHUBOJAT K OAMHAKOBBIM pe3yjibTaraM. OZHAaKo BapuaHT, OCHOBAaHHBIA Ha
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KJIACCUYECKOM CMEIIAaHHOM MeTojie Oosiee yaoOeH s hopMaim3aiuy pacdeTa U ero
IPOTPaAaMMHO# peaTn3aIiuu.

CucrtemMa KaHOHWYECKMX YpaBHEHHH CMEIIAHHOTO METO/Ja C MaTpHIeH
K03 PHIIMECHTOB, HA3BIBAEMOW MATPHUIICH OTKIUKOB, UMECT BH/I;

n n+m
R = kZ il + Z fis0s +Rip =0, - ypaBHEHHS PAaBHOBECHS y3JI0B KOHEYHO-
=1 =n+1 o
. = AIIEMEHTHOM CETKH
(i=12,..,n)
n - n+m o (1)
A= Zgj’qu + Z 5,0, +A,,=0, - YPaBHCHHS COBMECTHOCTH nedopmaruii
k=1 s=nil KOHEUYHBIX DJIEMEHTOB, CXOISIINXCS B
(j:n+1,...,n+m) obmem y3ie cetku KO
B MaTpuuHoi popme 3TH ypaBHEHHS MOT'YT OBITh 3allicaHbl B (hopMe:
q R
[D]{ St+4 7 +=0, (2)
q Ap

r r
rae |D|=| - MaTpHIA OTKIUKOB CUCTEMBI;
5 & ’
[r] - MAaTpHlla pPEaKUWd B CBA3SX OCHOBHOM CHCTEMBI CMENIAHHOIO METOJa OT

CIMHUYHBIX CMCIICHUM dTUX CBS3CH;
[F] - MaTpUIla PEAKIMN B CBA3SIX OCHOBHOM CHUCTEMBI OT CHJIOBBIX HEH3BECTHBIX IPHU

€AUHUYHBIX 3HAYEHUAX STUX HEU3BECTHBIX;
[5] - MaTtpula nepeMenieHuii (KodhPUIMEeHTOB MOAATIMBOCTH) MO HaNpPaBJICHUIO

CHUJIOBBIX HCU3BCCTHLIX ITPU CAVMHUYHBIX 3HAYCHHAX 3THX HCU3BCCTHLIX;

[5} - Matpuia nepemenieHud (Kod()PUIIMEHTOB MOAATIMBOCTH) IO HAMPABICHUIO

CUJIOBBIX HEW3BECTHBIX OT CIWHUYHBIX CMEIICHHWH CBSI3¢d OCHOBHOW CHUCTEMBI (Kocas
CUMMETpHsST OJIOKOB 5 u F, Te. [5 ] = —[I’]T, SBJISICTCS. BBIPAKECHUEM TEOPEMBI
A.A.T'BO31€Ba O B3aMMHOCTH PEAKIINI U IEPEMELIEHU );

{RP} - BEKTOp pEaklMii BO BBEICHHBIX CBSA3SIX OT Y3JIOBBIX HArpy30K, K KOTOPBIM
MIPUBEJICHA JIOKAJIbHAsl HAarpy3Ka, pacrpe/eseHHast Mo 3JIEMEHTaM OCHOBHOM CHUCTEMBI;
{AP} - BEKTOp MEepPEeMEIIEeHUI 10 HAIIPABJICHHUIO CHJIOBBIX HEU3BECTHBIX OT HArpy3KH B
OCHOBHOM CHCTEME;

{q q }T - BEKTOpP HEM3BECTHBIX CMEIIAaHHOTO METO/IA;

{q} - IOJIBEKTOP HEM3BECTHBIX IEPEMEIICHHUH, {q } - MIOJBEKTOP HEM3BECTHBIX YCUJIUH.

Ha ocHOBe KJIacCMU€CKOro CMEIIaHHOTO METOJ1a TOCTPOEHBI MAaTPHUIbl OTKIUKOB
OJTHOMEPHOTO KOHEYHOTO »JJIEeMEHTa — u3rubaemas ojHociohHas (puc. 1, 2) wu
IByXCIoiHas Oanka (puc. 3), MPOCTPaHCTBEHHO-OPUEHTHUPOBAHHBIN CTep)KeHb (puc. 4),
nsymepHoro KO — usrubaemas (puc. 5, 6) U IIOCKOHANpPsKEHHAs TIacTUHKA (puc. 7),
TpexmepHoro (ooseMuoro) KD B popme mapamenenunesna (puc. 8).



R, q, N 0
Ao M >
R27 d, Q:’(:j] X
Rl’ ql ]A\f_(ifi
dy
Puc. 1 Puc. 2

=
/2

Kgil)

1 p=L/2 K39 4L 4{ Ii=L/2 IS
=
1y

v

Puc. 7 Puc. 8
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[Tokazanbl 0COOEHHOCTH TONyYEHHUS KOIPPUIMEHTOB MATPUIl OTKIUKOB IS
KQKJOTO W3 PACCMOTPEHHBIX THUIIOB KOHEYHBIX 3JIEMEHTOB, CBA3aHHBIE C BBHIOOPOM
byHkIui GopM, anmpoKCUMHUPYIOLIUX TepeMelieHuil (nedopmaruii) U Mo yCUiIui
(HanpspkeHui) B 00JacTH KOHEUYHOTO 3JjieMeHTa. [IpoaHanu3upoBaHa aHAIUTHYECKAs
CBSA3b MEXKIY OTHUMHU TMOJSMHU, T[O3BOJIAIONIAS YIOPOCTUTh AQITOPUTM TOJYyUECHHUS
KO3 UIIMEHTOB MaTPUIL OTKIHUKOB.

Tak gns  crepxHeBbix KD  sneMeHTB MaTpull OTKIMKOB —IMOJYYaroTCs
HEMOCPEACTBEHHO W3 (PU3UYECKOTO CMBICTA 3a/1ayH, T.€. U3 YCIOBUN HEPa3pbIBHOCTH,
CTaTUYECKUX U KHHEMAaTUYECKUX YCIOBUH, B BUAY MPOCTOTHI OCHOBHBIX CHCTEM.

Tax, nHanpumep, UIs KOHEYHOTO 3JIEMEHTAa, M300paKEHHOrO Ha puc. 2, OJIOKH
MaTpULbl OTKIMKOB (2) HMMEIOT CIEAyIoLyl CTpyKTypy (0e3 yuera BIHMSHHUS
NOMNEPEYHBIX CUI):

[r] - KBaJ[paTHas HyJIeBas MaTpUIla IMIECTOro MOPSIIKa,

cosa 0 -—sina |
3
| +£ 0 1 1 0
12El  GF 5
I —sina 0 -—cosa T
o= 0 — 0 |[,|F|= ] O |=—|F 3
[ ] El [ ] —cosa 0 sina [ ] [ ] ®)
l |
0 0 — 2 _
EF ;, L1 0
i i | sina 0 cosa |

dopmupoBaHue MaTpul] OTKIUKOB KD mjmactTuH UM OOBEMHBIX KOHEYHBIX
HJIEMEHTOB IMPOUCXOJUT aHAJIOIMYHO (HOpMHUpOBaHHMIO MaTpull xectkoctd B MKD B
IIEPEMEILCHUSX.

IIpoananu3upoBaHa aHAJIUTUYECKAs CBSA3b MEXAY dTUMMU IOJISAMU, ITO3BOJISIOIIAS
YIPOCTUTDH AJATOPUTM HOJTyUEHUsI KOAPPUIIMEHTOB MAaTPUILL OTKIUKOB.

®opmupoBanue wmaTpull OTKIMKOB KD miacTuH W 0OBEMHBIX KOHEYHBIX
HJIEMEHTOB BBINOJIHAETCS AaHAJIOTMYHO (POPMHUPOBAHUIO MaTpull xecTkoctd B MKD B
nepeMeleHusx. Paznmmume cocTOUT B OCHOBHBIX CUCTEMAX.

Tak, HampuMmep, A1 NPSAMOYTOJIBHOTO KOHEYHOTO 3JIEMEHTAa, pabOTarolIero Ha
U3ru0d mnpu ACHCTBUU Y3JI0BOM MOMNEPEYHON HArpy3Kd 3a HEU3BECTHBIE TPUHATHI
BEPTHUKAJIbHBIE JTUHEWHBIE CMEIICHUS YETBIPEX YIVIOBBIX TOYEK KOHEYHOIO JJIEMEHTA,
M3THOAIONIME MOMEHTEI B Hanpasiiennu oceld OX n Oy (M, u M ) n KpyTsue MOMEHTBI

(M w =M yX) B ATHUX K€ TOUKax (Bcero 16 cMenaHHbIX HEM3BECTHBIX ).
[Tpu TakoM KOJMYECTBE HEU3BECTHBIX (PYHKIIMS MPOrMOOB KOHEUHOTO 3JIEMEHTa
Z=W(X,Y) annpokcUMHUpyeTcs Kak u rnpu pacuere mo MKD B nepeMenieHusx mogHbM

OMKYOUYECKUM TOJMHOM, YJIOBIETBOPSAIOMINM Iu(pdhepeHInaIbHOE ypaBHEHHE U3TH0a
TTACTHHKHU.
W(X, Y) = o + X+ oY + o, X + Xy + oY + o X3 + o XY + agXy’ +

(4)

3 3 3 2,,2 3,2 2,,3 3,,3
T Y O XY +HALXY +a XY +a, XY +as XY o XY
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Koaddummentst mommuoma (4) Haxomarcs Uil Kaxaoro w3 16  y3JI0BBIX
eIIMHUYHBIX BO3JICHCTBUII OCHOBHBIX HEM3BECTHBIX O =1 (nHmekcel i =1..4 - oTHOCATCS

K KHHEMATUYCCKUM HEU3BECTHBIM, a 1 =5..16 - K CHIIOBBIM).
KpuBusuel u ycunust B noje KD omnpenensroTcss B COOTBETCTBHUM C 3TOM

(byHKIMEH COOTHOIICHUSAMHU:
23 (1) 20 (M) o*w®

oW oW
Kil)(X,Y)ZW,Ky)(X,)’):Wf (1)(X y) = xay

aZW(l) aZW(l) 82W(1) 82W(1)
MS)(x,y)=—D{ o T oy }M&)(x,y):—Dy{uy | )
2,5 ,(1)
ME (x,y)=-D oW
ax8y

KoadduimeHTs! 6710KOB I' U 0 MaTpULbl OTKJIMKOB HAXOSATCS aHAJOTUYHO TOMY,
KaK HaxoJsaTcsi Ko3((UUUEHThl MaTpULbl KECTKOCTU Js npsiMoyrojbHoro KO s
MKD B nepemenieHusx:

I = I(M DD +MP,D+2MO y0)dQ, (i=1..4,j=1..4),

(6)
5, j(M“’ D MO 7D 1 2M O 4N, (i =5..16; | =5..16).

Xy

Haiitu o aTomy ke anroputmy ko3P huiimeHTsl 0J0K0B [6]u [[] HeBo3MOXKHO.

JlokaxxeM 3TO yTBepkaeHme. 11 3TOro paccMOTpUM, HampuMep 3aaady o
HaXO0XJEHUU KOYPULUEHTOB I 1 53’5.

PaccmartpuBast COOTBETCTBEHHO €AMHUYHOE KHHEMAaTUYECKOE BO3AEUCTBHUE (), =1
(puc. 9, @) u emuHUYHOE cHiloBOe Bo3aelcTBue @ =1 (puc. 9, 6), moaydInM Ha OCHOBE
TIPUHITUTIA BO3MOIKHBIX MepeMEIICHAH CIIeTyIONIEee BBIPaKCHHE:
1. 55,3 + r73,5 '1:W5,3 :Ws,s-

W3 »TOrO0 ypaBHEHUS HAWTH 5‘3,5 u f;; HEBO3MOXHO, TaK KaK M3 TEOPEMBI O

B3aMMHOCTM pabOT [ByX CHCTEM BHEIWIHUX cui caeayer A=A, T.e.

~

3-0=1-6,;+ - 1ufg=—04,.
B ¢Bs3u ¢ 10OKa3aHHBIM YTBEPKIACHUEM B Ka4€CTBE BO3MOXKHBIX COCTOSIHUM IS

HaxoxeHust Ko>Qpduuuentos 610koB [S]u [[] nmpunsaTer pyrkumuu popmel Ha ocHOBE
MOJIMHOMAa DPMUTA, UCTIOJIb3yeMOTro HHOT/Ia B pacueTax nmo MKD B nepemenieHusix.
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Puc. 9

PaccmoTpensl pasinvyHble MAaTEMATHYECKUE MOJEIHM KOHEYHBIX 3JIEMEHTOB B
3aBUCUMOCTH OT IIPUHUMAEMOTO YHCJIa HEM3BECTHBIX (CTENEeHel cBOOObI) B OCHOBHOM
CUCTEME.

OmnmcaHbl aITOPUTMBI COCTABIICHHSI pa3peniaroleil cucreMbl ypaBHenuid (1) s
KOHEYHO-3JIEMEHTHOI0 pacyeta B (OpME KIACCMUYECKOTO CMEUIaHHOTO METO/a.
[loka3aHO, 4TO YHCIIO ATUX YpaBHEHUM omnpenensercd, kak B MKD B nepemenieHusx,
YUCJIOM HEU3BECTHBIX B y3JI€ IPUHUMAEMON OCHOBHOM CUCTEMBI.

B pazpemaronux ypaBHeHHUsX (1) BBINOJHSIOTCS OAHOBPEMEHHO KaK YCIOBHS
paBHOBECUs Yy3J0B KOHEYHO-DJIEMEHTHOM CETKH, TaK U YCIOBHUS COBMECTHOCTH
nedopManuii  Ha MEXDJIEMEHTHBIX TrpaHunax. Kpome Toro, B pa3pemarommx
ypaBHenusx (1) pasBuBaemoit Hamu (opmbl MKD comepikarcs OTHOBPEMEHHO Kak
KUHeMaTudeckue (y3JIOBbI€ JIMHEHHBbIE MEpEeMEIICHUs), TaK U CUJIOBbIe HEU3BECTHBIC
(MOMEHTBI), YTO TIO3BOJISIET TMOJYYUTh B pE3yJlbTaTe pEUIeHUs] BCE OCHOBHBIE
napaMeTpbl HapsKEHHO-1e(OPMUPOBAHHOTO COCTOSTHUS UCCIIEAYEMOM KOHCTPYKIIMU U
00€eCreyuTh TapaHTUPOBAHHYIO CXOJUMOCTh K TOYHOMY PELICHUIO MPU CTYIIEHUU
KOHEYHO-3JIEMEHTHOM CETKH.

Pa3paboTan aiaroput™m pemeHus CUCTEMbl KOHEYHO-3JIEMEHTHBIX YpaBHEHUH,
MO3BOJIAKOIIMK TPEABAPUTEIBHO CBECTM €€ WIM K CHUCTEME YpPAaBHEHHM METOJa
NEepEeMENICHHUI, YTO TO3BOJSET YCTPAHUTh MNPOOJIEMBbI, CBSI3AHHBIE C OTCYTCTBHUEM
MTOJIOKATENIBHOW OIPENEIEHHOCTH pPa3pelIarollel CUCTEMBl YPaBHEHHUW CMENIAHHOTO
METOJA.

B Tperbeii riaBe BbIMONHEH aHauu3 A(PPEKTUBHOCTH  MPUMEHEHUS
pa3pabOTaHHBIX MAaTEMAaTHUYECKHX MOJIeJICH KOHEYHBIX JJIEMEHTOB W aJlTOPUTMOB
dbopMHUpOBaHUS pa3peNIaONUX KOHEUHO-)JIEMEHTHBIX YPaBHEHUH B 3a/1a4aX CTaTHKHU.

C ucnonp30BaHUEM pa3padOTAHHBIX AJITOPUTMOB U PEATM3YIONMINX WX MPOTPaMM
BBITIOJTHEHBI PACUEThl CTEPKHEBBIX CUCTEM PA3JIMYHBIX BUJIOB, MTO3BOJISIIOLINE BBISIBUTH
0COOEHHOCTH, TTPOOJIEMBI U BO3MOXHOCTH TIpuMeHeHuss MK B ¢opmMe kitaccuueckoro
CMEILIaHHOTO METOJA.

JIns TecTUpOBAaHKS KOPPEKTHOCTH U TOUHOCTH PELICHUM, MIOJIy4YaEMbIX HA OCHOBE
pa3zpabateiBaeMoii  GopMbl MKD, BBINOJHEHO CpaBHEHHE pe3yJbTaTOB pacuera
HECKOJIBKHX MPOCTHIX PETYIAPHBIX KOHCTPYKLHUM 10 3Toi popme MKD ¢ pesynbraTamu
UX pacyera MO METOAY CUJ M METOAYy IepeMmelieHui. Tak Kak Bce TpU MeEToaa
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JUHEHHOTO pacyeTa OCHOBAaHbI HA OJHUX W TeX XK€ TOJOXKEHUSIX, TUNOTe3aX U
JIOTIYIICHUSX, TO ¥ PEIICHUS IO STUM METOJaM MOTYYCHBI HICHTUIHBIE.

BrisiBeHBI 0COOCHHOCTH pacueTa MIOCKHX (epM CO CIOXKHOW PEeNIeTKOW, ydeT
KOTOPBIX TO3BOJISET W30€XKaTh OIMMOOYHBIX PE3YJIbTATOB pacyera, JOMYIICHHBIX B
OIMyOJIMKOBAaHHBIX pab0Tax HEKOTOPHIX UCCIIEIOBATEIICH.

Ha mpumepax pacueTa IUIOCKUX CTEP)KHEBBIX CHCTEM, MAPHUPHO OMEPTO Oasiku
COCTaBHOTO CEUYCHHs U CUCTeMBI nepekpecTHhiX O0anok (PCIIB) mapaupHO omepToii 1o
KOHTYPY, MPOUJUTIOCTPUPOBAHA CXOUMOCTh M TOYHOCThH IMOJTYyYaeMbIX PEIICHUH.

2 @ [lonyueHO pemeHne HU3BECTHOU
poOJIeMBbI pacueTa CTEPKHEBBIX
CHUCTEM, COJIepIKaIINX B
6 pacueTHOM  CXeM€  KOHEYHBIE
I, El El, El=o0 SIEMEHTHL 00IBIION WIH

abCOIOTHOM HKECTKOCTBIO
@ ® @ (puc. 10). Ha mpocThix mpumepax
MOKa3aHO, 4YTO B 3TOM Cllydae
/_(ﬁ% r& /Ji}% dbopmaIbHOE IPUMEHEHHE METO/1a
nepemeniennii  wim  MKD B

a 6 NepeMEIICHUSIX HEBO3MOKHO.

Puc. 10

B 10l e riiaBe, Ha OCHOBE pa3pabOTaHHBIX BO BTOPOU IIaBe MaTeMaTUYECKOU
MOJIEJIA Y aJTOPUTMA PACYETa, BBIIIOJHEHO MATEMATUYECKOE MOJICIIMPOBAHUE U aHAIN3
U3rH0aeMbIX MJIACTUHOK.

PaccmMoTpeHbl  OCOOEHHOCTH  PEIICHHUS]  CHUCTEMbl  KOHEYHO-IJIEMEHTHBIX
YpaBHEHUH, MOACIHUPYIOMMNX HAMPSKEHHO-Ie(HOPMUPOBAHHOE COCTOSHUE TIJIACTUHKH.
BbINOMHEH CpaBHUTENBHBIM aHAJIW3 CXOAMMOCTH 4YHUCIEHHbIX pemieHnid no MKDO B
nepemeniennsix 1 MK3D B pasBuBaemoit popme KCM. Jlna kBaapaTHOUW MIapHUPHO
ONEPTOM IO KOHTYPY IUIACTHUHBI TI0J] BO3ICHMCTBUEM TIOMEPEYHOM PABHOMEPHO
pacrpeneieHHON Harpy3Kd BBISBJIEHO, YTO IJI JOCTHKEHUS OJAWHAKOBOTO YPOBHS
npuOIMKEHUsT K TOYHOMY pemieHruto B pacuere mo MKD B mepemenieHusix 1o
cpaBuennio ¢ MKD B ¢popme KCM HeoOXoauMo HCIIOIB30BaTh 00JIEE MEJIKYIO CETKY,
T.¢. 0OJIbIIIee KOJMYECTBO KOHEUHBIX 31eMeHTOB (puc. 11).

EL,=o0 El

0.00510 i 0.055
(]
0.00490 1,
\ —&— MK3 B popme KCM 0.05
B ] E
£ 000470 11 B [IHPA-CATP = - R-----—-—-=---- EA
H ! = ~a-
I \ = 0.045 x
3 0.00450 - \ TouHoe pelleHne E
g 7/
g ) : |
2 000430 - W = 0.04
s < = | —4&— MHK3 B popme KCM
kY
H [ 3 E) ] - JINPA-CANP
§ 0.00410 1 — W= - m o _ - 2 | =
§ ’ o 0.035 | TouHoe peleHue
H "
& 0003%0 - 2 |
9 0.03
0.00370 -
Konuyectso K3
Konuyectso K3
0.00350 0.025

4 20 36 52 68 84 100 116 132 148 164 180 196 212 228 244 260 4 24 44 64 84 104 124 144 164 184 204 224 244 264
a 0
Puc. 11
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OCOOEHHOCTBIO CTEPKHEBBIX M TPEYIOJbHBIX KOHEYHBIX 3JIEMEHTOB COCTOMUT B
TOM, YTO OCHOBHAs CHCTEMa JUIsl HHUX SBJBIETCS CTaTHYECKH ompenenumon. Kax
CJIEICTBHE 3TOI0 KMHEMATUYECKUE y3JI0BBIE BO3ACHCTBUSA HAa HUX BBI3BIBAIOT JIMIIb UX
CMEILEHUsI KaK JMKECTKOro LeNoro, T.e. 0e3 TNOSIBIECHHS BHYTPEHHUX YCUIUN U
COOTBETCTBYIOIUX Jedopmanuid. [loaTroMy B paspelaroiux ypaBHEHUAX JJIs1 CUCTEM,
npeacTaBsieMblX aHcaMOsieM Takux KO, OyayT OTCyTCTBOBaTh CMEILEHUS KOHEUHBIX
AJIIEMEHTOB KaK JXECTKOTO IIEeJIOr0, a MaTpHlla OTKIMKOB TAaKOW CUCTEMBI HE OyIeT
0COOEHHOI1, T.€. Oy1eT 00paTuMOii.

JIns KOHEUHBIX 3JEMEHTOB B BHJAE YETBIPEXYTOJBHBIX IUIACTUHOK OCHOBHAs
CUCTEMa CMELIAHHOTO METOAA CTATUYECKU Heomnpeaenumas. OgHaKo U B 9TOM CIlydae
WUCKJIIOYEHNE TIEPEMEIICHUM KOHEYHBIX JJIEMEHTOB KaK JKECTKOro IEJIOoro M3
pa3pelanmMx KOHEYHO-3JIEMEHTHBIX YPABHEHHUN BBINOJHAETCS B SIBHOM BHJE IIyTEM
BBIPAXKEHUS “TMIIHUX  Yy3JOBBIX KMHEMATHYECKUX HEWU3BECTHBIX 4YEpe3 MEPEMEIICHUS
KOHEUYHBIX JIEMEHTOB KaK KECTKOTO LIEJIOTO.

JIns TMIacTHH, MMEIONIMX OTBEPCTUSl M KECTKUE BKIIOYCHUs (puc. 12), aHanms
1oKa3aj, 4To pacueT mo anbrepHaTuBHOW Gopme MKD mo3zBosser momyuuts Oosee
TOYHYI0 KapTUHY HaNpsKEHHO-Ie(OPMUPOBAHHOIO COCTOSIHUS — IUIACTUHKH, B
OCOOCHHOCTH B YIJIOBBIX 30HAX JKECTKHUX BKJIIOUEHUN WM OTBEPCTUH, II€ BO3ZHUKAET
KOHLIEHTpaUus HaIlPsSHKECHUM.

di
00 10 10 NO x
0.1 L @+ (+n).J X
\ Z —
0J &
L{J+) S
L(+m) (1+),(J+m) (T+n),(T+m)
O 1.M IM N.M y
y| Y
a 4]

Puc. 12

B Ta6n. 1 npuBeneHs! 3HaueHus: MoMeHTOB M,/My B y31max Ha KpOMKE KECTKOTO
KBaJpaTHOTO CUMMETPUYHOTO BKIIFOUEHUS.

B 1abn. 2 mpuBeneHbl BEIWYMHBI MPOTrHOOB W U U3THOAIOIIMX MOMEHTOB M, B
y3Jlax Ha KPOMKE OTBEpPCTHs Il PA3JUYHBbIX BAPUAHTOB TyCTOTHI ceTku KO npwu
pacyeTe IUTACTUHKU C MPSAMOYTOJIBHBIM OTBEPCTUEM B cepeAuHe ¢ pazmepom 1/3 ot
pasmepa €€ CTOPOH.

AHanu3 pe3yJbTaTOB pacyeToB, BhINONHEHHBIX T0 MKD B opme kitaccuueckoro
cMemanHoro Metona u nmo MKD B mepeMelieHnsx, Kak Uil TUIACTUHOK C KECTKUMU
BKJIFOUEHUSIMU, TaK M C OTBEPCTHUAMM, IIO3BOJSIIOT CHENaTh BBIBOJ, YTO OHHU
IPAKTUYECKHU COBMAJAIOT MO MPOrudam M CYIIECTBEHHO OTIMYAIOTCS 110 MOMEHTaM B
VIJOBBIX 30Hax JKECTKMX BKIIOUeHWd wian oteepctuid. Ilpy srom MKD B
nepeMeleHnsIX He olecneunBaeT noiyueHue aoctoBepHoit oneHku HJIC B yrioBbix
30HAaX IJIACTUHKMU.
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Tab6xn. 1
Cerka 12x12, cxema pacroiioKeHus y3J10B _0 ,] .2 ,3 ,4
Ha CTOPOHC KOHTYpa JKECTKOH BCTABKH.
Howmep y3ma
0 1 2 3 4

) 0.0528003 -0.0013975 0.0154761 -0.0013975 0.0528003

a 0.0528003 0.0293264 0.0286309 0.0293264 0.0528003

Mx ) 0.0473646 0 0 0 0.0473646

My 0.0473646 0.0540278 0.0285276 0.0540278 0.0473646

B) 0.0378305 0.0167902 0.0101641 0.0167902 0.0378305

0.0378305 0.0364982 0.0310212 0.0364982 0.0378305
Cetka 18x18, cxema pacrosoxxeHusl y3JI10B ’,U ’,] ’,2 ,,3 ,4 . ,6

Ha CTOpPOHE KOHTYpa KecTKou Bcragkw: ,/ / / / / / /

Howmep y31a
0 | 1 | 2 | 3 | 4 5 | 6
2) 0.0619342 | -0.0014288 | 0.0130633 | 0.0054305 | 0.0130633 | -0.0014288 | 0.0619342
0.0619342 | 0.031304 | 0.0280186 | 0.0264357 0.0280186 | 0.031304 | 0.0619342

Mx 65) 0.0553253 0 0 0 0 0 0.0553253
My 0.0553253 | 0.0583592 | 0.0289407 | 0.0317048 | 0.0289407 | 0.0583592 | 0.0553253
) 0.0434851 | 0.0192547 | 0.0107435 | 0.0090207 | 0.0107435 | 0.0192547 | 0.0434851
B 0.0434851 | 0.0401058 | 0.0316814 | 0.0294146 | 0.0316814 | 0.0401058 | 0.0434851

a) MKD B popme KCM nmpu D, =1000D ; 6) MKD B popme KCM npu D, = o ; B) [TIK JIMPA-CAIIP

Tabmn. 2
0o 1 2 3 4
Cerka 12x12, cxema pacrnoioKeHHs y3J10B Ha KDOMKE OTBEpCTHsl: /
Howmep y3na
0 1 2 3 4
a) 0.0038559 0.0043859 0.0045534 0.0043859 0.0038559
W 0) 0.00374746 0.00428764 0.00445995 0.00428764 0.00374746
a) 0.0557388 0.0414707 0.041163 0.0414707 0.0557388
M; 0) 0.0281528 0.0459029 0.0410237 0.0459029 0.0281528
0o 1 2 3 4 5 6
Cetka 18x18, cxeMa pacrosoxKeHHsl y3710B Ha KDOMKE OTBEPCTHSL.
Howmep y3na
0 1 2 3 5 6
a) 0.0038289 0.0042267 0.0044534 0.004528 0.0044534 0.0042267 0.0038289
W 0) 0.00376506 | 0.00416942 | 0.00440017 | 0.0044757 | 0.00440017 | 0.00416942 | 0.00376506
M| a) 0.0618897 0.0444113 0.0427939 | 0.0418117 | 0.0427939 0.0444113 0.0618897
x 0) 0.0308483 0.0503841 0.0437953 | 0.0419085 | 0.0437953 0.0503841 0.0308483
a) MKD B popme KCM; 6) 1K JIMPA-CAIIP

YerBepTas riaBa 1ocasimneHa J8yM npooiemMam:
- MaTeMaTHU4YeCKO€ MOJICTMPOBAHUE MATPHUI] MAacC KOHEUHBIX BJEMEHTOB U
dbopMHUpOBaHUE YACTOTHBIX YPAaBHEHHUI B paccMaTpuBaeMoil popMe MeToda KOHEYHBIX
AIIEMEHTOB;
- mpo0JieMa YaCTOTHBIX YPaBHEHUHN BBICOKOTO MOPSAKA U METO/IbI €€ PEIICHUSI.

[Ipu paccMoTpeHuH MepBOW MPOOJIEMBbl BBIMOJIHEHO CpaBHEHUE d(PPEKTUBHOCTU
WCIIOJIb30BaHUsl COIVIACOBAHHOM M HECOIVIACOBAHHOW MATpHUIIBI MAacC, HCCIEIOBAaHbI
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BO3MOXXHBIE YHOPOILIEHUSI MOJEIEH JIUHAMUYECKUX MAaTPUL] OTKIHMKOB, IOKa3aHbI
O0COOEHHOCTH 3a/1a4 B ajubTepHaTUBHOUN opme MKD.

BrlinonHeHo MaTeMaTH4ecKoe MOJEIMPOBAHUE JUHAMUYECKUX MaTPHUI] OTKIMKOB
CTEP>KHEBBIX U MJIACTUHYATHIX KOHEYHBIX AJIEMEHTOB.

YacToTHOE ypaBHEHHUE JUIsl pacCMaTpUBAaEMOM 3aJayll COCTOUT M3 CTaTUYECKOM
MaTpPHIIbl OTKJIUKOB U JUHAMUYECKON MaTPUIIbl MACC:

([D]-A[m]){a}=0,
rae D — cratuueckast MaTpuiia OTKIUMKOB,
[m] - JUHaMH4YeCKas MaTpula Macc,

{q} - BEKTOP OCHOBHBIX HEM3BECTHBIX B OCHOBHOMU cuctemMe KD B hopme cMmerntanHoro
meToza (( — KHUHEeMaTHYeCKHe HEU3BECTHbIE, (| — CHIIOBEIC),

2 o
A=, ® -4acTtora CBOOOIHBIX KOJICOAHUIA.

Anroput™  (OpMHpPOBAaHMS YACTOTHOTO YPAaBHEHHsI BKIIIOYAE€T HECKOJIBKO
OTeparnii:

- 0O TOMY € QIrOPUTMY, KOTOPBIM WCIOJB3YETCS NPU IPUBEICHUHN
pacnpenenénHoi no mromaan KO Harpys3ku K y310BOW, HaAXOAATCS BEJIMYNHBI y3JI0BBIX
macc (coriacoBaHHas Martpuia Macc K3D) U coOTBETCTBYIOLIME HWHEPLMOHHBIE
HarpysKu;

- (hopmupyeTcs cTaTUUecKasi MaTpHIla Mace Ui KaKJ0r0 KOHEYHOIO JIEMEHTa;

- JUIA TOJYy4YEeHUs AUHAMHYECKOM MAaTpHULBI MacC BCE Y3JI0BbIE WHEPLUOHHBIE
CUJIbl BBIPAXKAIOTCS 4EpPE3 TOT K€ BEKTOP OCHOBHBIX HEU3BECTHBIX, YTO M MaTpuua
OTKJIMKOB KOHEYHOT'O JJIEMEHTA;

- 0 TOMY € aJlOPUTMYy, KOTOPBIA HCHOJB3YyeTCA s (POPMHUPOBAHUSA
CTaTUYECKON MaTpHIbl JJISI ATOM KOHCTPYKLUMH, (OPMHUpPYETCS MaTpulla Macc BCeH
KOHCTPYKIIVH.

Bo3MOXHBI pa3zniuyHble BapUaHThl IOJYYEHHsS JUHAMHYECKOM MAaTpPHIIbI
OTKJIMKOB  KOHEYHBIX JJIEMEHTOB, COOTBETCTBYIOIIEH pa3IUM4YHBIM  BapuaHTaM
IIPUBEICHUS MACC K y3J1aM.

Tax, nHanpumep, Ajig U3ru0aeMoro CTEP>KHEBOTO KOHEYHOI'O 3JIEMEHTa B BUJE
Oanky TEepPEeMEHHOI0 CEYEHHMs M, COOTBETCTBEHHO, C NEPEMEHHBIMH MO [JIMHE
MOMEHTOM WHEPIIMU CEYCHUs U pacripeelieHHoi Maccoii (puc. 13), MaTpuily y3JI0BBIX
Macc MO>KHO HalTH W3 YCJIOBHs pPaBEHCTBA BO3MOXKHBIX pa0OT BHEIIHUX U BHYTPEHHUX
CHJI Ha MIEpPEMEIICHUAX B 00JIaCTH KOHEYHOTO 3JIEMEHTA.

B oarom ciywae wMarpuuna

Xix) Macc SIBJISIETCSI
. ) ) % CUMMETPUYHOU 51
j Ha3bIBACTCS
«COTJIAaCOBAaHHOM», TaK Kak
Z N I ee BEIYNCIICHUS
a UCIIONB3YIOTCA ~ T€ K€
Puc. 13 dbyHkIuu GopMbl

(anmpoxcumupyromue GyHKIKN), YTO U IPHU BBIYMCICHUN MATPHUIIBI KECTKOCTH.
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Martpuiia Macc KOHEYHOTO JJIEMEHTa Tak)Ke MOXKET OBITh IMOJy4deHa JPYTUM
NyTeéM, a UMEHHO, MPOCTbIM CTATHYECKUM CIOCOOOM CBEACHHMS MAacChl KOHEYHOTO
AJIEMEHTa K ero y3iam. Takas MaTpulla Ha3bIBA€TCs MaTPUIIEH COCPETOTOUYECHHBIX Macc
KOHEYHOTO 3JieMeHTa. B oTinuMe OT «COIIacOBaHHOW» OHA JHMaroHalibHas U OoJee
ynoOHa Juisl pacuera, HO M OJHOBPEMEHHO MEHEe TOYHO OTPakaeT IUHAMHYECKHE
XapaKTEPUCTUKHU PACTIPEICICHHOMN O IJTMHE KOHEYHOTO 3JIEMEHTA MACCHI.

C ucnonb30BaHUEM MOJTYYEHHBIX MATpHUI] Macc, HalWJEHbl YAaCTOTBHI CBOOOHBIX
W3TUOHBIX KOJIEOaHUH OaKy MPSMOYTOIBHOTO TOTIEPEYHOTO CEYCHUS C YUYETOM TOJIHKO
pPaBHOMEPHO pacIpeesIeHHON 10 JJIMHE 0aIKu COOCTBEHHOM Macchl. PacueT BBITIOIHEH
MIPU Pa3HOM KOJINYECTBE KOHEUHBIX 3JIEMEHTOB.

B Tabn. 3 npuBenensr norpemHocty (%) MEpBBIX TpeX COOCTBEHHBIX YACTOT IO
OTHOILIEHUI0O K WX TOYHBIM 3HAYCHHUSIM TIPU HMX BBIYUCIECHUU C UCIOJIb30BaHUEM
corsacoBanHo matpuilel Macc (CMM), nuaronansHOM maTpuiel Macc (JAMM) u mo
METOJy KOHEYHBIX 3JIEMEHTOB B IepeMelleHHsX ¢ ucnoisibzoBannem [IK Jlupa npwu
pa3IMYHOM  4YHUCJE€ KOHEUHBIX JJeMEHTOB. Pe3ynbTaTbl MOKa3bIBAIOT  SBHOE
npeBocxoactB0 MKD B dopme KCM nepen MKD B mepememieHusx Mo TOYHOCTH
pe3yJIbTaToOB

Ta6n. 3
4K3 | 6K | 8KD | 10KD | 12KD | 14KD | 16KD | Tounoe
A(D pemeHHe
' (T'w)
CMM 0.13% | 0.03% | 0.01% | 0.006% | 0.006% | 0.006% | 0.00%
JIMM -0.32% | -0.04% | -0.01% | 0.00% | 0.00% | 0.00% | 0.00% 15.810
[IK JIUPA-CAIIP | -3.6% 24% | -1.87% | -1.48% | -1.35% | -1.22% | -1.09%
A(Dz
CMM 0.92% | 0.20% | 0.06% | 0.025% | 0.013% | 0.01% | 0.004%
JIMM -4.08% | -0.45% | -0.11% | -0.04% | -0.02% | 0.00% | 0.00% 43.582
[IK JIUPA-CAITP | -13.6% | -8.14% | -6.14% | -4.97% | -4.21% | -3.62% | -3.22%
A(Ds
CMM 213% | 0.71% | 0.23% | 0.09% | 0.04% | 0.02% | 0.01%
JIMM 241% | -2.45% | -0.52% | -0.18% | -0.08% | -0.04% | -0.02% | 85.444
[IK JIUPA-CAITP | -27.5% | -16.9% | -13.1% | -10.2% | -8.62% | -7.45% | -6.56%

L =8m, EI =const,E =3-10°m/ m*,b=0.15m,h =0.15m, p = 2.75m | »°

Taxke HaWIEHBI 4YacTOThl CBOOOAHBIX KOJICOAHMI paMbl C dJIEMEHTaMHU
MPSIMOYTOJILHOTO TIoTepeyHoro ceueHus (puc. 14) ¢ yderoM TOIBKO COOCTBEHHOM
MaccChbl, TPUBEICHHOM K y3J7aM KOHEUYHOTO 3JIEMEHTA.

E =3-10°m/ 2%,
b=0.15m,4 =0.15m,
p=2.75m/ m°

H-3000

13000 |

Puc. 14
PaccMoTpeHsl Tpu BapuaHTa CETKM KOHEUHBIX 3JIEMEHTOB: 12, 24 1 36 KOHEUHBIX
AJIEMEHTOB. Pe3ynbTaThl BRIUMCICHUN C MCIOIL30BAHUEM CMEINIaHHOW (OPMBI METOAA

i 13000 13000

I
) -
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KoHeuHbIX 3ieMeHToB 1 MKDO B mepememenusax (IIK JIMPA-CAIIP) npuBeneHsl B
Tab1. 4 (Bce pe3ysbTaThl MPUBEACHBI B '11).

Tabm. 4
12 KD 24 KD 36 KD
CMM 14,605 14,294 14,148
™1 JAMM 14,57 14,16 14,15
ITIK JIUPA-CAIIP 14,44 14,09 14,08
CMM 29,403 23,217 21,795
®2 JAMM 44,63 20,23 21,36
ITIK JIUPA-CAIIP 21,69 19,43 20,19
CMM 33,819 26,173 25,090
®3 JAMM 61,83 22,34 24,09
[IK JIUPA-CAIIP 22,87 21,62 22,66
CMM 34,909 26,921 26,659
™4 JAMM 78,17 22,60 24,45
IIK JIUPA-CAIIP 25,18 21,92 23,05

I[Io HMM MOXHO CHAENaTh CIEAYIOIIME BBIBOJABL: INpU CrymieHuu cetku KO
pe3yJbTaThl MO MEPBBIM JABYM BapHaHTaM acUMOTOTHYEeCKH cOmkarorcs; mo JIMPA-
CAIIP morpemHocTs pacyera 10 CPaBHEHHIO C pe3yjbTaTaMU II0 IIEPBOMY BAapHaHTY,
IIPUHUMAEMBIM 33 TOYHOE, HE CHUKAETCS.

OcnoBHas cucreMa MKD B ¢opme KCM gt n3rubaemMoro mpsiMOyroJibHOTO
aneMeHTa ¢ 12 creneHsMu CBOOOJBI M HyMEpalus OCHOBHBIX HEM3BECTHBIX B Y3JIaX
KOHEYHOI'0 3JIEMEHTA MTOKa3aHbl Ha puc. 15.

(1,5,6) 278 o Oyukuus  nporubos KD
¥ (0,0) (a,0) A g; anmpOKCUMUPYETCS
; - HETOJIHBIM OMKYOUYECKUM
00! @b s o
(4,11,12) . (3,9,10) (0,0) TONMHOMOM:
y/;{” = ﬂﬂ%ﬂ a4 W(X, Y) = &g+, X+ ... + Xy,
a o
Puc. 15

BenuunHbl y3710BbIX Macc (COTJIaCOBaHHYIO MAaTPHUILy MacC) KOHEYHOTO 3JIeMEHTa
MOJIYYMM IO AJITOPUTMY, KOTOPBIM UCIIOJIb3YETCS IPU NPUBEIECHUN PACIPENEIEHHOM 0
wiomwaan KD Harpy3ku K y370BOM, T.e. MNpHUpaBHHUBAS BO3MOXHBIE pPaOOTHI
pacrpeiefIeHHbIX Harpy30K U BO3MOXKHbIE PAa0OThI Y3JIOBbIX HHEPLUUOHHBIX HATPY30K:

/M 0 0
[m]:” 0 pl, O [@]T-[@]dxdy,
°°lo 0 pl,

rae @ - KBaJipaTHasi AMaroHajibHAasi MaTpUIa pa3MepoM 3x3,
0 0
F! =L1, X, X5 V5 xp, )y, w8, 0,y X, xst’ D, =&(@1,1)’ D5 =5((D1,1)-

BrinosiHeHHBIE CpaBHUTENBHBIE PacyeThl TMOKa3alyd BBICOKYIO A()PEKTUBHOCTH
peanu30BaHHOTO aJrOpUTMA.
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CpaBHEHHE pE3yJbTaTOB YWCIEHHOIO pacyeTa C HCIOJIb30BAHWEM aJIrOPUTMA
MKD3 B popme kinaccruueckoro CMeIaHHOTo METojia ¢ pe3ysibraramu pacuera mo MKD
B IepeMelnieHussx ¢ ucnonb3zoBanueM [IK Jlupa mokazao uX OpakTUYECKH IOJIHOE
COBIIAJICHHUE.

[IpeuMy1iiecTBO MEPBOro aIrOpuTMa OCOOCHHO YOEAMTENbHO MPOSBISETCS MPU
pacyeTax Ha BBIHYXICHHBIC KOJeOaHMs, IJie HauOONBIIUA HHTEpPEC MNPEACTaBISAIOT
YCUJIMS, BXOASIIME B KAYECTBE HEM3BECTHBIX B PA3pEIAIONIYIO0 CHCTEMY YPABHEHUM.

B pamkax pemieHusi, yHOOMSHYTOW BBIIIIE, BTOPOM MPOOJIEMBI BBIIIOJIHEHO
uccienoBanre 3PGEKTUBHOCTH YHUCICHHOTO MOCIMPOBAHUS MPOOJIEM pa3peliaroniux
CUCTEM aJIreOpanyecKuX YypaBHEHU BBICOKOIO TMOpPSAKA M COOTBETCTBYIOLIUX
YaCTOTHBIX ypaBHeHU# Ha ocHoBe MKD B dopMe Ki1accHyeckoro CMEmanHOro METOa.
Jnst aToro pazpaboraHbl W anpoOMpPOBaHBI HAa TECTOBBIX M MOJICIBHBIX 3ajadyax
pa3nuYHble BapUAHTBl MOJEIHUPOBAHUS PEAYLHPOBAHHBIX YaCTOTHO-ITMHAMHYECKHX
YPaBHEHUM.

IlepBblii U3 HUX, Ha3bIBA€MbIM CIUIAMH — KOJUIOKAIMOHHOW WHTEPHOJISIIUEH
UCKOMBIX MapaMeTpoB (mepeMenieHuii), Hauodonee 3p(eKTUBEeH B TOM ciydae, KOorjaa
[0JIE HCKOMBIX MapaMeTpoB (ME€peMEeIleHUu) MOXKEeT ObITh aNnIpOKCUMHUpOBaHa
JIOCTATOYHO TIaJKOM (PYHKIIMEH ¢ MPOM3BOJHBIMU HE HUKE BTOPOTO MOPSIIKA.

Bropoit pa3paGoTan asig pemieHUsT HEMOJHOW anreOpandyeckoil mpoOiaemMbl
cooctBeHHbIX 3HaueHu# (C3) u coOctBeHHbIX BekTOpoB (CB) M ocHOBaH Ha MeTojne
MHOTOCTYI€HYaTOM YacCTOTHO — JWHAMUYECKOW KOHIEHCAllMd MPUMEHHUTEIBHO K
YaCTOTHBIM YPaBHEHUSIM B (pOpME CMEIIAHHOTO METO/A.

OcHOBHasi uaes ATOr0 METOJa 3aKJIIYAeTCsl B 3aMEHE PAacuyeTHOW CXEMbl C
OOJBIIMM YHUCJIOM JMHAMUYECKUX CTeneHed cBOOOABI K CHCTEME C 3apaHee
HA3HAYECHHBIM HEOOJIBIIMM YHCIIOM CTENEHEW CBOOOBI, T.€. PEIYyLUPOBAHHOW K TakK
Ha3bIBAEMBIM TJIABHBIM CTEMIEHSIM CBOOObI CUCTEME.

ANTOpPUTM MOJIy4EHUS] TAKOW PENYLIMPOBAHHON CUCTEMBI COCTOUT U3 HECKOJIBKUX
NIOCJIEOBATEIBHO BBITOIHIEMBIX ONEPALIANA:

1. Bce auHamMuyeckue CTENEHM CBOOOJBI CHUCTEMBI U Y3Ibl, K KOTOPHIM OHH
OTHOCSATCS, Pa3JeNsA0TCs Ha IVIABHBIE U BTOPOCTEIICHHBIE.

2. Bce BTOpocTeneHHbIE CTENEHH CBOOOBI M Y3JIbl, K KOTOPHIM OHH OTHOCSTCH,
pa3ensaoTCs Ha TPYMIIbI, 110 CTENEHN OJM30CTH K IJIaBHBIM.

3. @opmupyIOTCS MaplyaIbHbIe TUHAMHYECKHE CUCTEMBI, KaXJIas U3 KOTOPBIX
BKJIIOYAET TJIABHBIE CTEMEHH CBOOOJbI W CTENEeHH CBOOOJBI OJHOM W3 Tpynn
BTOPOCTEIEHHBIX CTEIIEHEW CBOOOIBI.

4. JInsa kax a0 U3 3TUX TPYII peniaeTcs nojaHas anreopandeckas npoodiema C3 u
CB.

5. Haxonurces quHamuyeckas MaTpuiia Macc peaylMpOBaHHON CUCTEMbI, UCXOMs
U3 YCIOBHS paBEHCTBA COOCTBEHHBIX 3HAYEHUH €€ 4YacTOTHOIO YpaBHEHUS U
COOCTBEHHBIX YaCTOT MapLHUAIBLHON CUCTEMBI.

6. 13 cpaBHEHUS MOIYYEHHONW MaTpPHUIl MAacC U COOTBETCTBYIOIIMX 3JIEMEHTOB
MaTpULIbl MacC, CBSI3aHHOM C TJIABHBIMH  CTENEHSAMH CBOOOABI  HCXOJTHOU
HEPEIyLIMPOBAHHON CHCTEMbI, HaXOAATCS KOHICHCAIIMOHHBbIE J00aBKM K MaccaMm B
[VIABHBIX y3JaX OT MacC KOHJEHCHPYEMOW TpyHIbl BTOPOCTENEHHBIX CTEHNEHEH
cBOOO/IBI.
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/. CymMupysI KOHACHCALMOHHBIE TOOABKHM OT MAacc BO BCEX BTOPOCTENEHHBIX
CTENEHSX CBOOO/bI, OJydyaeM PeaylIMPOBAHHYIO MAaTPUILy Macc.

8. B cooTBeTcTBMM C 3TOM MAaTpUILE MacC, CTPOUTCS PEAYLUPOBAHHOE
YaCTOTHOE YpPaBHEHHE M HAXOAMUTCS €ro peIlleHHe Kak TIOJHOW anredpandyeckoi
npobnemsl C3 u CB.

VYBenMuMB YWCIO Y3JI0B KOHJEHCAIIMHM, IMOJYyYUM I[OCJIEAOBATEIbHOCTh
YTOUHSIIOIINXCA pemieHuid. [IpenBapurenbHas cTaTH4eckasi KOHASHCAUNS CYyIIECTBEHHO
YMEHBUIAET NOTPEIIHOCTh PELICHHUS, TOIy4aeMoro 0e3 e€ UCIoIb30BaHHUs.

B Maremarnueckom IIaHE BCE YNOMSHYTHIE BBIIIE BapUAHTBI CBOJATCA K
PEIICHUIO HEMOJHOW anreOpamdeckoil TpoOJeMbl COOCTBEHHBIX 3HAYCHUH U
COOCTBEHHBIX BEKTOPOB JJISl CUCTEM C HEOOIBIIUM YHCIIOM CTENEHEH CBOOOIBI.

BrinonHeH cpaBHUTENBHBIN aHaTU3 3P(HEKTUBHOCTH 3TUX BapUAHTOB.

BrInmosHEH pacyeTr KECTKO 3alleMIIEHHOW 10 KOHTYPY IUIACTHMHKH, HECyLIer
PaBHOMEPHO paclpenencHHyo Maccy. [Io cpaBHEHMI0O ¢ METOLOM CTaTUYECKOU
KOHJICHCAIIMU, KOTOopas OOecrneurBacT IMOIYyYEeHHUE MPUEMIIEMOTrO pe3ysibTaTa TOJIbKO
JUIT  MUHAMAQJIBHOM  COOCTBEHHOM  4YacTOThI, METOJ  YaCTOTHO-TMHAMHUYECKOU
KOHJICHCAIIMU TI03BOJISICT TOJMYYUTh PE3YJIbTaThl OJU3KHME K TOYHBIM (C aOCOIIOTHOM
MOTPENTHOCThIO He Oosiee 7%) /uist 13-Tu mepBbIX COOCTBEHHBIX YACTOT.

Tak kak B MaTeMaTHYECKOM IUIaHE TMpobiieMa HaXOXKJEHUS CIIEeKTpa
cooctBeHHbx yacTtoT (C3) m cobctBeHHBIX (opMm kojebanuit (CB) u mpobiiema
HaXOXXJICHUSl CIEKTpa KPUTHYECKUX HArpy30K U COOTBETCTBYIOIIUMX (OopM moTepu
YCTOMYMBOCTU SIBJISIFOTCS, MO CYTH, OJIMHAKOBBIMU, TO pa3pabOTaHHBIC aJTOPUTMBbI
MPUMEHUMBI KaK ISl PEIICHUS 3a1a4 JUHAMUKH, TaK U ISl 33/1a4 YCTOMYUBOCTH.

B nsiToii riaBe paccMOTpeHbl NPOOIEMbl MAaTEMAaTHYECKOTO MOJEIMPOBAHUS
3a/lay YCTOMYMBOCTH CTEPKHEBBIX M IJIACTUHYATBIX cUcTeM Ha ocHoBe MKDO B (opme
KCM. /[Inga nydiiero NOHUMAHUS Pa3JIMYHBIX TOAXOJIOB PEUICHHIO 3THUX 3a71ad B
HACTOSIEE BpEMS, IPUBEACHA CI0KUBILASCI B HAYYHOM JINTEPATYpE Irpajanus TEOpUn
YCTOMYHUBOCTA W NPUBEACHBI OCHOBHBIC ITIOJIOKEHUS, JIEKAIIMEe B OCHOBE TEOPUU
IIEPBOI0, BTOPOT'O U TPETHETO NOPSIAKOB.

B pamkax teopum mepBoro mopsiaka, Tak Ha3blBAEMOW JIMHEMHOW TEOPUU, HA
ocHoBe MKD B popme KCM pazpaboTanbl MaTeMaTHYECKHUE MOJEIM MaTPUIl OTKIIUKOB
MPOJOJIBHO-CKATBIX  CTEPKHEBBIX M IUIACTUHYATBIX KOHEYHBIX JJEMEHTOB H
pasperniaronmx ypaBHEHUHN 3a71a4 YCTOMUYUBOCTH CUCTEM, MPEICTABISIEMbBIX aHCaMOJIeM
TAKUX KOHEYHBIX JICMEHTOB.

PaccMoTpensl W mpoaHaIM3UPOBAHBI JIBa BapHaHTa MATPUI] OTKIHUKOB H
COOTBETCTBYIOIIUX Pa3pelIAOINX YPAaBHEHUW: “TOYHBIN~ B paMKax, 3aJ0KECHHBIX B
TEOpUM TEPBOrO TOPSAKA TOJOKEHUA W JOMNYIIEHUWHW, ¢ TOPUBOASIIIUX K
TPAHCUECHJICHTHBIM  ypPaBHEHUSIM OTHOCUTEIIBHO MapaMeTrpa YCTOWYMBOCTH, U
NpUOIM)KEHHBINM, OCHOBAHHBIA Ha AamNIpPOKCHMAIIMU TMOJed JaedopMaliuu KOHEYHBIX
AJIEMEHTOB (PYHKIUSAMU JehOpMAaI OT CTATUIECKUX HATPy30K.

OC0OEHHOCTHIO AITOPUTMOB BTOPOTO BapHaHTa SIBISETCS MOCTPOCHHE MATPHIIBI
MOTEHIIMAJIAa TPOJIONBHBIX (CKUMAIOIIUX) HArpy30K /JIsi KOHEUYHOrO B3JIEMEHTAa W A
KOHCTPYKITUH B IIE€JIOM C HCIIOJIb30BAHUEM B KQ4E€CTBE AJIEMEHTA, TeX K€ (DYHKIIHIA, 9TO
U TpU OOBIYHOM CTAaTUYECKOM pacyeTe. OTO TMO3BOJSET H30eXaTh TPYIOEMKHX
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BBIUMCIUTENBHBIX MPOOJEM, CBSI3aHHBIX C HCHOJb30BAHHWEM TPAHCLEHICHTHBIX
GyHKIUH.

Marpuriia oTkiaukoB [d] KOHEYHOTO 3JIEMEHTa MOYKET OBITh MPE/ICTABJICHA B BUJIC
CYMMBI JIBYX MaTpHIL
[d]=[d,,]-NI[d,]. (7)
rre [d ] — maTpuma otkimukoB KD nipu oTCyTCTBUH MTPOIOIBHOMN CHITBI,

N[d, ] — nononHuTEeNPHAS MATPHIIA, YIUTHIBAIOIIAS BIUSHHUE TIPOJOIBHON CHITBI.

Ha mnpumepe KDO-cTepxkHsi HalijeM 3aBUCUMOCTh BO3HHUKAIOIIUX PEAKUUA U
CMEILEHUH OT €IWHUYHBIX 3HAYCHUN HEU3BECTHBIX C Y4E€TOM BIHUSHUSA MPOAOTHHON
cwisl N, T.e. chopmupyem mMatpuily OTKIMKOB [d] KOHEYHOTO 3JIeMEHTa — CTePIKHSI.

[IpuHIMTIUATBEHO 3TO MOXET OBITh BHITIOJHEHO HA OCHOBE MPHUHIIMIA BO3ZMOXKHBIX
MIEPEMEIIECHUM:

| |
A, +W, =1, -1+ N [ (yiy;)dx - [EI(y;y})dx = . 8)
0 0
Ortcrona cienyer
| |
= [EL(y;y})dx—N [ (yiy;)dx. 9)
0 0

3neck Y;(X), ¥;(X) — GyHKIMH COOTBETCTBYIOMIEH CTATHIECKOH Aepopmanuu OT i-To U

J-TO €IMHUYHBIX BO3JICHCTBUI OCHOBHBIX HEU3BECTHBIX.

Kak moka3pIBaeT OIBIT PacyeToB, 3aME€HA TOYHBIX PEIIECHUN C UCIIOJIb30BAaHUEM
TPAHCUEHJACHTHBIX (YHKIUN NPUOIMKEHHBIMU J1ae€T XOpOIHE pe3yibTaThl B TeEX
CllydasiX, KOI/Ia KpUTHUYECKas cuja s JI000ro KOHEYHOrO 3JEMEHTa OCHOBHOM
CUCTEMBbI 3HAUUTEJIbHO BbIIIE KPUTHYECKOW CUJIBI JIJIsl BCEH CUCTEMBI B LIEJIOM.

JIns MIUTFOCTpaly pacCMOTPEHA MOJIENIBHAS 3a/1a4a O HAXO0XKACHUN KPUTUYECKOU
Harpy3ku i MPOAOJIBHO-CKATOro cTepKHs. l[loiydeHHbIE pe3ynbTaThl MOKa3aIu
XOPOLIYIO0 CXOAUMOCTh PE3YJIBTATOB IO BTOPOMY BapUaHTY K “TOYHBIM~ PELICHUSM.

Takxxke moJlydeHa MaTpulla OTKIMKOB MPOJOJIBHO-CKATOTO HM3rMdaeMoro
KOHEYHOT'O dJIeMEHTa — IuTacTUHKH (puc. 16).

Puc. 16
OcHoBHas cuctema u pyHkuus popmsel g KO-nmacTUHKYM NPUHUMAIOTCS B TOM
e BHJIE, uTO U i u3rudoaemoro KO 6e3 mpo1015HOTO CxKATHS.
[ToaToMy 6€3 M3MEHEHUI OCTAIOTCsl BCE BBIPAXKEHUS 17151 MOMEHTOB M KPUBH3H.



24

Ipu BbruncieHnd KO3PHUINEHTOB I, J; B MaTpuile OTKIMKOB KD HeoOXoxumo

yuecTh cOmmkeHne KpoMok K3 0T BO3IEHCTBUS MPHIOKEHHBIX IO KPOMKaM
COKMMAIOIIMX MpoaosbHbIX el F u F,.

a dw(j)(x,y) 2

AV = 1 dx,
2.7 dx

(10)

o\ 2
a1 T W g,
’ 2 x=0 dy
TlIe | — HOMEp CIUHUYHOTO BO3JEHCTBHS, T.C. HOMEP COOTBETCTBYIOIIETO HEU3BECTHOTO
B OCHOBHOW cHCTEME KOHEUHOTO JICMEHTA.
C yuerom (10) Beipaxkenue Juist onpesenaeHus KodpGUIMEHTOB I; OyaeT UMETh

CJICTYFOILIUMN BUJL:
= 1M 0yl (xy) + M () () +
Q

+2MY) (x,y)x (%, y)]dxdy ~AY - Al

Ilpu BeruKCIEHHH KOX(QOHUIMERTOB O; B BhIpaxkenuu (11) Bepxmuil wHmekc (j) mpu

(11)

A(X) u A(y) 3aMeHsercs Ha uHaekc (1).

dopMHUpOBaHUE PA3pPEUIAONICH CUCTEMBI YPABHCHUH I 3aa4d YCTOMYUBOCTH
HE OTJIMYaeTcs OoT ee (POPMUPOBAHMS B 3a]]a4aX CTATUKH.

Jist pemieHus 3aadyd YCTOMYMBOCTH MATPULY OTKJIMKOB CHUCTEMBI HYKHO
npeactaButh B Bujae (7) — pPa3HOCTH JIBYX MATPHIL: MAaTPUIIBI, IMOJy4aeMOW B
CTaTHMUYECKHX 33/1a4ax (CTaTuveckas MaTpHila OTKIMKOB O ), M MaTpUIIbI, COCTOSIICH
U3 7100aBOK OT y4YeTa MpPOAOJbHO-TIONEPEYHOro wu3ruba (matpuia A00aBOYHBIX
OTKJIMKOB Ha JeictBue mpononbHoro cxkarus Nd): d=d, —Nd,. B cuyuae

NPUOJIMIKEHHBIX BBIPAKCHUN JII MaTPUIIBl OTKIMKOB (T.e. 0€3 TpaHCIICHACHTHBIX
GbyHKIMIA) pa3peniaoye ypaBHEHN IPUHUMAIOT BU]I

([d,,]J-N [dN]){%} =0, (12)
[C— AE] {%} _0, (13)
1

tae [C]=[d,][d,,]", A=

VYpasuenue (13) nmeeT HETpUBHAILHOE PEIICHUE, €CITH
|C—1E|=O. (14)
Bripaxxenue (14) siBisieTcs CTaHAAPTHOM 3alUChio ainreOpandeckoil mpodiembl
COOCTBEHHBIX BEKTOPOB U COOCTBEHHBIX 3HAUCHUH.
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Hatigs 1100bIM M3 U3BECTHBIX METOJOB [A

max
1

Kkp,max 2
max

N3noxeHHbIe BapUAHThI PELICHUS 3aa4 YCTOWYUBOCTH CTEPKHEN U CTEPIKHEBBIX
KoHCTpykiuii Ha ocHoBe MKD B ¢opme KCM nai0T BO3MOXKHOCTH PpEUIUTH
OTMEUAaeMyl0 BO MHOruMX paboTax mpoOJieMy Halu4yusi B pACUETHOM KOHEYHO-
AJIEMEHTHOW CXEME€ OYEHb JKECTKMX WM OECKOHEUHO S>KECTKUX dJIeMeHTOB. I[Ipu
pacuetax nmo MKD B dopme Meroma mnepeMelIeHUH WX Halu4yue MPUBOAMUT K
YXYAUICHUIO OOYCIOBJICHHOCTH MATPHIIbl JKECTKOCTH M, KaK CIEJICTBUE, K
CYILIECTBEHHBIM IMOTPEIIHOCTSIM PEMIEHUS, & UHOT/IA U K HEBEPHBIM PE3yJIbTATAM.

[Ipu wucnonb3oBannu MKD B dopme KCM yxynameHuss oOyCIOBICHHOCTH
MaTpuipl OTKIMKOB KO He mpoucxomut. B 3ToM He TpyaHO yOenuThes, MOJCTaBUB
OecKOHEUHYIO kecTKocTh KD B 010K J MaTpulbl OTKIMKOB. B pesynbpraTe momydaem
HYJIEBbIE 3HAUEHHUS 3JIEMEHTOB 3TOTrO OJIOKA.

DTO 03HAYAET, YTO MATEMATHUYECKas MOAENb MpooiabHO-cxkaTtoro KO B MKD B
dbopme KCM octaetcst HEM3MEHHOM U TIPU €ro 0ECKOHEYHOM )KECTKOCTH, YTO MO3BOJISIET
0e3 3aTpyJHEHMI pelmiarh 3aJayd, OTMEYaeMble B HEKOTOPHIX paboTax Kak
npoOJIeMHBIE.

B mecroii riaBe pacCMOTPEHO  MOJECIMPOBAHHE TE€OMETPUYECKH H
KOHCTPYKTUBHO HEJIMHEHHBIX 3a1a4 M U3JI0)KEH aJTOPUTM PELICHUS HEJIMHEHHON
CUCTEMbl pa3pellalolliuX YypaBHEHUH MeETO/la KOHEUYHBIX »JJIEMEHTOB B (opme
KJIACCUYECKOI0 CMEIIAHHOTO METO/1A.

Ucnons3zoBanne MKD B dhopme KiaccHueckoro CMEIaHHOTO METO/1a MPUBOIUT K
MOJIYYEHHUIO pa3pellarolleil CHCTEMbl HEJIMHEMHBIX —ainreOpanvyeckux ypaBHEHUU
OTHOCUTEJIBHO OIpPEAENIIEMbIX HEU3BECTHBIX MapaMeTpPoOB. IJTa CUCTEMA MOXKET ObITh
IpeacTaBlieHa B opMe MATPUUHOTO YPABHEHUS

[D(a) J{a} -{F} =0, (15)
~ ~ ~ T
rae {CI} = qu, (o FARRR o N o FRPIRN o AP o H J - BEKTOp KuHeMaTuueckux (()

cIOBBIX () HEM3BECTHBIX B OCHOBHOM CHCTEME CMEIIAHHOTO METO/1a,

(F}=|F. Fp ... F F

], momyanm

~ ~

Fop..uF

n+2?! *° n+m

N
o J - BEKTOP, 2JIEMEHTaMU KOTOPOTO SIBJISFOTCS

BHEIITHUE BO3/IeHCTBUSA ( F - KHHEMaTUYECKHE, F - CHUJIOBBIC),
[D(q)] - MaTpuua oTKIMKOB KOHCTpYKIMH pasmepoM (N-+M)x(N+m), snementsr

KOTOPOH 3aBUCST HE TOJBKO OT CBOMCTB MaTepHalia U TEOMETPUU KOHCTPYKIIUHU, HO U OT
e€ HapsLKEHHO-Ae(OPMHUPOBAHHOTO COCTOSIHUS, BHIPAXKAEMOTO YE€pPE3 BEKTOP {q} .

Cuctema ypaBHeHuil (14) sBisieTcs CHUCTEMOM HEIMHEHHBIX alreOpanvecKux
ypaBHeHui (CHAY) OTHOCUTENIBHO HCKOMBIX MEPEMEIICHUN U YCUITHH.

Pemienne e€  BBIMOJNHSETCS  WHKPEMEHTAJIbHBIM  METOJOM  (TIOIIaroBoe
Harpy>keHue) ¢ YTOUHCHUEM DPEIICHUs MOCJEe Ka)XJOTo Illara Harpy>kKeHusi o METOy
HrroTona-Padcona.
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[Ipeanonoxum, 4YTO MOCIE BBINOJHEHUS K -ro miara JOTrpyKEHHs, T.€. IpH

k .
YPOBHE Harpy3ku PY HaiizeHBI 3HAYCHNS HCKOMBIX HEH3BECTHBIX: ql(k) , gk) b rgk) -
knnematiaeckux u G, G e -
qn+1 Y Hn+2 1ttt Hndm CHJIOBBIX.
DTH 3HAYEHHUSI HEU3BECTHBIX YIOBIETBOPSIOT CJIAY.
(k) k) FK) A (K) &) | —
L1|: 1 7 ***7 MMn ) Mn+l? ot Mn+m? F :|_O (16)

Ipu no6asnenuu na (K +1) -om mare narpyskun AF ™ nomyuaem CHAY
LZ[(ql(") +Ag*?), (a9 + A, (a8 +AglP), .,

(@9, +AqE2), (F9+ AF)] =0

n+m

(17)

Boerutst u3 omeparopa (17) omeparop (16), momyunm CHAY B mpupamieHusx

napamerpos Aq*™, AF®

LZ[(q(")+Aq("*1)), (F(") +AF("+1))}— Ll(q(k), p(k)):

_ I_S[Aq("”) ’ AF(k+1):| -0.

Beimonau nuneapusaiuio CHAY (18), ocTaBiss BeIWYMHBI TIEPBOTO MOPsAKA
MaJiocTu, ¥ pemnB noiydeHHyto CJIAY, nalineM 3HaueHUsi MpUPALICHUH HCKOMBIX

* u nmo mum 3Hauenms mapamerpoB % =q® +Aq**"  mocrue

(18)

napaMeTpoB A(Q
(k + 1) -I'0 1I1ara JOrpyKEeHUsI.
YTo4HEHHE 3TOTO pelieHus BBIONHIETCS 1o MeTony Hetotona — Padcona wm

€ro MOJAN(pUKALINH.
Yrounenue peurernst nocie (K+1)-ro imara ZOrpy:KeHHs BBINONHSETCS IO

CJIelyIOLIEMY alrOPUTMY.
Haiinennoe pemenue nocne (K +1)-ro mara gorpyxenns q“* = (q(k) +Aq (k+1))

noacrasisiercss B CHAY (17). Tak kak 3TO pelieHue SBIAETCS JHIIb HYJIEBBIM
(TuHEeWHBIM) TIpUOTMKEHUEM, TO B mpaBod yactu 3tod CHAY nonyuum He HynwH, a
BEKTOP HEBSI30K B YPaBHEGHMSIX pPaBHOBECHS M COBMECTHOCTU Jedopmariuit
(mepemereHuii)

Lz((O)q(k+1)’ F(k+1)): L5((o) R(k+1)) ’ 5((0)A(k+1))JT. (19)

st mosydeHusi miepBoro NpuOIMKeHUs (YTOYHEHUs) K TOYHOMY pEIICHUIO

(k+1) (k+1) :(O) q(k+1) +(l) Aq(k+1)

nozcraBuM B (19) Bmecto Vg senmunay (Vg Y BBITIOJIHUM

auHeapu3auuio noixyyeHsHoro CHAY.
LZ((O)q(k+1) + O Ak F(k+1)):O_ (20)

PemmB mnonyuennoe u3 (20) nuHEapu30BaHHOE YpaBHEHHE OTHOCHTEIHHO
M A qk+D) @) qk+1) _(0) y(k+1) (1) (k+1)
nmonpaBok ~AQ" , IOJy4YUM YTOYHEHHOE pemienue g ~ ="' g ~ +~ AgQ" .

[logcraBuB 310  pemenue B (20), momyuuM  BEKTOp  HEBSI30K
T
Lg((l) R(k+1)) ’ 5((1)A(k+1) )J .
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[{ukiel uTepalyii HOBTOPAIOTCS 10 JOCTHKEHHS HYKHOM CTETIEHU MPUOIMKEHUS
K HYJIIO pa3HUIIbI HEBSA30K MEXY ABYMsI MOCIEAOBATEIIbHBIMU MTPUOIMKEHUSIMHU.

W3naraemplii  anroput™m  gBisieTcsi 00OOIEHHEM MaTeMaTH4eCKOW MoJenH,
UCIIOJIb30BAaHHOM B TJylaBe 3 JuIsl pacyera JUHEHHO — MeOopMUPYEMBIX CTEPKHEBBIX
cucteM. BO3MOXXHOCTh ydeTa pa3/IMYHbIX BUJOB HEIMHEMHOCTEN B MAaTeMaTUYECKHX
MOJICIIAX YIPYTHX CTEPKHEBBIX cUCTeM, OCHOBaHHBIX Ha MKD B hopme kiaccuueckoro
CMEIIaHHOTO METO/Ia, CYIIECTBEHHO pACIIUPSET 00JaCTh UX IPUMEHEHUS.

Cnenyer OTMETUTHh TakKKe, YTO B paspemiaroinieil cucreme ypaBHeHuil (15), He
MEHSASL €€ CTPYKTYpPY, MOKHO MEHSITh MECTaMU YacThb HUCKOMBIX NapaMeTpOB U YacCThb
3aJIaHHbBIX apameTpoB, 4TO 0COOEHHO Ba)KHO npu pacuete
KOHCTPYKTUBHO-HEJIMHEMHBIX CUCTEM W IPHU UCCIEIOBAaHUHM MOJENEH T€OMETPUYECKU
WIN (PU3NYECKH HEIMHEWHOTO MOBEACHUS KOHCTPYKIIHIA.

CMeHy mapaMeTpoB B XOJE TaKOrO0 HMCCIEIOBAaHUS NPHUHITO HAa3bIBaTh CMEHOMU
“KECTKOTO0” HarpyXeHuss Ha ‘“‘Msrkoe” widn HaoOopoT. Takoil MpueM MO3BOJISET
MPOCIEANTH “BETBJICHUE” PEIICHUN B 3aKPUTHUECKOM 001aCTH.

[Ipu pemieHuuM TreoMETpUUYECKH HEIMHEMHBIX 3aJad HEOoOXOJUMO JETaIbHOE
UCCIIEJOBAaHUE TPACKTOPUU JAe(POpMHUpPOBAHUS KOHCTPYKIMH B CBSI3U C TEM, YTO
BO3MOYKHA HEOJHO3HAYHOCTh PELIEHUs, KOTa OJTHOMY YPOBHIO BHEIIHUX CHUJIOBBIX WM
KMHEMaTU4YEeCKUX BO3JEHCTBUII MOTYT COOTBETCTBOBATh pa3MYHble KOHPUTYpaLUU
ne(OpMUPOBAHHON KOHCTPYKIIMH.

[ToaToMy HEOOXOAMMO BBIICHUTb, KaKW€ W3 PaBHOBECHBIX KOH(UTypauui
ABJISIIOTCS  yCTOMYMBBIMHU, a Kakue HeT. I[IpoOreMa OCTOBEPHOCTH YHCIECHHOIO
pEelIeHUs] TEeOMETPUYECKH HEJTUMHEHHBIX 3a1ad  J1e(OpPMHUPOBAHUS  CTEP KHEBBIX
KOHCTPYKIUH (OONbIlIME MEepeMEenIeHus) 10 CUX MOp BbI3bIBaeT OOJbIIONW MHTEpec. B
psaae nyOmuKalMii paccCMOTPEHbl HEKOTOpblE MOJENbHBIE 3a/layd, MO3BOJUBILINE
BBIIBUTH “‘TIOJIBOJIHBIE KAMHHU ~ NPH MCIOJIb30BaHUU B pacuerax MKD B nepemenieHusx.
XoTs B JaJIbHEMHIIIEM U OblIa TTOKa3aHa HEKOPPEKTHOCTh B MATEMAaTUYECKUX BBIKIJIAIKAX
B UCXOJHBIX MyOJUKALUAX, MOJIHYIO JIOCTOBEPHOCTb PELIEHUS MOYHO IMOJTBEPAMUTH
TOJIBKO COBIIQJICHUEM PE3YyJIbTAaTOB, MOJYYEHHBIX JBYMsI Pa3IMYHBIMU CIIOCOOAMHU WIIH C
HKCIIEPUMEHTOM.

OnHuM U3 TaKUX METOJOB SIBJIICTCS PACIIMPEHHBIN METOJ KOHEYHBIX 3JIEMEHTOB
B (hopMe KJIaCCUUYECKOT0 CMEUIaHHOTO METO/1a, C UCIIOJIb30BAaHUEM KOTOPOTO, HA OCHOBE
U3JI0’)KEHHOTO BBIIIE aJITOPUTMa, HAaMH ObLa pellleHa, Kak 3ajaya, ¢ KOTOpOi Hayanach
YIOMSIHYTasl TUCKYCCHSI, TaK U P APYTHUX 3a]1ay.

Jist  oTcliexuBaHUS CMEHBl KOH(QUTrypaluuid [AapHUPHO-CTEPKHEBBIX CHCTEM
MOCTPOEH AJIFOPUTM pEIIeHUsd 3aady O Je(QOpPMUPOBAHUHU IIAPHUPHO-CTEPKHEBBIX
CHUCTEM B T€OMETPUYECKU HEJTMHEMHOW MTOCTAHOBKE.

C ero ucnonb30BaHUEM TOJYYEHO pElIEHUE T€OMETPUUYECKHU HEIMHEWMHOMN 3a7aun
0 neGopMHUpOBaHUU MPOCTOM IIAPHUPHO-CTEPKHEBOM CHUCTEMBbI M3 TATH JMHEUHO-
ynpyrux crepxHei (puc. 17, a), BeI3BaBUIEH JUCKYCCHUIO, YIIOMSIHYTYIO BBIIIIE.

OcHoBHasl cucTeMa U cucTeMa B J1e(OPMHPOBAHHOM COCTOSHUU IOKa3aHbl Ha
puc. 17, 6.

BbIloNIHEHHBIE  YHCIEHHBIE MPUMEPHl  aHAJIW3a I[OKa3aJId, YTO CMEHa
KOH(UTypaluii MapHUPHO-CTEP)KHEBOM CHUCTEMBbI 0€3 “IpOoIleTKWBAHUN~ BO3MOXKHA
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TOJIBKO TpPH MNPUIIOKEHUH KOMIIEHCUPYIOIIEH (OTPHULATENIbHOM [0 HaIpaBJIEHUIO)
Harpy3ku, 00ecreunBaroliel pa3rpyKeHnue CUCTEMBI.

Puc. 17

[TIo ynomMsiHyTOMY anrOpUTMY HalJIE€HBI BCE BO3MOKHBIE PABHOBECHBIE COCTOSHUS
cucteMbl. Ha Bcex 3Tamax HarpyKeHHHMs, CBSI3aHHBIX CO CMEHON KOH(Uryparuii
CUCTEMBI, COBIIAJIEHUE pe3yJbTaToB pemeHus Ha ocHoBe MKD B ¢dopme KCM c
pe3ynbTaTaMu aHAIUTUYECKOTO PEHIeHUs], TOATBEPAKAAOT 3P (HEKTUBHOCTD ITOU (POPMBI
MKD.

Bropoli paccmoTpeHa 3amada O TEOMETPUYECKH HEJIMHEMHOM ITPOBEACHUU
MIPOCTEUIIEN CUMMETPUYHOM JIBYXCTEPKHEBOM IUIOCKOM I[IAPHUPHO-CTEPKHEBOU
CUCTEMBI, Ha3bIBaeMo pepmoit Mu3eca.

DTa 3ajada pemiagach MHOTHMMH aBTOpPAaMU B pa3IMYHBIX MOCTAHOBKAX U
pa3nuyHbIMUA MeTtoamu. Kak MozenbHast 1 TeCTOBasi OHA MCIIOJIB3YETCS U B HACTOSILEE
BpeMsl Il aHajdu3a, OTJIAJAKM U TECTHPOBAHUS QJIrOPUTMOB U MPOrPaMMHOIO
oOecrieueHusl pelieHusl TeOMETPUYECKU HEeJMHENWHbIX 3a7a4. B gaHHOM ciydae 3amaya
pemaeTcss METOJOM KOHEYHBIX JJIEMEHTOB B (hOpME KIACCHUYECKOT0 CMEIIAHHOTO
METO/Ia B TEOMETPUUECKH HEJTMHEMHON TOCTAaHOBKE.

Kak mnokazano B paborax B.B. T'aJMIIHUKOBOM, alropuT™M HM3BECTHOIO
IIPOTPAMMHOI0 KOMIUIEKCA, OCHOBaHHbIM Ha peanu3auuu MKD B nepemernieHusx, He
MO3BOJIIET BBIIBUTh KPUTUUYECKYH0 KOH(HUTYpalMIO, COOTBETCTBYIOIIYIO TOYKE
Ooudypkarm, U Mpoa0HKAET CIEA0BaTh KPUBOW PABHOBECHBIX COCTOSHUN 32 TOYKOM
Oudypkaru Mpu  TOPOJAOKEHUU Bo3pacTaHuss Harpy3ku. Co3maercss JI0KHOE
BIICUATIICHUE, 4YTO (epMa yCTOWYMBA, OJHAKO, HAa CaMOM JIeJie Harpy3ka Iocie
MIPOXOXKJICHUS TOYKK Ombypkanuu cHuxaetcs (dhepma Tepsier yctoiunBocTh). [loteps
YCTOMYMBOCTH BCIEACTBUE OM(ypKAITUU aITOPUTMOM HE BBISIBIISICTCSI.

B msaToit 1mmaBe OBUIO TMMOKa3aHO, YTO MPOCTEHINIas IIAPHUPHO-CTEPIKHEBAS
cuctema B Buze depmbl Muszeca MOXKET TepsITh YCTOWYMBOCTH (MPU pacyeTe ee To
TEOPUU YCTOWYMBOCTH MEPBOTO MOPSIKA) KaK MO MPSIMOCUMMETPUYHON (popMme, Tak U
10 KOCOCUMMETPHUYHOM.

B nmaHHOW T/1aBe NOCTPOEHBI MAaTeMaTUYECKHE MOJEIW 3aJadyd HEJIMHEWHOIO
pacueta epmbl Museca (puc. 18, ) mo Teopuu BTOPOTO MOPSIKA JBYX BO3MOXKHBIX



29

dbopM  TOTepH  YCTOHYMBOCTH  —  IpsSIMOCHMMMeTpwdHOW  (puc.18,6) wm

Puc. 18

OnHoit U3 npobiieM HeMMHEWHOro pacuera hepMbl Museca sSBISETCS BBISBICHUE
TOYEK BETBJICHMS PELICHUS HA KPMBOM PAaBHOBECHBIX COCTOsIHMU. [Ipu mcnosb3oBaHuu
MKD B ¢popme KCM sta ipobiiema He BO3ZHHUKAET.

BpInonHEHHBI YKMCICHHBIA aHAIU3 TE€OMETPUUYECKHM HEJIUHEWHOIO ITOBEACHUS
dbepMbl Mu3eca mpuBen K alrOpUTMy MOCTPOEHUS KPUBOW PaBHOBECHBIX COCTOSHHIA
dbepMbl B JOKPUTHYECKOM U 3aKpUTUUECKOM o00nacTsix. B COOTBETCTBUM C HUM B
JOKPUTHUYECKOM 00JaCTH MapaMeTpoOM UIArOBOIO HArpyKeHHs SBISIETCS CUJIOBast
Harpy3ka P. Ilpu cunoBoit Harpyske, OJU3KON K TOUKE BETBJICHUS PEIICHUS HA KPUBOU
PAaBHOBECHBIX  COCTOSIHMM, ITapaMeTp IIAaroBOro HAarpyXeHWs MEHSEeTCS Ha
nedopMallMoOHHbIA. AHaANU3 pe3yJbTaTOB pacueTa MpHU Pa3MyHBbIX yriaxX HaKJIoOHAa o
cTepkHel (epMbl MO3BOJUI BBISIBUTH TOT (PAKT, 4TO BETBJICHUE MPOUCXOAUT MPHU
a =64,1°. Tlpn MeHBIIMX 3HAYEHHAX yriax ¢ OoOpaTHOCMMMETpHYHas (Gopma HMOTepH
YCTOMYUBOCTH HEBO3MOXHA.

MaremMarnueckoe MOJACIMPOBAHUE 33Ja4d O TE€OMETPUYECKH HEIMHEHMHOM
MOBEJACHUH HEPACTSHKUMBIX M PACTSKUMBIX HUTEW M TPOCOB B paMKax TPaAULIMOHHOTO
MKD B nepemenieHusx HeBO3MOXKHO.

[Ipu wucnonszoBannun MKD B ¢dopme KCM Ttakoe MoaenvpoBaHHE HUKAKUX
3aTpyAHEHHUI He BbI3bIBAET. OHO BBIMOJIHIETCS MO O0IIEMY AJITOPUTMY, U3JI0KEHHOMY B
HayaJe TJIaBbl.

B muccepraumm npuBEOEHBI NPUMEPHI  MOJEIMPOBAHUS  Pa3pelIarOIINX
YPaBHEHUM JJI1 HEPACTSXKUMOU M PACTSIKUMOW HUTH, 3arPy’KEHHOW B PABHOOTCTOSIINX
Toukax (puc.19, a) u npeaHaNpPsHKEHHON KOHTprpy3oMm (puc.19, 6).

[Ipy ucnonp30BaHMM NPOLEAYPHI IOLIATOBOTO JOTPYKEHUS MPOCIEHKUBACTCS
IIPOLIECC U3MEHEHUSI TEOMETPUN HUTH.

JInsl OLIEHKW CXOAMMOCTH MOJIYYa€MbIX YUCIEHHBIX PE3YJIbTATOB BBIITOJIHEHO HX
CPaBHEHHUE C AHAJIUTUYECKUM PELICHUEM.
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Puc. 19

@usnueckass MOJEIb KOHCTPYKTHMBHO HEIMHEMHOM CUCTEMBI MPENYCMATPUBAET
OMKUCAaHNE TEOMETPUHN KOHCTPYKIIUHU, XapaKTEPUCTUK OJHOCTOPOHHHUX OMOP (3KECTKOCTh
omop W uX pabouue HampaBJiCHHUS, BEJIUYUHBI 3a30POB MEXOAY KOHCTPYKIMEH U
OIopamu), pa3MeIlIeHHs U BEJIUYMHbI Harpy3ku (puc. 20).
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Puc. 20

Ha ocHoBe 51Ol (u3u4eckod MOJAEIU CTPOSTCS MaTeMaTUYeCKue MOJIeNu
KOHCTPYKIIMA W COOTBETCTBYIOIIIME WM PACUETHBIE CXEMBI ISl KaXKIOW CTaauu
HarpyXeHusi. Tak Kak BEJIMYMHA CTYIICHU HArpyXEHHsS NMPUHUMAETCS Majou, TO I
HaXOXJEHUsl paboueil cxeMbl TpeOyeTcsi HEOOJIBIIIOE YUCIIO UTEPALINiA, HE TIPUBOIAIINX
K 3allMKJIMBAHUIO UTEPALIMOHHOTO IIpoLecca.

[Tocne kaxxa0¥ UTEpaLuy BBITIOIHSAETCS AHAIU3 PE3YJIBTATOB — BEJIMUUH PEAKLINI
M UX HaIlpaBJICHUW B NPUHATOM HA 3TOM HWTEPALMU PACUETHOM CXEME, BEIUYUH U
HaMpaBJICHUM MIEPEMENICHHUI 110 HAIIPABIICHUSM 3a30pOB. Eciu HanmpaBiieHUE peakunil B
KaKOM-TO CBSI3U COOTBETCTBYET paboueMy HAIpPaBJICHUIO STOW CBS3M, TO 3Ta CBA3b
OCTaeTcsi U B CICAYIOUIEH HUTEpallMu pacueTHOM cxembl. Ecnum mnepemMeleHue B
HaMpaBJICHUM HMMEIOLIETOCA 3a30pa MEHBILIE €ro BEJIWYMHBI, TO W B CIEIYIOIIEH
WTEPALlMM PACYECTHOM CXEMbl B OTOW TOYKE pacyeTHas CXema He Hu3MeHsAeTcs. B
MPOTUBHOM CJIy4ae NMPUHUMAETCS PEIICHUE 00 MCKIIFOYEHUU WM MOCTAHOBKE CBSI3U B
aHAJIM3UPYEMOM Y3JI€ PACUETHON CXEMBI.

PaGouass cxeMa KOHCTPYKIIMM Ha KaXKJIOM IIare JOTPY>KEHHS CUHUTAETCs
HalIeHHO#, ecii Ha K-oii  K+1-0if urepanusix pacuyeTHbIE CXeMbI COBITAIAIOT.
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B pesynbrare MOXXHO MpOCIEAUTh H3MEHEHHs pabdoyeil cXeMbl B MpoIiecce
HOILIATOBOTO JIOTPYKEHUSI.

B nuccepraumu npuBeneHBl NpPUMEpPHI pacdyeTra CHUCTEM € OJHOCTOPOHHHMHU
CBSI3SIMHM B BHJI€ MHOTOIIPOJIETHOM OAJKU U IJIACTUHKU C OAHOCTOPOHHUMM CBSA3SIMH I10

KOHTYpY.

B 3axkiodeHuMm cQOpMYyJIUpPOBaHbl OCHOBHBIE pE3yJbTaTbl U  BBIBOJBI,
MOJIyYEHHBIE [TPU BBINOJHEHUU JAHHOW TUCCEPTALMIOHHON PabOTHhI:

OcHoBHBIE pe3yJIbTATHI

1. B cooTBeTcTBUHU CO CPOPMYTUPOBAHHON LEIBIO B IUCCEPTALUU pa3padOTaH
pacIIMpPeHHBII METOJ KOHEYHBIX 3JIEMEHTOB B ()OpPME KIACCHUYECKOTO CMEIIaHHOTO
MeToAa (PU3UYECKHI CMBICI KOTOPOro HamOoJiee JIOTMYHO OOBSACHAETCS C MOMOIIBIO
BBEJCHHOTO TEPMHUHA-TIOHATHUS “MaTPULA OTKIMKOB KOHEYHOT'O JJIEMEHTA.

2. Ha ocHoge 31011 popMbl MKD pazpaboTtansl pU3MKO-MaTeMaTUYECKUE MOJIEIH
HEKOTOPBIX TUIIOB KOHEUHBIX 3JIEMEHTOB U aJITOPUTMbI (POPMUPOBAHHUS Pa3peIIaONINX
YPaBHEHUI NPUMEHUTEIBHO K JMHEHHBIM U HEJIMHEHHBIM 33/1a4aM CTaTUKH, THHAMHUKU
Y YCTOMYMBOCTH B CTPOUTEIBHON MEXAHUKE.

3. Pa3paboTtaHbl alnropuT™Mbl U NpOTpaMMHbBIE CPEICTBA YMCICHHON peanu3aluu
pa3pemaroux KOHEYHO-JIEMEHTHBIX YPaBHEHUN.

4. D¢ddexTuBHOCTh pa3pabOTaHHBIX MOJEICH U aNrOpUTMOB IOATBEPXKACHA
YUCJICHHBIM PEIICHHEM [IHPOKOT0 Kpyra TECTOBBIX NPHUMEpPOB: JMHEHHBIX U
HEJIMHEHHBIX 3aJa4 CTaTUKH, JAUHAMUKA W YCTOMYMBOCTH, W CpPAaBHEHUEM C
UMEIOIIMMHUCS AHAJUTUYECKUMU PEIIEHUSMU M PE3yJbTaTaMH, MOJYYEHHBIMU Ha
OCHOBE JAPYTUX METOMAOB.

5. Pa3zpaboTaHHble TPOrpaMMHBIE CPEJICTBA U BBIIIOJHEHHOE UX BBIYMCIUTEIBLHOE
TECTUPOBAHUE CO3/Ial0T OCHOBY JJid pPa3pabdOTKU MPOrpaMMHOTO OOecredYeHus
pasBuBaeMoii popmbr MKD.

6. 3ay10KEHbI OCHOBBI JJIsl TalIbHEUIIIETO pa3BUTHS pacliupeHHol teopun MKDO
Ha OCHOBE KJIACCHUYECKOIO CMEIIAHHOTO METOJa, paclIMpeHus OMOIMOTEKH MAaTpHIl
OTKJINKOB KOHEYHBIX 3JIEMEHTOB, Pa3paOOTKH MPOrpaMMHBIX CPEICTB AJIsl pean3alun
QJITOPUTMOB pacyeTa CJI0KHBIX KOHCTPYKIIHIA.

BoiBOABI

1. OO630p mauTeparyppl MO TeME WCCIENOBAaHUA TIOKa3all OTCYTCTBHUE
cormocraBumMoro 1o 3ddexktuBHOocTH U creneHu (opmanuzaumu ¢ MKD B
nepeMenieHusIX Ipyrux ¢gopm miam Bapuanto MKD.

2. Ilpn peanuzaumu BbIYMCIAUTENBHOTO mpouecca no MKD B mepemenieHusax
BO3ZHMKAET PsIJl HE PEIICHHBIX /10 CETOAHSIIHETO AHS MPoOJIeM.

3. Haubonee nepcrnekTUBHOM, U3 UMEIOIIUXCS B Hactosiee BpeMs Gpopm MKD,
npexacrasigercs pacuupeHHsii MKD B opme kiaccuyeckoro cMemaHHOro METO/A.
[To cremenn mnpocToThl (opManu3alUMU W AITOPUTMHU3ALMHU, T.€. MaTEMaTHYECKOTO
moxaenupoBanusi, MKD B oroii ¢opme anamormuen kmaccuuyeckomy MKD B
nepeMenieHusx. lloaToMy Bce mNporpamMmHbie CcpeacTBa, peanusyromme MKD B
NEPEMELICHHSIX, MOTYT OBITh HCIOJIb30BAHBl KAK OCHOBA ]ISl MPOIPAMMHBIX CPEACTB,
peamm3yromx MKD B popme cmemanroro meroza.
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4. OcHOBHOE TepMHHOJOrHYecKoe otnuune 3Toil popmbel MKD 3akimouaercst BO
BBEJICHHOM  ()YHIaMEHTaJIbHOM TEPMHUHE-TIOHATUU —  «MaTpPHULAa  OTKIIMKOBY,
MO3BOJIMBILIEM JIOTMYECKH OOOCHOBAaThb COOTBETCTBYIOLIUE CMEIIAHHOMY METOIy
¢uznueckue M MaTeMaTHYECKHE MOJEIM KOHEYHBIX 3JIEMEHTOB M pPa3pellarouinx
CUCTEM YPAaBHECHH.

5. Yucio 3TUX ypaBHEHUU onpeneinsercs, kak 1 B MKD B nepemenienus, 41uciom
HEU3BECTHBIX B Y3JI€ KOHEYHO-3JIEMEHTHOW CETKM NPUHUMAEMON OCHOBHOM CHCTEMBI.
370 03HayaeT, yTo U Tpanuimonnoi popme MKD B nepememenusix, u B MK3 B hopme
KCM, uucno ypaBHeHuit Oyaer omuHakoBbiM. Omnako B MKD B dopme KCM B
paspemaronmx ypaBHEHUSAX COJEPKATCS OJHOBPEMEHHO KaK KMHEMAaTHYECKUE, TaK U
CUJIOBBIE€ HEM3BECTHBIE, YTO MO3BOJISET MOJYYUTh B PE3YJIbTATE PEIICHHS BCE OCHOBHBIE
napameTpbl HalpsKEHHO-I€(POPMUPOBAHHOTO COCTOSIHHSI UCCIENYEMON KOHCTPYKIUU
(HanpspKEeHUs U IepeMenIeHus).

6. BrimosHEeHHBIE NpUMEpHl pacueTa Ha OCHOBE pa3pabOTaHHBIX MoOeNel
MO3BOJIMJIM BBIIBUTH Psifl MpeuMyIecTB U ocodennocteir MKO B ¢popme kitaccuueckoro
CMEUIaHHOTO  METOJa, IMO3BOJSIOIIMX PEINTh psAJ  OTMEYAEMBIX MHOTHMH
UCCIIEIOBATENIMU IPOOJIEM, CBSI3aHHBIX C MPUMEHEHHEM TpaaunnonHoro MKO:

- OJHOBPEMEHHOIO YJOBJETBOPEHMsI YCIOBUM paBHOBECHS M  YCJIOBHUHI
HEPa3pbIBHOCTHU AePopMaliuii;

- obecreueHns] COBMECTHOCTH KakK IMEpPEMEIIECHUM, TaK M YCHUJIMI Ha TrpaHHlax
CMEXHBIX KOHEUHBIX JJIEMEHTOB;

- UCKIIIOYEHHWE W3 paCyeTOB BIIMAHHUS CMELIEHUS KOHEYHOI'O 3JJIEMEHTa Kak
YKECTKOTO LIEJIOro;

- y4eTa BIUSAHUS KOHEYHBIX 3JIEMEHTOB C OUYEHb OOJIBILIOHN KECTKOCTHIO.

7. OcHoOBHbIE mpeumyinecTBa pa3BuBaeMoi ¢opmsl MKD 3akimouarorcs B
CJIEIYIOLIEM:

- HE MEHAA CTPYKTYypYy CHCTEMBI pPa3pellalolMX YpPaBHEHUN, MOXHO IOCIE
JAr000ro 1ara Harpy »kKeHus CMEHUTh BUJ MIapaMeTpa HarpyKeHUsl, T.€. MEHSTh MECTaMH
3aJlaBacMblid BUJ IapaMETPa HArpy>KEHHsI U OJIMH U3 MOJUICKAIUX HAXOKIECHUIO BUOB
HEU3BECTHBIX, YTO OCOOEHHO Ba)XHO NpPHM pacueTe KOHCTPYKTHBHO — HEJIMHEHHBIX
CHCTEM C IOILLIAroBO MpoLeTypoil Harpy>KeHUsI, YTO OKa3bIBaeTCs 04€Hb 3 PEKTUBHBIM
IIPU UCCJIEIOBAHUH 3aKPUTUYECKOIO IMOBEJIECHUS CTEPKHEBBIX KOHCTPYKIIMI, MO3BOJISS
MPOCIEANTH “BETBICHUE  PEIICHUI B 3aKPUTUIECKOM 001acTH;

- paspelaronias CUCTeMa KOHEYHO-AJIEMEHTHBIX YPAaBHEHHMM METOJa KOHEYHBIX
AJIEMEHTOB B aJbTEPHATUBHOMN (hopMe OKa3bIBAETCSI OCOOEHHO yIOOHOW MpH peleHUun
Tr€OMETPUYECKA M KOHCTPYKTMBHO HEJIMHEWHBIX 3a/Jad, T.€. B pacyeTe CUCTEM C
U3MECHSIOIIEHCS PAaCUCTHOM CXEMOM IIpU IIOLIArOBOM  IIPOLIECCE  HATrpyKECHUS
(MHKpEeMEHTaIbHOE HAarpyXeHue);

- BO3MOKHOCTh pacyeTa HEpacTsHKUMBIX U PACTSKUMBIX HUTEH, 4YTO HEBO3MOXKHO
B TpaauoHHoM MKD B nepemenienusx, u3-3a oTcyTcTBusa B HeM KO-Hutw.
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