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BBenenue

AKTYaJIbHOCTb TeMbI HCCJIE0OBAHUS.

[Ipu BbIOOpE JydlIlero KOHCTPYKTUBHOTO PEIICHHS IS CTPOUTEIHHOMU
KOHCTPYKIIMM WIK €€ KOHCTPYKTUBHOM YacTH, HEOOXOJMMO HMETh BO3MOXKHOCTH
OMPENEeNUTh TOJHYI KapTHUHY WX HamNpsHKeHHO-Ie()OPMUPOBAHHOTO COCTOSIHUSI OT
KOMOUHAIIMN Pa3IMYHBIX BAPUAHTOB BO3JCHCTBUM, IMO3BOJISIONIYIO MPOTHO3UPOBATH
MOBEJICHWE KOHCTPYKIIMU TPU U3MEHEHUM €€ MapaMeTpoB. [l 3TOro MoryTt OBITh
WCIIOJIb30BaHbI KaK aHAIMTHYECKUE, TaK U YHCICHHBIC METO/IbI.

B nacTtosiiiee Bpemsi oHUM U3 HauOoJiee PaclpoOCTPAaHCHHBIX U YHUBEPCAIBbHBIX
YUCJICHHBIX METOJOB SBJISETCS METOJ KOoHeYHBIX 3yemMeHToB (MKD). OroT Meton Ha
HaYaJIbHOM JTare MPUMEHSJICSA Ui pacdera CTePKHEBBIX CHUCTEM, W paccMaTpUBaJICS
KaK pa3BUTHE KIACCUUYECKUX METOJIOB CTPOUTEIIbHON MEXaHUKH, a 3aTeM ObLI1 0000111eH
Ha pacyeT IUIACTUH U 000JI0YEK, UYTO MO3BOJIMIIO B JaTbHEHIIIEM 000CHOBATh U PA3BUTh,
KaK METOJbl JUCKPETU3AIIMH KOHTUHYAJIBHBIX CUCTEM, TaK U METOJbl KOHTUHYIU3AINU
PETYJSPHBIX TUCKPETHBIX CHCTEM.

Teopuu 3TOrO0 METO/IA M peau3aIiuu, pa3pabOTaHHBIX HA €0 OCHOBE AJITOPUTMOB
pacyeTa, IOCBSIIIEHO OrPOMHOE KOJUYECTBO CTaTe, MoHorpadwuii, y4eOHUKOB H
0030poB. D10 pabdotel [x. Aprupuca, K.IO. bare, P. I'ayumarepa, A.C. I'oponenxoro,
O.K. 3enkeBuua, A.M. Macnennukona, /. Hoppu, Ix. Onena, J.x. Onmana, B.I.
CnuBkepa, A.B. Ilepensmytepa, A.A. Ilokposckoro, b.I'. IlonmoBa, B.A. IlocTHOBa,
A.A. Ilparycesuua, P.b. Pukapaca, A.E. benkuna, C.C. I'aBpromuna, M. CekynoBuya,
I'. Crpenra, [Ix. ®ukca, I0.A. Troxkanosa, A.C. Ilpi6enko, B.C. UyBukosckoro, JI.A.
[IImuta, ®.K. boruepa, P.JI. ®okca, @. bpessu, A. [lonecku u np.

B crpoutenbHON MexXaHHMKE METOJ, KOHEUHBIX DJIEMEHTOB 4Yallle BCETo
HCIIOIB3YIOT B €ro KIAcCHYeCKOM BHjae B ¢GopMe MeToaa MNepeMelieHuid. ITo
00BSICHSICTCS €r0 U3BECTHBIM MPEHMYIIECTBOM 110 cpaBHeHHIO ¢ MKD B dpopme mMeToma
CHJI, 3aKITFOYAIONTUMCS B BO3MOXKHOCTH TOJIHOM (hOopMaIu3aii aI'OPUTMOB pacuera u

peaU3yIOMINX UX POrPAMMHBIX CPEACTB.
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MHOro4Mc/IeHHbIE TPOrPaMMHbBIE KOMILUIEKCHI, PEAIU3YIOIINE METOJ KOHEYHBIX
AJIEMEHTOB, MO3BOJISIOT MPOBECTH JNETAIBHOE MCCIEIOBAHUE CIIOKHBIX KOHCTPYKLMU
MOJIy4yuB UHGOPMAIMIO 00 UX HAMPSKEHHO-1e(POPMUPOBAHHOM COCTOSIHUM.

Tem He MeHee, aHanM3 uUMeroUUXca nyOaukauuii o Teopun MKD u mpakrtuke
€ro NPUMEHEHMs] B MPOTPAaMMHBIX KOMIUIEKCAX IOKa3ad, YTO TpaJulMOHHas (opma
MK3 B mnepeMelnieHusX, Ha KOTOPOW OCHOBAHO OOJIBIIMHCTBO MPOTrPaMMHBIX
KOMIIJIEKCOB, HAapsay C JOCTOMHCTBAMU HMEET M pAJl HEpa3peuleHHBbIX A0 KOHIlA
npo0sieM, TPUBOJAIIMX K HEOOXOJIMMOCTH BepU(PUKALMUU MOJYy4YaeMbIX HA €r0 OCHOBE
pE3yJIbTATOB pacyeTa, KaK JAMCKPETHBIX (CTEP)KHEBBIX), TaK M JTUCKPETE3MPOBAHHBIX
KOHTHHYaJbHBIX CUCTEM.

Kak ormeuaetcs B psige paboT, K HUM OTHOCSITCS: MOHUKEHHAs!, 10 CPABHEHUIO C
NEepPEeMEIICHUSIMU, TOYHOCTh BBIYHMCIICHUS YCUJIUN (HANpsHKEHUM); CIOKHOCTh ydeTa
pa3phIBOB  3HAUEHUW yCUIWK (HANpsKEHWH) HA MEXKDIJIEMEHTHBIX TIpaHUIaXx;
HEWCIIOIb30BaHUE TPAHUYHBIX YCIOBHUM, BBIPAKCHHBIX B YCHUIUAX (HANPSKCHUSX);
“3anupaHue” MpU pacyeTe C YYETOM DJIEMEHTOB, O0JIalaloImuX OOJBIION CABUTOBOU
KECTKOCTBIO, KOrJa »HHeprus aedopmaii OT CIBUTa 3HAYUTEIBHO MPEBBIIIACT
sHepruro aedopmManuu ot u3ruoda.

Takke K HHM OTHOCSTCS COJEpKAaIIUEeCs B KHUHEMATUYECKUX TI'PAHUYHBIX
YCIIOBUSIX CMEIIEHHSI KOHEYHOTO DJIEMEHTAa KaK >KECTKOIrO IIEJIOro, HE CBS3aHHBIE C
paboroil BHyTpeHHHX cuil. OHU MPUBOAAT K YXYIIICHUIO 00YCIOBICHHOCTA MaTPHUIIbI
KECTKOCTH BCEH KOHCTPYKLHMHM MpPU CTyHIEHUHM KOHEYHO-3JIEMEHTHOM CETKH, KOraa
HE0OXOIMMO TOBBICUTh TOYHOCTh PEIICHHS B OMACHBIX 30HAX, WM MPU UTEPAIMOHHOM
pEelIEHNY HEJIMHEUHBIX 33/1a4.

Cnoxunoctn npumeHenuss MKD B mnepeMelieHHsX BO3HUKAIOT TaKke IpHU
BKIIFOYCHHH B KOHCTPYKIIMIO HEACPOPMHUPYEMBIX OJJIEMEHTOB M TIPH pacuerax
reOMETPUYECKH U3MEHSIEMBIX CUCTEM B BUJ€ KHHEMATHYECKON LEIH.

NmenHo 3T mpoOiieMbl OOBSACHAIOT TMOSBICHHE psAAa padoT B KOTOPBIX
MNPUBOAUTCS TEOPETHUECKOe OOOCHOBAaHME, HCCIEAOBAaHUE U pPa3BUTHE APYTUX (opM
MKD3: B nHampspkeHHsX, B (popmMe MeTo/a CWiI, B CMEIMIaHHON (OpME U B Pa3TUIHBIX

rUOPUIHBIX BapUAHTaX.
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[Ipu >TOM aHaNIU3 UMEIOIMMUXCA HAa CETOAHSIIHUN JACHb MYyOJHMKAUUN MO ITUM
dopmam MKD mnpuBOIUT K BBIBOAY O TOM, UYTO HUX HE yAaloch (opMaau3oBaTh U
ANTOPUTMU3UPOBATH C TOM K€ MPOCTOTON, KaK 3TO UMEET MECTO B TpaauMOHHOM MKDO
B MEPEMEILICHUSIX.

[IpoBeneHHbIN aHAU3 COBPEMEHHBIX UCCIIEOBAHUN MO3BOJISIET CHOPMYIUPOBATH
dbyHIaMEHTaIbHYI0 HAy4YyHYIO MpoOJieMy, Ha pPEIICHHUE KOTOPON HampaBlIEHO IaHHOE
WCCIICIOBAHUE: PACIIMPEHUE BO3MOKHOCTEM METO/JA KOHEUHBIX HJIEMEHTOB U €ro
pa3BUTHE, JalOIIEe BO3MOXKHOCTH CpPAaBHUTEIIBHOTO aHajiu3a pe3yJbTaTOB pacueTa
MOJIy4ae€MbIX Ha OCHOBE €T0 Pa3InyHbIX PopM.

Ecnim nmnpuHATR 3a OCHOBY TakKoro pacUIMpeHHs KIACCHYECKyH (opMmy
CMEIIIaHHOTO METOAAa CTPOUTEIHLHOW MEXAaHUKHM M MCIOJb30BaTh PACUETHYIO CXEMY
MKD co cmemnaHHBIMH HEW3BECTHBIMHU, TO YIOMSHYTHIE BBIIIE MPOOJIEMBI MOXKHO
yCTpaHUTh. Takas pacdyeTHas cxemMa OyJeT NMPUMEHHMA K JIFOOBIM TUIIAM J3JIEMEHTOB H
OyJIeT HEM3MEHHOM Ha BCEX CTaausaX pabOThl KOHCTPYKIIMH, BKIIIOYAs €€ TMepexo]] B
MEXaHM3M.

[eap0 ucceI0BaHUA SBISIETCS pACIIMPEHHE TEOPUM METOAA KOHEYHBIX
AJIEMEHTOB TMpHU MPEACTABICHUH €ro B (opMe KIACCHMYECKOr0 CMEIIaHHOTO MEeToJa
CTPOUTENHHOM MEXaHMKH U pa3pabOTKa COOTBETCTBYIOMIMX (HHU3MKO-MATEMATHYECKUX
MOJEJEH KOHEYHBIX DJJIEMEHTOB U aJTOPUTMOB pAacue€TOB pA3JIUYHBIX THUIIOB
KOHCTPYKTHUBHBIX 3JIEMEHTOB U KOHCTPYKIAM B IMHEWHON U HEJIMHEMHOW OCTaHOBKAX.

Jist TOCTHKEHMSI TOCTaBICHHOW 1enu ObUIM CPOPMYIHUPOBAHBI U PEIICHBI
CIEAYIOLINE 3a4aUM:

1. Pacuimputh 0OIIYI0 TEOPHUIO METOAA KOHEUYHBIX 3JIEMEHTOB, BKJIIOYMB B HEE
MKD B HOBO# popMe KIACCHUSCKOTO CMEIIAHHOTO METO/Ia CTPOUTEILHON MEXaHUKH.

2. Ob6ocuoBate mns 310 Gopmbl MKD  dusnko-mMmareMatnueckue MOAEIN
KOHEYHBIX 3JIEMEHTOB U UX OCHOBHBIE CUCTEMBI.

3. PaspaGotars anropuTmbel (POPMUPOBAHHS Pa3peHIAIONUX YPABHEHUU IS
pelIeHus 3a1a4 CTaTUKU, JUHAMUKU U YCTOMYMBOCTH KOHCTPYKTHMBHBIX 3JIEMEHTOB U

KOHCTPYKIIHM.
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4. IlpoBecTn TecTUpOBaHME U ampoOaluio, pealu30BaHHBIX  (PU3UKO-
MAaTEMAaTHYECKUX MOJEJIEH KOHEUHBIX 3JIEMEHTOB U aJITOPUTMOB PACUETOB Pa3IMYHBIX
TUIIOB KOHCTPYKTHUBHBIX JJIEMEHTOB U KOHCTPYKLMH B JIMHEWHOM W HEIUHEUHOMN
MOCTAaHOBKAaX.

MeTo01010THSI M1 METO/IbI UCCJICOBAHUS.

B pabote ucnosib30BaluCh MOAXOJABI U METOJbl CTPOUTEIBHOW MEXaHUKU U
TEOPUH YIPYTOCTH C UCIOJIB30BAHUEM OOIICTPUHATHIX TUIIOTE3 U JOMYIICHUMN, METOIbI
JUHEWHOU anreOpbl U BHIYUCIUTEILHON MaTEeMaTHKHU.

ITos10:keHNsi, BLIHOCHMbIE HA 3AIIUTY:

1. OcHOBHBIE TOJIOKEHUS TEOPUU METOJa KOHEUHBIX DJEMEHTOB B ¢opme
KJIACCUYECKOTO CMEIIaHHOTO METO/Ia.

2. CnocoObl mosnydeHUs (U3UKO-MATEMATUYECKUX MOJIeNIeH KOHEYHBIX
3JIEMEHTOB CO CMEIIaHHBIMU HEU3BECTHBIMU B OCHOBHOM CHUCTEME.

3. lloctpoeHue  pazpemiaromuX ypaBHEHHMH Ha  0a3e  TOJYYEHHBIX
MaTeMaTHYEeCKUX MOJIeJied KOHEUHBIX JJEMEHTOB W pa3pabOoTKa ajJropuTMOB HX
pelIeHus.

4. ANTOpUTMBI peIIeHUs MPOOJIEMHBIX 3a1a4: y4eT cMemeHnii KD kak jkecTKoro
L[EJIOr0, YYET KECTKUX BKIIFOUCHUW U OTBEPCTHUM.

5. OcobeHHoct (HHU3MKO-MATEeMaTHYECKUX MOJeNeld 3ajad JUHAMHKA U
YCTOMYMBOCTH KOHCTPYKIMHU U PEATIU3YIOIIMX UX AIITOPUTMOB pacyera.

6. ®DuU3MKO-MaTEeMaTUUYECKHUE MOJCIU PEAYKIMOHHBIX METOJOB TOHMXEHHUS
nops/ika OONBIINX CUCTEM YaCTOTHBIX pa3periaroninX ypaBHEHUH.

7. DU3UKO-MAaTEMaTUYECKUE MOJEIU U AJITOPUTMBI PELIEHUS T€OMETPUUYECKHU
HEJIMHEMHBIX 3aJa4 M 3a/Ja4 pacyeTa KOHCTPYKTUBHO-HEJIMHEHMHBIX CHCTEM C
OJTHOCTOPOHHUMH CBSA3SIMU.

Hay4yHasi HOBU3HA UCCJIECI0BAHUA:

1. Paciunpena oO1iiasi Teopusi METOJ]a KOHEYHBIX 3JIEMEHTOB, BKIIFOUEHUEM B HETO
HOBOH (OpMBI, 0a3UPYIONMICHCS Ha KJIACCHUYCCKOM CMEIIAaHHOM METOJAC CTPOMTEIHLHOU

MCXaHHKH.
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2. BnepBbie BBeneHO (yHIAMEHTAIBHOE TMOHSITHE-TEPMUH — «MaTpulia
OTKJIMKOBY, SIBJISIOIIEECS 000OIIEHUEM MOHATUM MATPUI[ KECTKOCTH U MOJAATIMBOCTH,
Y TI03BOJISIIONIEE MPUIATh SIBHBIA (DU3NYECKHUI CMBICIT COOTBETCTBYIOIIUM CMEIIAHHOMY
METOJ1y OCHOBHBIM CHUCTEMAM ISl KOHEYHBIX 3JIEMEHTOB.

3. PazpaboTaHbl anropuTMbl MOJIYyYEeHHS MaTpull OTKIMKOB KD 1 3amau
CTAaTUKHU, a TAKKE MATPUI] MACC JJIs 33724 YCTOMYMBOCTH M MOTEHIMAJIA HATPY3KHU s
3a7a4 YCTOMYMBOCTH, MO3BOJSIONIAE MOIY4YaTh 3THU MATPHUIIBl JJISl PAa3IUYHBIX THUIIOB
KOHEUHBIX 3JIEMEHTOB C TOW K€ MPOCTOTOM, KaK 3TO MMEET MECTO MPU MOCTPOCHUHU
Martpuil )kecTKkocTu B MKD B nepeMeiieHusx.

4. PazpaboTaHbl aJIrOpuUTMbI TOCTPOCHHUS CHUCTEM pa3peliaroniux KOHEYHO-
AJIEMEHTHBIX YpaBHEHMM ISl 3ajJad CTaTUKU, JUHAMUKA W  YCTOWYUBOCTH,
OTJIMYAIOIIMXCS OT pazpemarnux ypaBHeHnii MKD B nepeMenieHusx HaluurueM B HUX
B Ka4ye€CTBE Y3JIOBBIX HEU3BECTHBIX KaK MEPEMEIICHUM, TaK W YCUJIUW, MPU TOM IKe
KOJINYECTBE HEM3BECTHBIX B Yy3JI€.

5. Pemena, npucymas MKD B nepemernieHusx, mpo0yieMa BBITIOJTHEHUS B y3Jax
KOHEYHO-DJIEMEHTHOM CETKM OJHOBPEMEHHO KaK YCJIOBUM paBHOBECHs, TaK U
COBMECTHOCTH Jlehopmaruii.

6. Pemena mpoGiieMa MCKIIIOYEHHS BIMAHHUS Ha 1e()OPMUPOBAHHOE COCTOSHHE
CUCTEMBI TEPEMEIICHUI KOHEUHBIX 3JIEMEHTOB KaK JKECTKOro uenoro. [ns cucrewm,
npelcTaBisieMbIXx aHcamOneM ctepkHeBbiXx KD wmnum Tpeyronpupix KD-miacTuHOkK, B
paspemaroniux ypaBHeHusx MKD B ¢dopme kimaccuueckoro CMEIIaHHOTO METOoJa
HCKJIIOUCHUE BIIMSIHUS MEPEMEIICHUN KOHEYHBIX 3JIEMEHTOB KaK JKECTKOIO LEJIOT0 U3
pa3pemaIuX KOHEYHO-JIEMEHTHBIX YPAaBHEHUM BBINOJHACTCS B SBHOM BHJIE, YTO
CHUMAaeT NpoOJIeMy IJI0XO0H OOYCIOBIEHHOCTH CHCTEM pa3pelaloluX YpaBHECHH,
npucymas MKD B nepemenieHusx.

7. BrnepBbie Ha ocHoBe MKD B (popMe KinaccM4eckoro CMEIIaHHOTO METojAa
pa3pabOoTaH €IOUHBI aJIrOPUTM pEHIEHUS HEJIUHEHMHBIX 3aJad O HaXO0XKJICHUU
HaMPsHKCHHO-Ae()OPMHUPOBAHHOTO COCTOSIHHUSI, KaK HEPACTSIKUMBIX, TaK U PACTSHKUMBIX

HUTEMN.
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8. PazpaboraH anroputM pelIeHHs T'E€OMETPUYECKH HEIMHEHHBIX 3ajad,
MO3BOJIAIONIUN BBIABUTh KOH(UTYpaIlMd KOHCTPYKIIMU, COOTBETCTBYIOIIME TOYKaM
OudypKaum.

9. Pa3paboran anroput™M pacuera KOHCTPYKTUBHO HEJIMHEWHBIX CUCTEM C
OJTHOCTOPOHHUMHU CBSI3SIMU, KOTOPBIM MO3BOJISIET OTCICIUTh BKIIFOUCHUE U BBIKIIOUCHHE
OJIHOCTOPOHHUX CBSI3€W B MPOIECCE MOIIArOBOr0 HArpyKEHHsI, YCTPAHUTh MpoOIeMy
3alMKJIMBAHUS B UTEPAITMOHHOM IPOLIECCE OTHICKaHUS paboyeil CXeMbl U CYIIECTBEHHO
YMEHBIIIUTh YUCIIO UTEPAIUH.

TeopeTnueckasi u NpakTUYeCKasi 3HAYMMOCTb.

[IpakTnyeckoe 3HAYEHHE TMOJYYEHHBIX pE3YyJIbTaTOB COCTOUT B TOM, YTO
npemiaraemas ¢opma MKD pacmupsier Bo3moxkHocth MKD 10 cpaBHEHHIO ¢
CYLIECTBYIOIIMMU €ro BapuantamMu M (opmamu. Pazpaboranubie s 3TOH (OpPMBI
MKD anroputMel ¥ MpOrpaMMHBIE CPEACTBA YHUCIECHHOM peanu3aluu MOJeen
paspenaronmx KOHEYHO-2JIEeMEHTHBIX YPaBHEHUN MPEIOCTABISIOT BO3MOKHOCTh OoJiee
rJIyOOKOTO0 CpPaBHUTEJIBHOTO aHalu3a pe3yldbTaTOB pacueTa, MOJYYEHHBIX JAPYTHUMH
YUCJIIEHHBIMU METOAAMHU.

PesynpraThl paboThl HCHONB3YIOTCS B Y4eOHOM Iipoliecce Ha Kadeape
ctpoutenbHo MexaHuku MAuC Boar['TTY B Buie ydeOHBIX MOCOOMU U pacUETHBIX
IpOrpamM.

JluccepTaliioOHHOE UCCIIEA0BAHUE BBIMOIHSJIOCH B paMKax MpoekToB PODU: 16-
41-340558-p a «MeToi KOHEUHBIX 3JIEMEHTOB B (popMe KJIACCHUYECKOTO CMENIaHHOTO
METO/Ia CTPOUTEIHHOW MEXaHUKHU (TEOpHs, aIrOPUTMBI, porpammsl)y», 18-41-340008-
p_a «Pa3paboTka MaTeMaTHUECKHX MOJIENIeH, aJITOPUTMOB M TMPOTPAMMHBIX CPEJICTB
JUISL  WCCIENOBAaHUS ~ KOHCTPYKTUBHO-HEJIMHEHHOTO  IOBEACHUS  CTPOUTEIBHBIX
KOHCTPYKIHii, Ha ocHOBe MKD B ¢dopMe KIacCH4ecKoro CMEmanHoro MeToaay, 18-41-
340013-p a Pa3paboTka MareMaTHYeCKHX MOJEJei, alrOPUTMOB W MPOTPaAMMHBIX
CPEIICTB JJIS OTIPECIICHHS] HU3MIUX YacTOT M (hOpM COOCTBEHHBIX KOJCOAHMI CIOKHBIX

KOHCTPYKITHi, Ha ocHoBe MKD B (hopme KIacCHYECKOTO CMEIIaHHOTO METOIa.
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CooTBeTcTBHE IUCCEPTANMH NACTIOPTY HAYYHOH CHEIHAJIbHOCTH.

JluccepTalluOHHBIE HCCIIEOBAaHUS COOTBETCTBYIOT MACIOPTY CIELHUATBHOCTH
05.23.17 — «CtpoutenbHas MexaHuKay: 1. 1 (oOLue NpUHLIMIIBI pacueTa COOPYKEHUM U
UX JIEMEHTOB), 1. 2 (JJMHEIHAs U HeJIMHEeWHas MeXaHWKa KOHCTPYKIUI U COOpYKEHUH,
pa3paboTka (pU3NKO-MaTEMAaTUUECKUX MOJIeNIeN UX pacuera), M. 4 (YUCICHHBIE METOJIbI
pacyeTa COOpYKEHUH U UX DJIIEMEHTOB).

JlocToBepHOCTH pe3yJIbTaTOB oOecreunBaercs YIOBJIETBOPEHUEM
pa3pabOTaHHBIX AJTOPUTMOB OCHOBHBIM COOTHOIICHUSIM CTPOUTEIHHON MEXaHUKH,
TEOPUH YIPYrOCTH M MEXAHUKHU CIUIONTHOW CpeJbl, MCIOJIb30BaHUEM OOOCHOBAaHHBIX
YUCJICHHBIX METOJIOB U TMOJTBEPKIACTCSI CPAaBHEHUEM PE3YyJbTaTOB PEIICHUS TECTOBBIX
OPUMEPOB, TMOJYYEHHBIX C TMOMOIIBIO pPa3pabOTaHHBIX KOHEYHBIX JJIEMEHTOB, C
pe3yJIbTaTaMH MCCIIEOBAaHUM APYTUX aBTOPOB.

OcHOBHBIE PE3yJbTAThl JUCCEPTALMU JOKIAIbIBAINCH HA KOHPepeHuusx: 60-s
MEXIyHApOHas Hay4dHO-TeXHHYecKas KoHdepeHius Mononbix ydeHbix (CIIOIACY,
Cankr-IlerepOypr, 2007); cuMIoO3uyM «AKTyaJlbHbIE MPOOJIEMbI KOMIIBIOTEPHOTO
MOJCIMPOBAHNUS KOHCTPYKIIMHA U coopyxkenmit»y (Hwxuuii Hosropon, 2007); 16th
Annual Workshop of the European Group for Intelligent Computing in Engineering
(EG-ICE) (TU Berlin, Germany, 2009); 14th International Conference on Computing in
Civil and Building Engineering (Moscow, Russia 2012); TpeThbsi MEKIyHApOIHAS
Hay4yHas KOH(EepeHIus «3aJadyd U METOAbl KOMIBIOTEPHOTO MOJEIUPOBAHUS
KOHCTPYKLIMM M coopyxkeHui» («3onortoBckue uteHus») (MockBa, Poccusi, 2014);
MATBIM  MEXIYHApPOIHBIM CHUMIO3UYM «AKTyallbHbIE TPOOJIEMBbI KOMITBIOTEPHOTO
MOJEIUPOBaHUsI KOHCTPYKIUMU U coopyxkenuit» (Mpkyrck, Poccus, 2014); yerBepras
MEeXIyHapoJHas Hay4dHas KoH(pepeHIus «3amadd W METOABl KOMITBIOTEPHOTO
MOJEIUPOBAHUS KOHCTPYKUHMI M coopyxeHui» («3omotoBckue uteHus») (Mocksa,
Poccusi, 2015); matas MexayHapoaHas HaydHas KoH(GepeHuus «3ajayd M METOJbI
KOMIIBIOTEPHOTO MOJICJIMPOBAHUS KOHCTPYKUHUM U COOpY:KEHHI» («30JI0TOBCKHUE
yreHus») (MockBa, Poccus, 2016); wMexayHapoaHass  Hay4YHO-TEXHHUUYECKas
koH(pepentusa «lIpom-Umkuaupunry (Yensounck, Poccus, 2016); mexmyHapomHas

Hay4YHO-TeXHUYecKass KoH(pepeHUuss «CTpOUTENbCTBO, apXUTEKTypa U TexHochepHas
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6e3onacHocTh» (YenssOounck, Poccust, 2017); necsrast Bcepoccuiickast KOHPEpPEHIHs 110
Mexanuke aedopmupyemoro TBepaoro tena (Camapa, Poccus, 2017); MeXBY30BCKUM
cemuHap «['eomeTpus u pacuer obosouek HekaHOHUYecKoi dhopmb» (Mocka, Poccus,
2018); cuMno3uym «AKTyajdbHble MPOOJEMbl KOMIBIOTEPHOIO MOJEIMPOBAHUS
KOHCTpYKIMI u coopyxenuit» (HoBocubupck, Poccus, 2018); MexayHapoaHas
Hay4HO-TIpakTU4eckass KoHpepeHuus «Mmxenepusie cuctembl — 2019» (Mocksa,
Poccusi, 2019); wmexBy30Bckuii cemuHap «l'eomerpuss U pacdyeT 000JIOYEK
HekaHoHu4eckol ¢popmb» (Mocksa, Poccus, 2019).

My6aukanuu. [lo marepuanam auccepranuu onyoaukoBaHo 75 pabot. M3 Hux:
1 monorpadus, 32 crTarbu B BEIYLIMX PELEH3UPYEMbIX HAyYHBIX JKypHaJlax U
U3JIaHusAX, 6 cTaTell B M3JIAHUAX, BXOISIIMX B MEXKIyHApOAHbIE pedepaTuBHbIE Oa3bl
JTAaHHBIX U cuctembl nuTHpoBanuit Web of Science m Scopus, 6 cBHUIETENBCTB O
peructparuu nporpamm s OBM, 5 ydeOHBIX TocoOMii, 25 craTeii B mNpoUMX
PELEH3UPYEMBIX )KypHaAJIaX U COOPHUKAX TPYAOB KOH(PEPEHITHA.

JInuHbIi BKJIaJ aBTOPA COCTOUT B TEOPETUYECKOM 00OCHOBAaHUHU HOBOM (HhOPMBI
METOJ1a KOHEYHBIX 3JIEMEHTOB, 0a3UPYIONICICS Ha KJIACCUYECKOM CMEIIaHHOM METOJIE,
pa3paboTke (PU3UKO-MATEeMATHUYECKUX MOJENEeH KOHEYHBIX 3JIEMEHTOB, alTOPUTMOB U
IPOTrPaMMHBIX CPEACTB, MO3BOJISIIOLIMX BBITIOIHATH PEIICHUE JIMHEHHBIX U HEJTMHEH HBIX
3aJ1a4 CTaTUKH, TUHAMUKU U YCTOMYUBOCTH COOPYKEHUMU.

Bce mpencraBneHHble B JUCCEpTAllMM TOJIOKEHHUS, BBIHOCMMBIE HA 3aIlUTY,
MOJIYYEHBI JINYHO aBTOPOM, JIMOO IOJT €ro pyKOBOJCTBOM. B paboTax, onmyOJIMKOBaHHBIX
B COAaBTOPCTBE, JIMYHOE YYAacCTHE aBTOpa 3aKIIOYAETCs B OMNPEIAEICHUU IPOOJIEMBI,
MOCTAHOBKE 3a/]1a4, pa3paboTKe TEOPETUIECKOr0 0OOCHOBAHHUS.

Crpykrypa M 00bem auccepranum. /{uccepranyss COCTOUT U3 BBEAECHUS, IIECTU
IJIaB, 3aKJIIOUEHUS, CIIUCKA JIUTEpaTyphl U npuioxeHuit. KomudectBo ctpanui — 283,
pucyHkoB — 125, ta6aui — 26.

B nepBoii riase npeacTaBieH KpaTKUW UCTOPUYECKUN 0030p pa3BUTHUS METOJa
KOHEYHBIX 3JIEMEHTOB, JIaH aHAJIW3 COBPEMEHHOI'O COCTOSHUS IPOOJIEMBI U MOKA3aHBI

OCHOBHBIE HEJOCTATKU CYHIECTBYIOIIUX BapuaHtoB u ¢opm MKD, obocHoBaHa
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HEOOXOJUMOCTh Pa3BUTUSI METOAA KOHEUHBIX JJIEMEHTOB B (pOpME KIIACCHYECKOTO
CMEIIaHHOTO0 METOJa CTPOUTEIIbHON MEXaHUKH.

Bo BTOpO# riiaBe M3JI0KEHBI TEOPETUUECKHE OCHOBBI PAa3BUBAEMOIO METOJa
KOHEYHBIX 3JIEMEHTOB B (pOopMe KilacCMYecKoro cMemanHHoro metoja. Ha 6aze storo
METO/Ia, WM CMEIIAaHHOIO0 BapUAIMOHHOIO NPHUHIMIIA CTPOUTEIIBHON MEXAHUKU U
MEXaHUKU Je(hOpMHUPYEMOro TBEPJIOIO Tesa, MCCIEAOBaHa BO3MOKHOCTh MOCTPOCHUS
JIBYX BapHaHTOB MaremaThyeckoi mojaenu KD u cucrtem paspemaromux ypaBHEHHM.
[Tokazano, uro o006a BapuaHTa alroOpuTMa TMOJY4YeHUS KOI(DPUIIMEHTOB MATPHUIIBI
OTKJIMKOB MPUBOJAT K OJWHAKOBBIM pPE3yJbTaTaM, TaK KaK OCHOBAHbI Ha OJHUX U TEX
K€ TOJIOKEHHSAX, W JONYIICHUSX CTPOUTEIbHOW MexaHuku. OJIHAKO BapHUaHT,
OCHOBaHHBIN Ha KJIACCHYECKOM CMEIIIaHHOM MeTojie Oosee ynooeH s popMaan3anuu
pacuera u ero nporpaMMHON peanu3anuu. PacCMOTpPEHBI pa3IMYHbIe MAaTEMATUYECKUE
MOJIETIA KOHEUYHBIX 3JICMEHTOB B 3aBUCHMOCTH OT MPUHHUMAEMOIr0 YMCJIa HEU3BECTHBIX
(cteneneid cBoOOABI) B OCHOBHOM cucteme. OmNuUCaHbl aJTOPUTMBI COCTABIICHUS
paspemiaronieii cucTeMbl ypaBHEHHMM Jii KOHEYHO-3JIEMEHTHOTO pacuera B (opme
KJIACCHYECKOT0 CMEIIAHHOTO METO/A.

B Tperbeili riaBe BBHIMOJHEH aHauu3 dA(PPEKTUBHOCTH  MPUMEHEHUs
pa3pabOTaHHBIX MAaTEMAaTUYECKUX MOJENel KOHEYHBIX DJEMEHTOB M aJIrOpPUTMOB
dbopMUpOBaHUS pa3peIIAIONINX KOHEUHO-2JIEMEHTHBIX YPaBHEHUH B 3a/Jauyax CTATUKH.
PaccMoTpeHbl OCOOCHHOCTM Y BO3MOXKHOCTHM TPUMEHEHHS METOJIa KOHEYHBIX
AJIIEMEHTOB B (pOpME KIACCUYECKOTO CMEIIAHHOTO METOJIa MPU CTATHYECKOM pacuere
CTEP>KHEBBIX CHCTEM M TOHKHX IUIACTUH. JI1 KOHEYHBIX D3JIEMEHTOB B BHUJIE
MPSIMOYTOJIBHBIX IUIACTUHOK PACCMOTPEH aJIrOPUTM HCKJIIOUCHHS BIUSHUS Ha
neOpMHUPOBAHHOE COCTOSIHUE CHCTEMBl TEPEMEIICHH KOHEYHBIX JJIEMEHTOB Kak
KECTKOTO IIEJIOT0, CHUMAKOIMKA MpoOJIeMy TUIOXOW OOYCIOBIEHHOCTH CHCTEM
paspelamimnx ypaBHenui, npucymyo MKD B nepemenieHusx.

YeTBepTas ri1aBa rnocsuieHa J8yM mpodiiemMam:

- MaTeMaTHU4eCKOe MOJEIMPOBAHUE MAaTPUI] MacC KOHEYHBIX JJIEMEHTOB H

dbopMupOoBaHUE YACTOTHBIX YypaBHEHHWI B pa3BUBaeMod (opmMe MeToja KOHEUYHBIX
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AJIEMEHTOB, B paMKax KOTOPOrO BBIIIOJHEHO MaTEMaTUYECKOE MOJIEIUPOBAHUE
JUHAMHMYECKUX MATPULl OTKIMKOB CTEP>KHEBBIX U IUIACTUHYATHIX KOHEUHBIX JJIEMEHTOB

- mpo0JieMa YaCTOTHBIX YPaBHEHUI BBICOKOTO MOPSAAKA U METO/IbI €€ PEIICHHUS.

[Ipu pemenun BTOpOM NpoOJIEMBbl BHIIOJHEHO HccienoBaHue 3(P(HEKTUBHOCTH
YHUCIIEHHOTO MOJIETUPOBAHMS pa3pelialoluX CUCTEM airedpanyeckux ypaBHEHHM
BBICOKOI'O ITOPSJIKA M COOTBETCTBYIOIIMX YACTOTHBIX ypaBHEHMM Ha ocHOBe MKDO B
(opMme KIacCUUECKOro CMEIanHoro Meroaa. s aToro pazpaboTaHsl U alipoOOUPOBAHBI
Ha TECTOBBIX M MOJENBHBIX 3aJayax pas3JIMYHbIE BapHAHThl MOJEIMPOBAHUS
pPEAYLMPOBAHHBIX YACTOTHO-IMHAMHUYECKUX YPABHEHUM.

B nsToil riaBe paccMOTpeHBI NPOOJIEMBbl MAaTEMaTHUYECKOTO0 MOJEIMPOBAHUS
3a/lay YCTOMYMBOCTU CTEPKHEBBIX U IUIACTUHYATHIX cucTeM Ha ocHoBe MKDO B dopme
kinaccuyeckoro cmemanHoro meroga (KCM). B pamkax nuHeWHON Teopuu, Tak
Ha3bIBAEMOU Teopuu mnepBoro nopsnaka, Ha ocHoBe MK3 B popme KCM paszpaboTansl
MAaT€MAaTHYECKUE MOJEIM MAaTpPULl OTKJIMKOB IPOJOJIBHO-CKATBIX CTEPKHEBBIX U
IUIACTHHYATBIX KOHEYHBIX JJIEMEHTOB, M  pa3pellalolluX YpaBHEHUN  3a1ad
YCTOMUMBOCTH CUCTEM, IPEJCTABIAEMbIX aHCAMOJIEM TaKUX KOHEYHBIX FJIEMEHTOB.

B mecroii riaBe pacCMOTPEHO  MOJEIMPOBAHUE TIEOMETPHUYECKH U
KOHCTPYKTHBHO HEJIMHEHHBIX 3a7a4 W W3JI0KEH AQJITOPUTM PpELICHUs HEJIMHEUHOU
CHUCTEMbI pa3pellaloluX YpaBHEHUH MeToJa KOHEYHBIX JJIEMEHTOB B (opme
KJIACCUYECKOr0 CMEIIAHHOIO METOAA.

B 3akir04eHMHM TIIpUBEIEHBI OCHOBHBIE pPE3yJbTAaThl, IOJIYyYEHHBIE IIpU

BBIITOJIHCHUH HaHHOﬁ HHCCGpTaHHOHHOﬁ pa6OTI)I, " BBIBOAHEI.
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I'masa 1
Kpartkuii 0030p ucTopuu 3apokaeHIsi M PAa3BUTHS METOAA KOHEYHBIX 3JICMEHTOB

(MKD)

1.1 CranoBjieHHEe ¥ Pa3BUTHE HAYKH 0 IPOYHOCTH

o 50-x romoB XX Beka B HayuHoW u yuyeOHoM nuteparype CCCP tepmuna-
Ha3BaHus «CTpouTenbHas MeXaHWKa» He Obu1o. bbulo nmmbe HazBanue «Teopus
COOPYKEHHUI».

HcTopuuecku CTaHOBICHHE U PAa3BUTUE HAYKH O MPOYHOCTH LUIO OJJHOBPEMEHHO
B JIByX HalpaBJICHUSAX: TEOPUS COOPYKEHHH ¢ MEXaHHMKa YIOPYrol cpelbl
(KOHTHHYYMA).

Teopust coopyxeHUN BO3HMKIA M pa3BUBAACh, HCXOAS W3 MOTPEeOHOCTEMH
NPAKTUKH, CBA3AHHBIX C PA3BUTHEM IMPOMBIIIJIEHHOCTH U TEXHUKH, U OCOOCHHO SIPKO
IPOSIBUBIIMXCSA BO BpEMs MPOMBIIIUIEHHON PEBOJIIOIMH B 3anaiHoit EBporie.

MexaHuka ymnpyrod cpelnbl M aHaJUTHYECKass MEXaHWKa H3HAYaJIbHO OBLIU
CBsI3aHBl C pa3pabOTKOW W Pa3BUTHEM TEOPHUH, (PU3UKO-MATEMATHUYECKUX MOJENeH
yIpyrol cpeabl, ¢ METOJaMH TOJIY4YEHUs W PEIICHUS YPaBHEHU, OIMKCHIBAIOIINX
HaANPSHDKEHHO-1e(OPMUPOBAHHOE COCTOSTHUE ITOU CpPEJIb.

IlepBoe HampaBieHHE HMEIO CO BpeMeH [lamuies cyry0o WH>KEHEpPHBIH,
MPUKIAJHON XapakTep, YTO HAILIO OTPaKEHHE B COBPEMEHHBIX HA3BAaHUSX KHUT U
y4eOHUKaX:

- «Festigkeitslehre und Ebastizititslehre» - B 'epmanuny,

- «Resistance des materiaux» - Bo ®paHnuw,

- «Strength of materials» - B AHrIHH,

- «ComnpoTuBiieHre MaTepuanoB U Teopus ynpyroctu» - B Poccuu u CCCP.

Bropoe HampaBieHne — MaTeMaTH3WPOBAHHOE, HANIJIO Hambojee TIIyOoKoe

obocHoBanue B kumre Jlarpamka (1735-1813) «Ananutnueckas mexanuka» (1788 r.),
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I1€ OH YCTaHOBUJ (PYHIAMEHTAJIBHBIA MNPUHLUUII BO3MOXXHBIX IEpEMEUICHUN W
3aBEPIIWII MATEMATU3ALUIO MEXAHUKH.
XpOoHONOruYeckn 00a 3THU HaIpaBiI€HUS HEPA3PBIBHO CBSA3aHBI JIPYr C APYTOM,
pa3BHUBasCh U B3aUMHO oOoramiasi Apyr Apyra UAesiMU U METOIAMH PELICHUs 3a1a4.
B cBsI3u ¢ 3TUM NpEACTaBIET MHTEPEC XPOHOJOTHYECKAs IMOCIEA0BATENBHOCTD

BO3HUKHOBCHHA U PA3BUTHA HI[CfI N METOJOB B OTUX JABYX HAIIPAaBJIICHUAX.

1.2 MexaHuka CIUIOIIHOM yNIPYroii cpeabl

OCHOBHO¥ TUIOTE301 B HEM ABJISETCS TUIIOTE3a O CIJIOIIHOCTH.

Ona cBszana ¢ umenem JI. Ditnepa (1707-1783), KOTOpBI BBENl B MEXaHUKY
MOHATHE KOHTUHYYMa, B COOTBETCTBUU C KOTOPBIM MaTE€PUAIIbHOE TEJIO MPEACTABIISIETCS
B BHJI€ HENPEPHIBHOW CIUIOMIHON Cpejbl, a0CTparupyscb OT €ro MOJEKYJISIPHOU
CTPYKTYpHI.

[ToaToMy pedopmanu U mepeMenieHus TOYEK Teja SBISIOTCS Hepa3pbIBHBIMU
(GYHKIUSAMHA KOOPAMHAT, AAIONIMMHU BO3MOKHOCTH MCIOJIb30BaTh U pepeHnnaisHoe u
UHTErPAIbHOE UCUUCIICHHE.

3aiauyu MEXaHWKHU CIUIONIHON yHpyrod cpejbl ONMUCHIBAIOTCS (yHIaMEHTAIbHON
CUCTEMOM ypaBHEHUHN U3 TPEX IPYIII: CTATUYECKUE, TEOMETPUUECKHEe, PU3nIecKue.

Cmamuueckaa 2cpynna ypasHeHuil TOJy4aeTcs TNPU NPUMEHEHHUU OCHOBHOM
TEOpEMbl CTAaTUKA W  HCIOJIb30BAaHMUSI NPUHUMUIIA OTBEpJACHUS (pacuer 1o
HeZ1ehOpMHUPOBAHHOM cXeMe).

Hcnonp3oBanue TpUHIMIIA OTBEPACHUS W OCHOBHOW TEOPEMBI CTAaTHUKHU
no3Bosiniio HaBbe (1785-1836) BbIBeCTH ypaBHEHHsI PaBHOBECHUSI TEOpPHUS YHIPYTrOCTH
(1821 r.).

B 1821 r. on cdhopmynupoBas B MaTeMaTUYECKOM BHUJIE TEOPHUIO YNPYTrOCTH
(ypaBHeHust paBHOBecusi HaBbe).

B 1826 r. BBEJI MOIYJIb YIIPYTOCTH KaK XapaKTEPUCTUKY MaTepuaa.
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I'eomempuueckue ypagnenusa, OupeneysdlIINEe CBA3b  AedopManvii U
nepeMenieHui, monydensl Ko (1789-1857).

N3 Hux mOyTeM HCKIIOYEHHS [EepEeMELICHUN TMOJydaloTcs  ypaBHEHUS
HETPEPHIBHOCTH WIJIH YCIOBHS cOBMecTHOCTH nedopmarnii CeH-Benana (1797-1886).

Qu3uyeckasn cpynna ypasHeHu.

B caywae wmaneix gedopManuii TnoBeJEHHWE ~MaTepualia  ONKCHIBAETCSA
000011IeHHBIM 3aKOHOM ['yKa, KOTOpBIN IpeArnoiaraeT JUHEHHYIO 3aBUCUMOCTh MEXY
KOMITOHEHTaMH TeH30pa HaIpsKEHUN U TeH30pa aedopmariuii.

I'yk (1635-1703) chopmynupoBain MEepBbIM 3Ty JUMHEHHYIO 3aBUCHMOCTB JIJIS

MasbIX eopmanuii.
1.3 CraHoBJIeHHE KJIACCHYECKHUX METO0B CTPOUTEIbHONH MeXaHUKHI

B teopum ynpyroctu psa ucciepoanuit JI. Ditnepa (1740-e rr.) mocBsieH

TCOPHUH n3ruba Oajiok H CTGp)KHGfI. On IICPBBIM IMMPUMCHHUJI TOYHOC BBIPAKCHUC IJIA

4 d 6
KPUBU3HBI U30THYTON OCU Ok — = — y 57 = ———, YCTaHaBJIMBAIOIIICE CBSI3b

D [1+(y,,)z}é ds

C M3ru0aroIIMMU MOMEHTAMHU B CEUEHUSIX DTOU OaJIKH.

[IpuMeHeHHUE AMIOPHI M3rH0AIIMX MOMEHTOB K BBIYHCIICHUIO TIPOTHOOB OaKH
obu10 pazpadorano O. Mopowm (1868 r.).

DTOT MOJXOJ BIOCIEACTBUU CTaJl OCHOBOW [JIsi BBIYHCICHHS KO3(P(UIIMECHTOB
MIPY HEM3BECTHBIX B CHCTEME Pa3pelIalouX YPaBHECHU METO A CHIL.

Memoo cun.

Wnest auckpeTH3anuu CIIONIHON CPeIbl ISl YIPOIIECHHS paCYETOB BO3HUKIIA €ITIe

B XIX B. B 1808 r. B I'epmanum BbIluIa KHUTA OlTenbBaiiHa (1764-1848),
colepiKaBIas TPABWIBHOE M TMPUTOM Tpsmoe (0e3 pacCMOTPEeHHS DJKCTpeMyMma

(GyHKIMOHAJIa) pelIeHUE 3a/a4u O THOKOI Hepa3pe3HoW ABYX MpoJETHOU Oaike [246].
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[Ipu pemeHun ee OH OTOPOCHII MPOMEXKYTOUHYIO OIOPY, 3aMEHUB €€ HEU3BECTHOU
peakuuel, W HamMcal YpaBHEHHE MOMEHTOB JUIsl BCEX YYacTKOB OaJiKu.

[IpouHTEerpUpOBAB JABaX/bl YPaBHEHUE H30THYTOM ocu Oanku Ely" =—M wu npupasHss
nporu0 Yy Ha IPOMEXKYTOYHOW OMOpe HYIIO, OH MONTYYHUJ OKOHYATEIbHBIE (POPMYITBI

JUISL peakuuii BceX omop. TakuM ObUIO POXKICHHE METOo/a CHJI. ODWTeNbBallH ObLI
MEPBBIM, KTO OBJIAJIC] METOJIOM pacueTa CTaTUUYECKU HEeOoNpeaeauMbIx cucteM. OIHaKo,
K COXaJEHUIO, MMsS €ro OKa3aJoch 3a0BITBIM CpeJud HMEH CO3JaTeliel Teopuu
CTaTHYECKHU HEOTPEACITUMBIX CUCTEM.

Crycts moutu 60 JeT mociie BBIXOJla B CBET KHWTM DHTeNbBaiiHa (DpaHITy3CKUi
akagemuk bpecc (1822-1883) B TpeTtheM TOMe Kypca, Beimieamero B 1865 r. [219],
NPOSBHB HE3HAKOMCTBO C KHHUTOW OWTeNbBaifHa, pacCMOTpENl CiIy4yall 3arpyKeHus
OJIHOTO W3 IPOJICTOB MHOTONPOJIETHOW OAaJKU M OTKPBUI CYIIECTBOBAHUE MOMEHTHBIX
b okycos.

HesnakomcTBO ¢ 3TOM KHMrou nposisui u Hasbe (1785-1836). B 1826 r., T.c.
yepe318 et nmocie nosiBIEeHUs: 3TOM KHUTH, BBIILIA B CBET, CTaBIIas 3HAMEHUTOM KHUTA
Hagbe [283], B KOTOpO# COAEPKUTCA B HAUYaJIBbHOM CTAaJUU TEOPHs pacdyeTa CTaTHUECKH
HEONPEACIMMBIX 0aIoK U (hepM.

Hanbhreimee pasButue uaes HaBbe monmyuwmna B crarbe Knaneinpona «Pacuer
ynpyroi 6anku, CBOOOTHO MOKOSIIEHCS Ha OMopax ¢ HEOAUHAKOBBIMHU ITPOMEKYTKAMIU))
[230]. B meii oH paccMmaTpuBacT Hepaspe3Hyl OaaKy He KaK OJHOMPOJCTHYIO,
OCBOOOXKJICHHYIO OT MPOMEXYTOUHBIX OMOP M HATPYKEHHYIO HMX PEAKIUSIMHU, a Kak
COBOKYITHOCTh TMPOCTBHIX OalOK, HArpy>KeHHBIX MOMEHTaMH Ha MPOMEXKYTOUHBIX
onopax. MoxHO yTBepxkaaTh, yTo KilaneilpoH CTOsI Ha MyTH K OTKPBITHIO OOIIETro
METO/Ia pacyeTa CTaTUYECKU HEOTPEICTUMBIX CUCTEM — METO/1a CUJL.

Memoo nepemenienuil.
[lepBbie pabOTHI, B KOTOPHIX W3JIATAJICS W NMPUMEHSJICS B HESIBHOM BHJIE METO]I

nedopmanmii (mepemMenieHnii), OplIu ormyoaukoBans emie B 60-x rogax XI1X Beka [219,
309].
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Tonpko cnyctss moutu 30 neT 3TOT MeToa Obul CHOPMYIUPOBAH U NMPUMEHEH B
SBHOM BHJIe B paboTax Maunnepinsl [277] u Mopa [281]. UmenHO B 3THX paboTax ObLIO
MOJIOKEHO HayaJlo METoly epeMeleHuit (nedopmaiiuii) B ero COBpEMEHHOM BHJIE.

B nmampHeiiimeM 3TOT MeTOZ MOJy4MJ pa3BuTHe B paborax [emepa [248],
bennukcena [212], Ocrendensaa [292]. B CCCP 3toT MeTon MNOJYYWT IHIMPOKYIO
M3BECTHOCTH Onaronaps pabotam A.A. I'Bo3nesa [24], I.M. PabunoBuua [151] u ap.

Cmewmannolit memoo.

Cwmemannbiii Metos BriepBble Obul mpuMmeHeH @. breiixom [215] B 1918 r. kak
YaCTHBIA NMpUEM B BUAE METOJA YEThIpEX MOMEHTOB IpPH pacueTe MHOTONpPOJIETHOU
OaJKH.

[lonHoe TeopeTnyeckoe 0OOCHOBAHHE 3TOT METOJ] Hojyuua B 1927 r. B kHure
A.A. I'Bo3nena [24].

['oBOpst O KIIACCHYECKUX METOAaX CTPOUTEIHLHOM MEXaHUKH, CIEAYET OTMETUTH
TPU BaXKHBIX MOMEHTA:

1. Bce Tpu MeTOJ]a OCHOBAaHBI HAa OJTHUX U TEX K€ MOJOKEHUAX, U JONMYIIECHUIX U
MO3TOMY pPacy€Thl CTEPKHEBBIX CUCTEM IO 3TUM TPEM METOAAM IMPUBOIAT K OJHUM U
TEM K€ Pe3yJbTaTaM;

2. U3 OCHOBHOM CHCTEMBbI CMEIIAHHOTO METO/1a, KaK YacTHBIE CIy4au, MOTYT ObITh
MOJIyYEHBI OCHOBHBIE CUCTEMBI METO/Ia CUJI M METO/1a IEPEMELIECHUN;

3. mns pacyeTa CTEP)KHEBBIX CHCTEM MO 3THM TpEM METOJaM ammpOKCUMAIIUs
GyHKIHMN TIepeMeIIeHnd Ocell CTepKHEH OT Ppa3IMYHBIX BHJIOB UX 3arpyKCHUH He
TpeOyeTcs.

B 3akimroueHHe cleqyeT OTMETHUTh pa3HUIy B MaTEMaTUYECKOM OIMCaHUU
HaNPsHKEHHO-IE(POPMUPOBAHHOTO COCTOSIHUSI YIPYTOH Cpellbl B TEOPUU YNPYTOCTH U
HaNpsHKEHHO-IE(POPMUPOBAHHOTO COCTOSIHUS 3JIEMEHTa KOHCTPYKIIMU B CTPOUTEIBHOU
MexaHuke. B mepBoMm ciydae HCHONB3YIOTCS HAMpsDKEHUs U aedopmanuu B TOUKE
YOPYrod cpeabl, BO BTOPOM — PaBHOJAECHCTBYIOUIME 3THX HANpPSLDKEHUH (MOMEHTBI U
ycwinsl) W CyMMapHbie nedopmaruu  (MEepeMelieHrs]) B Y3JIOBBIX IMOMEPEUYHBIX

CCUCHMAX.
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1.4 CraHoB/IeHue U pa3BUTHE METOAA KOHEYHBIX 3JIEMEHTOB

K 40-m romam 20 Beka B CTpOMTENBHOM MeXaHHKE ObUIM pa3paboTaHbl TpU
KJIACCUYECKUX METOJAA: METOJ IIEPEMEIIECHUM, METOA CHUJI U CMEIIaHHbIA MeTon. B
JaTbHENIIIEM OHHM Pa3BUBAIINCH U COBEPIICHCTBOBAIIUCH.

TpaguimoHHO OOBEKTOM HCCIEIOBAaHUS B CTPOUTEIHLHOW MEXaHUKe ObLIU
CTEPKHEBBIE CHUCTEMbI, T.€. JUCKPETHBIE CHUCTEMBI, COCTOSIIUE U3 OTAECIBHBIX
3JIEMEHTOB-CTEepKHEN. VX pacueT nmo BCeM TpeM METO/1aM CBOJIMIICS K PEIICHUIO CUCTEM
nuHelHbIX anreOpandeckux ypaBHeHuiul (CJIAY). HeGonbliod mopsigoK pelraeMbix
CHUCTEM YpPaBHEHHH OOBSICHSCTCS MajJbIMU BO3MOXKHOCTSMHU BBIYUCITUTEILHON TEXHUKHU
Toro BpeMeHHU. [l03TOMYy COBEpIIEHCTBOBAHUE METOJOB ILIO IO MNYTH Pa3BUTHUS
pPa3IMYHBIX BapUAHTOB AJTOPUTMOB TOYHOTO W mpubImwkeHHoro pemeHus CJIAY,
OKa3aBIIIMX 3aMETHOE BJIIMSIHUE HA PA3BUTUE YUCICHHBIX METO/IOB.

[TosiBnenne DBM u cBsI3aHHBIE C 3TUM YCIIEXH B pacueTe CTEP>KHEBBIX CHCTEM
OpUBEIM K HAEE PACHPOCTPAHEHUS] METOJOB pacyeTa CTEPKHEBBIX (AUCKPETHBIX)
CUCTEM Ha pacuyeT KOHTHUHYAJIbHBIX CUCTEM.

B nauane 20 Beka I'. Mapkyc [118, 279] npeamoxuia METO, Ha OCHOBE KOTOPOTO
C MIPUBJICUCHUEM TEOPUHU YPABHEHUN B KOHEUHBIX PA3HOCTSAX OBLI pa3paboTaH M Pa3BUT
B JlaJbHEHIIEM MeToja mepexona oT auddepeHlnanbHbIX YpaBHEHUW K KOHEYHO-
Pa3HOCTHBIM WJIM anreOpandecKuM YypaBHEHHUSM (METOJ KOHEUYHBIX PAa3HOCTEH WIU
METO/]I CETOK).

Pa3zpaboTka Teopuun mMeTona nepeMenieHuii (Mmetoaa aedopMainii) 1 MeToaa CHl
MIPUBENHM K HJIe€ 3aMEHBI TUIACTUHOK M 000JIOYEK CHCTeMaMH MEPECEKAIONINUXCS MOJIOC
(Gamox miM apoK).

[lepBble MOMBITKM TEOPETHUYECKH OOOCHOBATH PACUEThl HEKOTOPOW CIUIONIHOM
00JaCTM Ha OCHOBE MPENCTABICHUS €€ COBOKYIMHOCTHIO OAJTOYHBIX M CTEPIKHEBBIX
asleMeHToB npuHaIexkar A. XperaaukoBy (Hrennikoff A., 1941) [257], 1. Mak-T'enpu
(McHenry D.A., 1943) [280], H. Heromapky (Newmark N.M., 1949) [284]. HauGomnee

MOJIHOE MaTeMaTHU4eckoe OOOCHOBaHUE METO/a BIEpPBbIE ObUIO CHOPMYIUPOBAHO
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P. Kypantom (Courant R., 1943) B 1943r. [237], HO pa3BUTHE OH MOJIYYUJ 3HAUUTEIBHO
nosyiHee B cemuzecaThix rogax 20 Beka B padorax /. Onena (Oden J.T., 1976, 1969,
1975) [128, 288, 289], korma ¢ mosBAcHHE MOIIHBIX DOBM cTamo BO3MOKHBIM
peanu30BbIBaTh OOJIbIINE 0OBEMBI BHIYUCIUTEILHON pabOThI.

[lepBoHaYamTbHO METOA KOHEYHBIX JJICMEHTOB NPUMEHSJICS B OCHOBHOM B
00JIaCTH CTPOUTEIHLHOW MEXaHUKHU M pacCMaTPHUBAJICS KaK Pa3BUTHE €€ KIACCHYCCKHX
meToj0B [5, 6, 197, 198, 216, 257].

[To3xe mpUIUIO TOHWMAHWE CBS3M JIBYX IIOAXOAOB K JIMCKPETH3AIlUU
muddepeHInaTbHbIX YPAaBHCHUH W JTUCKPETH3AIlMU CIUIONIHOW 00JIaCTH: Tepexoaa OT
muddepeHnaIbHbIX ypaBHCHHH K aiareOpanvdecKuM Ha OCHOBE BapHAIIMOHHBIX
METOJIOB W IIepexojia OT KOHTHHYaJbHBIX CHCTEM K JUCKPETHBIM, Ha OCHOBE
KJIACCUYECKUX METOJOB CTPOUTEIIBHOW MEXaHUKH.

B pa6otax M. Tépuepa (Turner M.J., 1965) [307], P. Knada (Clough R.W., 1960,
1969) [231, 232] u M. Aprupuca (Argiris J., 1961, 1965) [5, 6, 197, 198] Obu10
NPEJIOKEHO MPHUOJIMKEHHOE ONMMCaHUE HEKOTOPOM YIPYro cpelbl MpH MOMOIIU
COEIMHEHHBIX B Y3JIaX JUCKPETHBIX 3JIEMEHTOB, YCIOBHO BBIPE3aHHBIX U3 ITOU CPEIb.

B nauane 60-x rogo P. Knadom (Clough R.W., 1960) Gbuta npesjoxxkeHa Tak
Ha3bIBaeMas mpsmMasi win cratudeckas konuenuus MKD [231]. Um xe Obln BBeneH,
IPOYHO BOIIEAIINNA B HAYYHYIO M YIEOHYIO JIUTEPaTypy, TEPMUH «KOHEUHBIN DJIEMEHT).

Janbreiiniee pazsutre MKD moapoOHO onucaHo B IMKIIE HAIuX cratei [73-75].
Tam >xe mpuBeneHa KiIaccUpUKALMs, HCIOJIb3yeMass B HaIIeM JHUCCEPTAIMOHHOM
uccienoBannu. B OcHOBe J3TOM KiacCUUKAIMKM JIeKAT KIACCUYECKHUE METOJIbI
CTPOUTENBHOW MEXaHUKH CTEP)KHEBBIX CHUCTEM. B COOTBETCTBMM C BEIMYHMHAMU,
MPUHUMAEMBIMHU 332 OCHOBHBIE HEU3BECTHBIC, OBLIO BBIAEICHO TPU OCHOBHBIX (POPMBI
MKD 10 UX COOTBETCTBHIO KJIACCMYECKHMM METOJaM: METOJla MEpeMEICHU; MeToaa
CWJI M CMEIIIaHHOTO METO/1a.

B crpoutenbHONW MexaHWKE W MEXaHHKE Ie()OpMUPYEMOTO TBEpAOro Tela
HanOOJIbIIIEE PACTIPOCTPAHCHHE IOy BAPHAHT B (DOpME METO/Ia IEPEMEIICHHA. ITO
OOBSCHAETCS OCHOBHBIM TPEHMYIIECTBOM KIACCUYECKOTO METO/a TMEePEMEIIEHUN TI0

CPaBHEHHIO C METOJIOM CHJI U CYIIECTBYIOIIMMH CMELIaHHbIMU (popmynupoBkamu MKD
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— BO3MOXHOCTBIO (hOpMalIM3allMi pacueTa U peann3aluu pa3padOTaHHBIX aJrOPUTMOB
Ha OBM.

K HacTosmemMy BpeMeHH cTas o4eBUAHBIM TOT (akT, uto MKDO B nepemenienusx,
HECMOTpSI Ha MPOCTOTY €ro AJIrOpuTMHU3AIMA W aBTOMAaTU3allMM YHUCICHHOMU
peanuszanuu, UMEeT pAJl POOJIEMHBIX HEAOCTATKOB.

K muMm, mo MHEHHIO MHOTHX ucciaenoBarenei [28, 130, 136, 170, 181, 297, 313 u
ap.], Tpexae BCero OTHOCATCS: «IOHWKCHHAs (M0 CPaBHEHHUIO C IMEPEMEIICHUSMH)
TOYHOCTh BBIUYUCICHUSI HANPSDKEHUW W yCWIMI», OOYCIOBIEHHAs NPUOIMKEHHBIM
BBITIOJIHEHUEM YCIIOBUM HEPa3pbIBHOCTU AehOopMalluii; «HATUYUE Pa3pbIBOB 3HAUCHUU
HanpsOKEHWW W YCWJIMH Ha TpaHUIAX KOHEYHBIX JJEMEHTOB; HEUCIIOJIb30BAHUE
FPAaHUYHBIX YCJIOBUW, BBIPAKEHHBIX B HAMPSDHKEHUSAX U YCUIIHUSIX»; CYIIECTBEHHOE
yXyAIIeHue OO0YCIOBJICHHOCTH CHUCTEMbl Pa3peIialoiiiX YPaBHCHHH MPHU CTBIKOBKE C
AJIEMEHTaMH OYE€HBb OOJIBIION JKECTKOCTH; HEBO3MOXXHOCTh pacueTa BaHTOB (HUTEH) U
BAHTOBBIX CUCTEM IO CTaHIapTHOMY anroputmy MKD B nepemenieHusix u ap.

Ecnun Ha HavaneHOM dTane pa3Butusa MKD B ero ocHOBe, Kak U B KIIACCUYECKUX
METOAaX CTPOUTEIBHON MEXaHUKH JIeKaJl NMPUHLHI BO3MOXHBIX NEPEMEIICHUH, TO B
JadbHENIIEM CTAJId MCIOJIb30BaTh M JPYrME€ BapUAllMOHHBIE MPUHLMIBL, U METOMbI
(mpunnune Jlarpamxka, Kactunesao, Xemnunarepa-Peticcaepa u T.4.). [IpuanHO# 3TOTO
CTaJla HEOOXOAUMOCTh MPEOJOJICHUSI OTMEUEHHBIX BBIIIE MPOOJIEM NMpU MPUMEHEHUU
MKD B nepemeiieHusx.

OTu po06IeMBbl OCTAIOTCS AKTYATbHBIMUA U CETOJIHSI.

B pesynbTate Obutn pa3BuTH anbTepHaTUBHBIC (hopmynuposku MKD.

Bce cymectByronue Bapuantel MKD ¢ y3710BBIMH HEHU3BECTHBIMH B BHUIE
HampspkeHu  (ycunuid)  OCHOBaHBI Ha  MOAUGUIMPOBAHHOM  (YHKIIMOHAJE
JOIIOJTHUTEIIBHON YHEPTUU.

Cuctema pazpemiarolluX ypaBHEHUNW OTHOCHUTEIIBHO HEW3BECTHBIX YCHJIMI B
y371aX KOHEYHO-3JIEMEHTHOW CETKU TOJTYyYaeTcs M3 yCIOBUS MUHMUMYyMa ()yHKITMOHANA
JOTIOJTHUTEIIBHON YHEPTUN CUCTEMBI.

Tak kak B OOJNBIIMHCTBE CIy4aeB MOAOOPATh «TOYHYIO» AMMPOKCUMHUPYIONIYIO

dbynkuuto 115 KD HEBO3MOKHO, TO YCIIOBHSI PABHOBECHS B y3/1aX KOHEYHO-3JIEMEHTHOM
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CETKHM BBIMOJHAIOTCA JUIIb NpUONM3UTENbHO. [lodTOMYy uHcmonb3yeTrcs mpolenypa
MPUHYAUTEIHHOTO BHITIOJIHEHUSI YCIIOBUI paBHOBECHS C MCIOJIb30BAHUEM MHOXUTEICH
Jlarpama. Bech 3TOT anropuT™ odeHb CIIOKEH B MPOrpaMMHO# peanu3aruu [ 183-186].

CwmemmaHHbIM U THOPUIHBIM (POPMYITMPOBKAM IMOCBSIIEHO JOCTAaTOYHO OOJIBIIOE
KOJIMYECTBO cTared W MoHorpadguil. OcoOblii HMHTEpec NpeACcTaBisaloT padoTel O.
bpessu (Brezzi F., 1985, 1987, 1991) [220-222] u A. ITonecku (Poceski A., 1975, 1979,
1992) [295-297].

[lonpoOHOe paccMoTpeHue pa3NMYHBIX MNOAX0A0B K (opmynupoBkam MKD
coJiep)KUTCs B psge MoHorpadumii (B yactHoctn, M. Cekynosuya [170], K.}O. Bare
(Bathe K.J.) [209, 211], A.E. benxkmna u C.C. TIaBprommuna [9]), crarbe
A.B. Ilepensmytepa [131], a taxke B 1ukie Hamux cratei [73-75]. Kak ormedyeHo B
moHorpaduu A.C. T'opogenxoro u M.J[. EB3epoBa [28], Kaxaplii U3 3THX MOIXO0B
obJazaet psIoM COOCTBEHHBIX CYIIECTBEHHBIX HEJOCTATKOB.

Hayunbim coBetom PAACH, naumnas c¢ 2011 roma, mpoBoauTcsi peryispHas
pabota 1o BepupuUKaIU 3apyOS)KHBIX U OTE€UECTBEHHBIX IMPOTPAMMHBIX KOMIUJIEKCOB C
BbIIaued ceprudukaroB. s 3TOro paspabarbiBalOTCs COOTBETCTBYIOHIUE TecThl. K
TaKUM TECTaM OTHOCSTCS KaK MPOCTbIE — YUCTOE PACTSIKEHUE, YUCTHINH U3ru0, BIUSHUE
COOTHOIIIEHUM pa3MepOB KOHEUHBIX 3JIE€MEHTOB, TaK U 0OJee CIOXKHBIE — CTIOCOOHOCTh
ycTpadHeHuss d3¢dexra “3anmupaHus’ (BO3HUKHOBEHHS HEYCTOMYMBOCTH cUeTa U
OCTAaHOBKHM CYETa, IOJYyYEHHS] B PE3YIbTAaTE€ 3TOr0 PELICHUH HECOBMECTHUMBIX C
(GU3MUECKUM CMBICIIOM 3a/Iaui) MPHU pacueTax ¢ y4eTOM CHBHTa; MpoljemMa pacyeToB C
Y4E€TOM CMEUIEHU KOHEYHOTO 3JIEMEHTA KaK AKECTKOTO IIEJI0rO0.

Ilo pe3ynbTaTaM TECTUPOBAHHUS CHEJIaHBI BBIBOJBI O HEIOCTATKaX MPOrPaMMBIX
KOMIIJIEKCOB, BBISIBIIEHHBIX B MPOIecce BEPUPUKAIIHH.

Cnenyer OTMETHTh, 4YTO MYyOJMKAIMOHHAS AaKTUBHOCTh TIO Pa3IUYHBIM
TEOPETHYECKUM U MpUKIaaHbIM acriektaM MKD 3a mocneanue roasl CHOBa BO3pocia
[194-196, 200, 201, 226, 234-236, 242, 245, 247, 251, 260, 276, 278, 282, 285-287,
290, 291, 300, 303, 306, 313 u ap.].

B aGcomoTHOM OONMBIMUHCTBE MyOMUKAIMI TOCIETHETO BPEMEHH H3JIaratoTCs

MOJIXOJIBI C TO3MIIMKA MEXaHHUKHU neopmupyemoro tBepaoro tema [194, 226, 285, 300 u
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ap.], T.e. paccMaTpuBaeTCs KOHTUHYYM, COCTaBJISIOTCS  Aud@epeHuaibHbie
ypaBHEHUsI, GYHKIIMOHAJIBI U 3aTE€M MPOU3BOUTCS AUCKPETU3AIUS.

Hcnonb3yroTcs pa3nuyHble BapUAHTHI AUCKPETU3ALMU: CIUIAWH-TUCKPETU3ALUA
o pacuyeTHbiM Toukam [196, 201, 251, 287, a Taxke B nukiie padot B.B. Poranesuya 3a
1977-1999 r., aHaiM3 KOTOPHIX BBIMOJHEH B [21]], KOHEYHO-PIEMEHTHAs
JTUCKpeTHU3allis Ha OCHOBE MeTojia ['ajepkuHa U MeTo/la HauMEHbIIUX KBajapaToB [21,
223-225, 232, 241, 251, 261, 262, 274, 285, 303, 306] wiu BapuallMOHHBIX
dbynkuuonanoB Jlarpanxka, Kactunesno, Xemmunrepa-Peliccuepa [200, 210], Xy-
Bceaunzy [233, 271] u np.

Kak npaBuno, cucrema paspeuiarolinx ypaBHEHUN CTPOUTCS HA HE3aBHUCUMOMU
annpoKCUMAIlMU  pa3lIMYHBIX  TOoJied:  HampsbkeHud — (ycwiwmii), nedopmanuii
(mepemernienuit) u ap. B 3aBUCHUMOCTH OT KOJMYECTBA TOJICH, UCTIONB3YIOTCS TEPMUHBI:
JIBYXTIOJIbHAS, TPEXMOJIbHAS, YETHIPEXITOJIbHAS anmpokcumanuu [224, 264, 265, 271,
274, 300]. Kak oTmMedeHO BbIII€, MPU TaKOW AamNMpPOKCUMAIIMM OJIHOBPEMEHHOE
BBITIOJTHEHUE YCJIIOBHM PaBHOBECHS MU COBMECTHOCTH Jedopmaliuii B y3JilaX KOHEYHO-
AJIEMEHTHOM CETKHU WJIM CETKH PACUYETHBIX TOUEK HEBO3MOKHO.

Hekoropble u3 mnocnegHux mnyOiauMKanuii mocBsmeHsl paspadorke KO wu3
TUMEPIJaCTUUHBIX ~MaTepuasioB Ha ocHoBe Teopun Mynu-Pusnuna [301] wu
COOTBETCTBYIOIIMX QJITOPUTMOB pacyeTa, TMO3BOJSAIOMIUNX BBIYHCIATH OOJbIINE
epPEMELIECHHUS], COU3MEPUMBIE C pa3MepPaMu KOHCTPYKIIHMH.

Ha ocHoBe BBIMIONHEHHOTO 0030pa MOXHO CHENaTh BBIBOJ O TOM, YTO
MPaKTUYECKH Bce MyoOnukanuu no teopurn MKD OCHOBBIBaIMCh U OCHOBBIBAIOTCS HA
WCIIOJIb30BAaHUM BapUAIMOHHBIX MPHUHIIMIIOB W SHEpreTudeckux (yHkmuoHaisos [13,
160-162, 170, 172, 308].

Bricka3piBaeMoe YacTo YTBEp)KIEHHE, UYTO HamOoJiee YHUBEPCAIbHBIM MPHU
MOJIYYCHUH MaTpul] Kod(h(PHUIIMEHTOB MPH HEW3BECTHHIX B OCHOBHOU cucteme MKD,
CMEILIAHHBIX M THOpUIHBIX BapuaHToB MKD sBisercss moaxod, OCHOBaHHBIM Ha
COCTaBIICHUM DHEPTeTHYECKOro (YyHKIMOHANA I HEKOTOPOTO KOHTHHYyyMa, W
Hax0XJIEHUE €ro dKCTpeMyma (MUHUMYyMa, MAaKCUMyMa WJIM CTAllHOHAPHOT'O 3HAYECHUS)

B 3a/IaHHBIX Y3JOBBIX TOYKAX YCJIOBHOM CETKH, MOKPBIBAKOLIECH pPACCMATPHBAEMBIN
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BBIJICJICHHBIII TE€OMETPUYECKHM OOBEM KOHTHUHYYMa, SIBISETCS [0 MEHbIIEH Mepe
HEKOPPEKTHBIM.

PaccmaTpuBaemble B CTPOUTEIBHOM MEXaHHKE OOBEKTHbl (KOHCTPYKIMU) 10
OTpPEJIEIICHUIO UMEIOT KOHKPETHYIO reoMeTpuueckyto ¢popmy. UMeHHO A ux pacuera
pa3paboTaHbl KJIACCMYECKHME METOJbl pacyeTa: METOJ CHJI, METOJ IepeMeuIeHui,
cMelaHHbli MeTol. BbIBOJ KOI(DPUIMEHTOB KAHOHMYECKUX YPAaBHEHHMH BCEX ATUX
METO/IOB OCHOBAH Ha PACCMOTPEHUU SHEPTreTUYECKOro (PyHKIIMOHANa (HO B AUCKPETHOM
dbopme) 1 BapuallMOHHBIX NMPOU3BOJHBIX OT HEro, UMEIOIINX HA3BaHUS: BapUAIIMOHHBIN
npuHnmn Jlarpanka (BO3MOXHBIX TEPEMEIICHHI), BapHAIIMOHHBIA  MPUHITAII
KactunpsiHo (BO3MOXHBIX WM3MEHEHHN HANpPsSKEHHOTO COCTOSIHUS), CMENIaHHbBIN
BapUAlMOHHBIA TPUHIUI (BO3MOXKHBIX M3MEHEHUN HaINpPsKEHHO-Ie(POPMUPOBAHHOTO
coctostaus) [90, 192 u np.].

Bce ocHOBHBIE MOMYIIEHUS U TIOJIOKEHUSI CTPOUTENbHONM MEXaHUKU 0a3upyroTcs
Ha ATUX MpUHIMNAX: Teopembl Jlarpanxka u KacTuibsHo, TeopeMa 0 B3aMMHOCTH padoT,
TEOpeMa O B3aUMHOCTHU PEAKIIUN U TIEPEMEIICHUIA.

Bce oHM MOMy4YniIM UCTOPUYECKU MO3KE PA3BUTHE B MEXaHUKE Je(HopMUpyeMoro
TBEPAOrO0 Tella B BHUJE BapHAIIMOHHBIX NPHUHIMIOB XeiuHrepa-PeiiccHepa, Xy-
Bacunzy [253-255, 302, 308, 313 u ap.].

NMeHHO TO3TOMY HET HHUKaKoOi HEO0OXOJAMMOCTH [O0Ka3blBaTh HIACHTHYHOCTH
pE3yNbTaTOB HAXOXKIEHUA KOd(PPUIIMEHTOB pazpemaromux ypaBHeHur MKD
UCIIOJIb30BaHUEM OOIIEN3BECTHBIX MOAXO/I0B M AJITOPUTMOB CTPOUTEIILHON MEXaHUKH U
MexaHukd naegopmupyemoro TBepaoro Tema. OmHAKO € TOYKH 3PEHHS] MPOCTOTHI
ANTOPUTMU3AIMN U MPOTPAMMHOM peanu3aiuu, Hanooee dh(PEeKTUBHBIMU B pacyeTax
KOHCTPYKIIMI SIBIIIFOTCS KIACCUYECKUE METOAbI CTPOUTEIBHON MEXaHUKHU.

Unes hopmanuzaiim pacueta peryaspHbIX CTEP)KHEBBIX CUCTEM IO CMEIIIAHHOMY
MeTOJ Ty OblIa W3JI0KEHA M TCOpeTHUeCKH pa3pabortaHa B paborax B.A. Urnateea [39,
40, 41 u ap.], TOCBSIIIEHHBIX PETYISPHBIM CTEPKHEBBIM CUCTeMaM. B HHX, B 4aCTHOCTH,
OBLJIO MOKA3aHO, YTO W3 OOIIUX YPAaBHEHUN CMENIAHHOTO METOJIa MOTYT OBITh MOJIYYCHBI

YpaBHCHUA MCTOAA CUJI MJIM MCTOJA HCpGMGHIGHPIfI.
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UNnes npumenennss MKD Ha OCHOBE KJIACCMYECKOIO CMEIIAHHOTO METOAa st
3a/1aun u3ruda miacTUHKU OblIa u3okeHa B pabotax A.M. MacnennukoBa emie B 80-x
rogax 20-ro Beka [119, 120]. OgHako oHa OcTajlach MPAKTUYCCKU HE 3aMEUYCHHOMN U HE
MOJy4YWJia JajJbHENIIEro pa3BUTHS. 3HAUMTENbHO mo3xke A.A. IlokpoBckum u P.A.
XeuymoBbIM B pabotax [140, 143, 144] Owuta npeanpuHsTa TMOMNBITKA pacyera
mapHUpHO-cTepxkHEBbIX cucteM 1o MKD B ¢dopme cmemanHoro wmerona 0e3
TeopeTrdeckoro obocHoBanusi. Ocobo cieayer orMeTuTh ctaThio P.A. XeuymoBa u
A.A. Tloxposckoro [143], B koTopoii “ucciemyercs cmemanHas ¢opma MKD,
OTJIMYAOINIAsICA OT CMenlaHHOTo MeTona mnpod. ['Bo3meBa”, KOTOpPOH, MO MHEHUIO
aBTOPOB MPUCYIIH KaK MOJOKUEETbHbIE CBOWCTBA, TAK U HEIOCTATKU, K KOTOPHIM OHU
OTHOCSAT: “yCIIO)KHEHHME TIpoIrlecca TMOJYYeHMs] pasperialolux ypaBHEHHH U
HEO0OXOAMMOCTh BEIOOpAa OCHOBHOM cucTeMbl”. DTa e Gpopma MKD monyuuna mosiHoe
U3JI0KCHHE B MyOJIMKAIMAX M JOKTOpcKoi auccepranuu A.A. ITokposckoro [140, 142,
144].

PaGoTbl 3TUX U NPYrux HCCleqOBaTeNeH, MOCBSIIICHHBIE POOIeMe Pa3IMYHbIX
dbopm MKD, npuBOIST K BBIBOJY O HEOOXOAMMOCTH pa3paboTku Oojiee 001meit ¢popmbl
MKD Ha 0CHOBE KJIaCCHYECKOT0 CMEIMIAHHOTO METO/Ia CTPOUTEIbHON MEXaHUKH.

B otnuume ot cMmemaHHbIX U THOpUIIHBIX (opmyaupoBok MKD, ocHOBaHHBIX Ha
UCITIOJIb30BAHUU CMEILaHHbIX (G yHKIIMOHAIOB NOTEHIUABHOM SHEPIUu
(Xemmmnarepa-Peiiccuepa, Xy-Bacuasy u ap.), pazpaboraHHas B JaHHOW AUCCEpTAIlUN
dopma MKD, ocHOBaHa Ha KJIACCMYECKOM CMEIIAHHOM METOJE CTPOUTEIHHOM
MEXaHUKHU.

OTnpaBHOM TOYKOW [IJIi TEOPETHYECKOTO OOOCHOBAHUS  HMCIOJIb30BAHMS
OCHOBHOHM CHCTEMBbl CMEIIAHHOTO MeETOAAa Uil KOHEYHOIO BJEMEHTA, MOCITYXUIU
YIOOMSIHYThIC BbIIe paboTel A.M. MacnenankoBa. VMeHHO »dTa wuaes Oblia
WCIIOJIhb30BaHa B Hallleld KaHIUAATCKOW nuccepranuu [86], momyuuBimieil B cBOE BpeMs
MOJIOKUTENbHBIA OT3bIB 0T A.M. MaciaeHHUKOBa, ¢ yKa3aHUEM B HEM HEKOTOPBIX

BO3MO>KHBIX HAIPABJICHHUE JATBHEUIIINX UCCIIEIOBAHUM.
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1.5 BeiBoasbl 1o riaase 1

1. O630p nauTEpaTypbl MO TEOPUH U MPAKTHKE NPUMEHEHHUS METOJla KOHEUYHBIX
AJIEMEHTOB MOKa3all, YTO Hambojee pa3pabOTaHHBIM U TNPUMEHSEMBIM SIBIISETCS €ro
BapUAHT B MEPEMEIICHUSIX.

2. IlpakTuyeckn Bce MIUPOKO HMIIOIB3YEMbIE MPOrPaMMHbBIE KOMILJIEKCHI
ocHoBaHHbI HAa MKD B nepemenieHusx.

3. Hecmorpss Ha Bhnewarnswoomue ycnexu B pa3pabotke teopun MKD u eé
NPAKTUYECKUX TPUIOKEHHUH, OCTAIOTCS HE JOKOHIA Pa3pelICHHbIMHU ClEeaYIolIne
aKTyaJIbHbIE TTPOOJIEMBI:

- OJHOBPEMEHHOI'O YJOBJIETBOPEHHUS YCJIOBHH pPAaBHOBECHUS U  YCJIOBUH
HEpa3pbIBHOCTU  Jedopmaluii, T.e. oOecreueHuss COBMECTHOCTH Jedopmariuii,
NepeMelleHnii M yCUJIMH, Kak B y3/J1aX KOHEYHO-DJIEMEHTHOM CETKH, TaKk M Ha
MEXKDJIEMEHTHBIX TPAHUIIAX;

- UCKJIIOYCHUE BIIUSAHMS CMEIEHUNA KOHEYHOI'O 3JIEMEHTa KaK >KECTKOrO IEJIOro
Ha pa0OTy BHYTPEHHUX CHJI, MPHUBOIAIIMX K IUIOXOM OOYCIOBICHHOCTH MATPHIIBI
KECTKOCTH KOHEYHOI'O JIEMEHTA U BCEH KOHCTPYKIIUH;

- OJTHOBPEMEHHOT'0 HAJIM4YUS B PACUETHOM CXEME KOHEUHBIX JIEMEHTOB C OYEHB
OOJBIION U OYE€Hb MAJION JKECTKOCTHIO.

4. Kak moka3bIBae€T OIBIT HCIOJB30BaHUA MPOTPAMMHBIX KOMIUIEKCOB,
OCHOBaHHBIX Ha peanu3zauuu anroputMoB MKD B mnepemenieHusix, pe3ynbTaThl
pacueToB HE BCEr/la JOCTOBEPHBI U MTO3TOMY HE00X01MMa UX BepUpUKALIUAL.

5. O630p nuTepaTyphl IO TEME HCCIIEOBaHMs IMOKa3ajdl OTCYTCTBUE BapuaHTa
MK3 comoctaBuMoro mo 3¢¢dekTuBHOCTH U cTeneHu Qopmanmsanuun ¢ MKD B
MEpEMEIICHUSIX.

6. Hawubomee mnepcrekTuBHOW mpencraBisercs paspadbotrka MKD B dopme
KJIACCUYECKOTO CMEIIAHHOIO METOJA CTPOUTENIBHOW MEXaHUKH, KOTOPBIM MO CTENEHU

MPOCTOTHI (hOpMaIU3aly U adroputMuzanuu anajgorndeH MKDO B nepemenieHusx.
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I'maBa 2
Pa3BuTuHe TEOPpUM METOAA KOHEUYHBIX 3JIEMEHTOB B (popMe KJIACCHYECKOIr0

CMCIIAaHHOI'O ME€TOoaAa

2.1 ®opMupoBaHNe MATPUIbI OTKJIMKOB CTEPsKHEBBIX M JMCKPETHBIX CHCTEM HA
OCHOBE NPUHIHUIA BO3MOKHBIX H3MECHEHUI HANPSAKEHHO-1e()OPMHUPOBAHHOI 0

cocTosiHUA. CMeIIaHHBIN (PYHKIIMOHAJ

Hauano npuMmeHeHusi cMelIaHHOW OCHOBHOM CHUCTEMBI B pacueTe paM OTHOCHUTCS
K niepuoay 1918 — 1925 rr. u cBsA3aHO C MOMYUYUBIIEH OOJBITYH0 U3BECTHOCTh PabOTOM
®. bneiixa [215], XoTs B Hel u3nmarajcs HE METOJ, a YaCTHBIA CIydyal CMEIIaHHOW —
OCHOBHOW CHUCTEMBI B BUJIE YPABHEHUS YETHIPEX MOMEHTOB JIJI1 CTEP>KHEBOUM CUCTEMBI.

[IpumeyaTenbHO, YTO HECKOJBKO paHee Yyke Oblia omyOnukoBaHa pabota
O. Xemnmuurepa [252] mo BapuallMOHHOMY TMPUHIMIY B 3aJa4aX MEXaHHUKU
nedopmupyemMoro TBepaoro tena. Takum oOpa3zoMm, B Hayaie 20 Beka 3apOAMINCH JIBE
UJeH W JIBa HAIPABJICHUS, OPOAMBIINE METOJI KOHEUHBIX AJIIEMEHTOB M 0a3y IS ero
pa3BUTHSL.

[lonHoe TeopeTnyeckoe OOOCHOBAaHUE W CaMO Ha3BaHHWE CMEIIAHHBIA METOJ
noayumi B 1927 r. B kaure A.A. I'Bo3nea [24].

B Heli BnepBble MMOKa3aHa Ha NOpPUMEpPE CTEPKHEBOM CHUCTEMBI B3aWUMHOCTH

peakuuil ¥ nepeMenieHni, a UMEHHO I, =—0, ; .
DTO 03HAYAET, YTO peakuus I, B CBSI3U | OT BO3ACHUCTBHA CHIIBI X, =1 B Touke K
paBHa 1O a0COJIIOTHOMY 3HAYEHUIO, HO IIPOTHBOIIOIOKHA 110 3HAKY NEPEMELICHUIO O,

B Touke K ot CANMHHUYIHOIO IICPEMCIICHUS CBA3SHU Z, =1.

OTta B3aMMHOCTD, IIOJIYYHUBIIASA B CTpOPITeJIBHOﬁ MCXAaHHUKC CTCPIKHCBBIX CHUCTCM

[151] nHa3BaHWe TeopeMbl O B3aMMHOCTH PEAKIMA M TICPEMEHICHHMA, IMONYyYHia B
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JanbHEeWIIeM B HEKOTOPBIX pabdoTax M y4yeOHUKAX IO CTPOUTEIbHOW MEXaHHUKE
Ha3BaHUE IIPUHITUI IBOMCTBEHHOCTH [159].
BapuannoHHbIi NPUHLOUII CMEUIAHHOTO THMHA (POPMYIHUPYETCS CIEIYIOUUM

oOpa3oM: M3 Bcex ycwiud @, UM nepeMelmeHuid (, COCTOSHUIO PaBHOBECUS CHUCTEMBI

COOTBETCTBYIOT T€ W TOJBKO TE€, TPU KOTOPHIX DHEPreTUUYCCKUH (PYHKITMOHAI
MIPUHUMAET CTalMoHapHoe 3Hauenue [157, 170, 172, 192 (c. 128-133)]. CMemianHbIit
dyHKIMoHaN PeiiccHepa sSBIsSETCS, MO CYTH, TPAKTOBKOW C MO3WIIUU SHEPTETUYECKOTO
(yHKIMOHAIa M3BECTHOTO B CTPOUTEIHHONW MEXaHHKE KIIACCHYECKOT'O0 CMEIIaHHOTO
METOJIa M CBS3aHHOHW C HUM TEOPEMbI O B3aUMHOCTH PEAKIUHA W TepPEMEIICHHUM
(MpUHIIATIA TBOHCTBEHHOCTH).

N3BeCTHO, YTO B COCTOSIHUM PAaBHOBECHS KOHCTPYKIIMHM CMEIIAHHBIN (DYHKIIMOHAT
HE UMEeT HU MaKCUMyMa, HH MHHHMyMa. OH WMEET JIMIIb EIUHCTBEHHYIO
CTallMOHAPHYIO TOYKY, HAXOAIIYIOCS B HEBBIpOsKAeHHOM cepte [192 (c. 133)].

CwmemanHublii  PYHKIIMOHAT CTPOUTCA HA OCHOBE OoJiee OOIIEero MNpUHIIMIA
BO3MOXXHBIX M3MCHEHHUI HampsKEHHO-Ie(hOPMHUPOBAHHOTO cocTosiHUS cuctembl [90],
KOTOpBIM  (hopMynupyercs ClenyrommM o0pa3oM: “eciu cucTeMa HaXOAUTCS B
paBHOBecHUH, U ee AedopMalK COTIACOBAHbI CO BCEMU MMEIOLIUMUCSA BHYTPEHHUMH U
BHEITHUMU CBSI3SIMU (COOJIIOJJAETCS COBMECTHOCTH JlepopMaluii CUCTEMBI), TO CyMMa
paboT BCeX BHENIHUX M BHYTPEHHUX CHUJI HAa BO3MOXHBIX OECKOHEYHO MabIX
MEPEMEIICHUSIX CUCTEMBI U BO3MOXKHBIX pa0OT OECKOHEYHO MaJbIX MPHUPAIIEHUN BCEX
BHEITHUX M BHYTPEHHHX CHUJl Ha JIEHCTBUTEIBHBIX TEPEMEHICHUSX CHUCTEMBbI
(BBI3BAaHHBIX CTATUYECKH JIEHCTBYIOIIMMH CHUJIAMH) paBHA HYIIO:

n n
8D=8A+W =| > 6F-A+) F-OA |+6U=0. (2.1)
i1 i1

BO3MOXXHBIMU CUMTAIOTCS TPU STOM TaKW€ M3MEHEHUS BHEIIHUX U BHYTPEHHUX
CWJI, KOTOpBIC YIOBJICTBOPSIOT BCEM YCIOBUSM PAaBHOBECHS, TO €CTh SBISIOTCS
CTaTHYECKH JIOMyCTUMBIMHA BapUAITUSIMU .

[TpuHIIMTT BO3MOXKHBIX W3MEHEHHH HAMPSIKEHHOTO COCTOSHHS, WCXONSl M3 €ro
¢u3nuecKol CyIIHOCTH, HA3bIBAIOT TAK)KE MPUHIIUIIOM JOTIOTHUTEIBHOW BUPTYATbHOU

(Bo3MOXHOIT) paboThl [159].
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Bnionne oueBuHO, 4TO 7151 TMHEWHO AedopmupyemMoil cuctemsl U’ =U .

Ecnu nmoacraButh B Beipaxkenue (2.1) mius 09 3HayeHHe nepBoi Bapuaruu oU ,

T. €. 5U=Z§ “OA, + Z— oF, 1o momy4unm

i F—S—Z -SA; + Z A-— .5Fi:o.

i=1 i
Otcroga, B Cuily NpPOM3BOJIBHOCTH BEIMYMH SA, U OF, OyaeM umerb s

JIMHENHO Ile(i)OpMI/IpyeMBIX CHUCTCM PC3YJIbTATbI, U3BCCTHBIC KaK TCOPCMBbI HarpaHn(a u

Kactunesauo:
Y 22)
OA, oF,

B ClIydac, Korjia 3a HEC3aBUCHMbLIC IICPCMCHHBIC ITPUHUMAIOTCA 9aCTbIO CHUJIbI Fj )

d 4aCTbO IICPCMCIICHUA Ak’ Ha OCHOBAHHWU IIPHUHOMUIIA CYIICPIIOZUIIUHN JJIA JIMHEMHO

neGOpMHUPYEMBIX CUCTEM IOJIyYaeM JJIsl PEAKIIUH B I-Of CBSI3U U TIEPEMEIIICHHSI B TOUKE

] clenyroue BEIPAXKCHHUS :

n+m

R = Zn:Akr + > R,
k=1 s=n+1

- n+m
A =D A+ D RS,
k=1 s=n+1
Ecnn 3aMeHUTH HaIOKEHHBIE HAa CHUCTEMY CBS3M BO3HUKAIOIMMHU B HUX
pEeaKkIUsAMH, TO PABHOBECUE CUCTEMBI HE HAPYILIMTCS U BBIPAKECHUE IS TOTCHIMAIBHOU

sHepruu aepopManyi CUCTEMBI C YYETOM BBIPAKEHHH Juii R, ¥ A; JIOIDKHO OBITh

3aIlIMCaHO B CICAYIOIICM BUJIC:
n+m

= Zn:RiAi+ Y FA,|=
i=1

j=n+1

Z[ZAr+§ } Zm {ZA5Jk+§F5}

s=n+1 j=n+1 s=n+1

(2.3)
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O003HaUMM: HEU3BECTHBIE TMEPEMEIICHHUS] [0 HAMpaBICHUIO BBEJICHHBIX B

OCHOBHYIO CHCTEMY CMENIaHHOrO MmeTtoma cBszedd - ¢, (1=12,..,n), ycumus B
ynanenHsix cBazax — ; (j=n+1..,n+m).

C ywerom 5TuX 0003Ha4YeHWH BBIpAKEHUS s R, U A; mproOpeTaroT

CIEIYIOIIUMN BU:

n n+m

R = Zri,qu + Z Fsls +Ries

k= s=n+1 (2.4)

n+m

A = Sj'qu + 8,0, +A .

k s=n+1

S e

[uiy

[ToncraBus (2.4) B Beipaxenue (2.3) misa U , momyunm:

1 n n n+m o n+m n_ n+m B B
U =292 20+ 2 7.8, +Ri,F}qi 3 {Zéj,qu + 25,4, +A,-,F}q,- . (29)
k=1

i= s=n+1 j=n+1] k=1 s=n+1

B cootBeTcTBUY C BhIpaxkeHus MU (2.6)

M_p My, (2.6)
oq; aq;

[o ycnoBusM paBHOBeCHs U HepaspbiBHOCTH Nepopmaimii R =0, A; =0.

[TogctaBuB B (2.6) BBIpakeHue (2.5) u BeIMOJHUB auddepeHITUpOBaHUE,

NOJIyYUM JIB€ CHUCTEMBbI JIMHEWHBIX aireOpanvyeckux YpPaBHEHUHM OTHOCHUTEIHHO

CMCIIaHHBIX HCU3BCCTHBIX qi, qj, KOTOPBIC B COBOKYIIHOCTH SBJIAKOTCA CHUCTEeMOM

KaHOHHNYCCKHNX ypaBHCHI/Iﬁ CMCIIAHHOI'O ME€TOAA.

n+m

R=00+ 30,0, +R, =0 (i=12,...0),
s=n+1 (27)

k=1
n - n+m
A=>0,0+D,60+A:=0 (j=n+l..,n+m).
k=1 s=n+1
Onepamust  auddepennupoBanus  (2.6)  TPUBOIUT  OJHOBPEMEHHO K
JI0Ka3aTeIbCTBY € Oojee OOmMMX TO3UIHUNA TEOPEMbl O B3aUMHOCTH pEaKIuid U

nepeMereHuii, T.e. f =—0; .

st Mmatpuibl K03 PUIUEHTOB CUCTEMbI KAHOHUYECKUX YPaBHEHHI CMEIIAHHOTO

MeToa (2.7), onmpeaensonield CBsI3b MEXIY Y3JIOBBIMU BO3JACHCTBUSIMHU M OTKIMKAMHU B
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y3J1ax Ha 3T BO3JCHCTBUS, B Hammx padorax [70, 78 u mp.] BBeIeH TepMUH-TIOHATHE
“Marpuiia OTKJIMKOB”, HauOojee MOJTHO COOTBETCTBYIOMIMN (PUHMUYECKOMY CMBICITY
KAaHOHMYECKUX YPAaBHEHUM CMEIIAHHOTO METOAAa U SBISAIOIIMMCS OO0OOIIAIOMIMM O
OTHOILLIEHHIO K TEPMUHAM ‘‘MaTpULa *KECTKOCTH B METOJE NMEPEMEIICHUN U “‘MaTpula
MOAATIMBOCTH B METOJE CHUJL.
Hcnonb3ys 3TOT TEpMUH, NMPEACTABUM CUCTEMY YPAaBHEHHMM CMEIIAHHOTO METOJa

(2.7) B MmaTpuuHOii hopme:
R
(D] 4" Lo, (2.8)

r r
rﬂe[D]: i s

- MaTpulla OTKINKOB CUCTCMBI,

RF - BCKTOP OTKJIMKOB OT BHCITHHX BOS)IGfICTBI/Iﬁ.
F
DJIeMeHTHI 0JOKOB JTOM MaTpulbl UMCIOT CMBICJI peaKuHﬁ B CBS35IX OCHOBHOM
CUCTCMBbI CMCIIAHHOI'O MCTOAa H HepeMGHIGHI/Iﬁ IO HAIIPABJICHUIO CHIIOBBIX
HCU3BCCTHBIX OT CAMHHNYHBIX CMGH_IGHI/Iﬁ ATUX CBS3€M U OT CUJIOBBIX HEM3BECTHBIX Ipu

HNX CIMHUYHBIX 3HAYCHUAX.

BekTop OTKIMKOB OT BHENIHMX BO3JCHCTBUU coaepkuT peakuumun R Bo

BBEJCHHBIX CBS3SX OT Y3JIOBBIX Harpy3oK, K KOTOPBIM IPUBEICHA MECTHAsl Harpyska,

pacupeneneHHas IO JJEMEHTaM OCHOBHOM CHCTEMBl M IiepeMemieHuss Ap 1o

HAIIPABJICHUIO CUJIOBBIX HEM3BECTHBIX OT HAIPYy3KH B OCHOBHOM CHUCTEME.

BekTop HEHU3BECTHBIX CMEIIAHHOTO METOAAa COAEPKHUT KaK HEU3BECTHbIC
nepeMenieHus (, Tak 1 Heu3BecTHbIC yerius (.

Cwmemannbiii  QyHkimonan (2.5) sBiseTcs KOHEYHOMEpPHOW  (yHKImein
0000IIeHHBIX Heu3BecTHBIX (,, ; W Harpy3ku F, T.e. JHCKPETHBIM aHAJIOTOM
dbynkimonana Peiiccuepa.

N3 ero cTpykTyphl BUJHO, YTO OH 00JIaIa€T JUIIb CBOMCTBOM CTallMOHAPHOCTH,

TaK KaK COOTBCTCTBYIOIIAA C€MY KBaJApaTU4YHasA (bopMa HC ABJLICTCA ITOJOXKHUTCIBHO

ONPEICIICHHOM.
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N3noxeHHBI aNrOpuTM HAXOXKIECHUS KOA(P(PUIMEHTOB CUCTEMBbI YPAaBHEHHI CO
CMEIIIaHHBIMA HEU3BECTHBIMH HAa OCHOBE Pa3JIMYHBIX SHEPreTUYECKUX (DYHKIIMOHATOB
SBJISIETCS. OOUICTIPUHATHIM B MEXaHHKE Ae(OpPMUPYEMOro TBEPIOro Tejla U TEOpUHU
ynpyroctd. OIHAKO B CTEPKHEBBIX M JPYTUX BHUAAX JHUCKPETHBIX CUCTEM I HUX
HaXOXXJICHUSI UCIIOJIb3YeTCS OOIIEU3BECTHBIM U3 Y4EOHBIX KYpCOB CTPOUTEIbHOU
Mexanuku [191 u np.] Gonee mpocToit MEeTOA, OCHOBAaHHBIM Ha (PU3HMUECKOM CMBICIIC
KaHOHUYECKUX YPAaBHEHUU CMELIAHHOIO METOJAa CTPOMTEIIbHOW MEXaHUKU. B
COOTBETCTBUM C HUM BC€ KOI(PQGUIIMEHTHI MaTpUIbl OTKIUKOB (2.8) 1 JIMHEHHO
ne(OPMUPYEMBIX CUCTEM HAXOATCS, Kak 3TO MMOKa3aHo B Hamux padorax [58, 85, 89],

Ha OCHOBC IMPUHIIHUITIA BO3MOKHbBIX U3MEHCHUU HI[C CUCTCMBEI.

2.2 ®opMupoOBaHHE MATPHUI OTKJINKOB CTEPKHEBBIX KOHEYHbIX 3JIEMEHTOB

HA OCHOBE€ KJIACCHYECCKOI'0 CMCIIAHHOI'O ME€TOAAa CTpOHTeJIbHOﬁ MEXaHUKH

2.2.1 KoHe4HbI# 3J1IeMeHT—CTEPKEHD

PaccMoTpuM MITIOCKYIO CTEPKHEBYIHO CUCTEMY M JIBA OCHOBHBIX THIIA KOHEUHBIX
AJIEMEHTOB, KOTOphIe Hanbojee yAoOHBI JJIsd pacuera Takux cucteMm (dhepM u pam) 1o
METO/Iy KOHEYHBIX DJIEMEHTOB B (DOpME KIACCUYECKOTO CMEMIaHHOTO METOa:

— INPSAMOJIMHEHWHBIM CTEpP)KEHb, I[IAPHUPHO 3aKPEIUICHHBIM 110 KOHLAM
(pucyHok 2.1, @) nist pacdyeTa mapHUPHO-CTEP>KHEBBIX CHUCTEM;

—  IPSAMOJIMHEMHBIA  CTEP)KEHb, JKECTKO  3aKPEIUICHHBIM MO  KOHLAM
(pucyHOK 2.2, @) 1uist pacyeTa MIIOCKUX CTEPIKHEBBIX CUCTEM C KECTKUMH y3JIaMHU.

Ha pucynkax 2.1, 6 u 2.2, 6 noka3aHbl BApUaHTbl OCHOBHBIX CUCTEM U MPUHSITHIX
B HUX 0003HAYCHUU HEW3BECTHBIX CMEIIAHHOTO METO/AA JJisi JBYX HAa3BAHHBIX BBIIIIEC

tunoB KO. (Crnegyer OTMETHTh, YTO TaKM€ OCHOBHBIE CHUCTEMbI HCIOJIB3YIOTCS B
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CTpOPITGJ'IBHOfI MCXAaHHUKE MdJIs1I HaXOXACHUA K03(1)(1)I/II_[I/ICHTOB IIpU HCHU3BCCTHBIX H

CBOOOJIHBIX WiICHAX KAHOHUYECKUX ypaBHEHUH MeToa cui [191u ap.])

y A R4’ q,
—
N=g,
Ay A
IR, q
B4, ‘
' v
A
IR, q, )
a 0

Pucynok 2.1 — a) npAMOIMHENHBIN cTepKeHb, IIAPHUPHO 3aKPETIEHHbIN IO KOHIIAM
0) OCHOBHas CUCTEMA

J1J1sl KOHEUHOTO AJIEMEHTA MEePBOTO TUIA!

0, d,, 0z, 0, - mepemenieHus no HampasieHuto peakuuit R, R,, R;, R, Bo BBeneHHbIX

cBa3sax, (- =N - HeusBecTHoe ycuiue MO HANpaBlIEHUIO yIaleHHOW B paspeze KO

CBSI3H.
R, q
A 52 S
y4 Y \ R4
0) AM \ 4
\
e QN [Rea,
\s R;, q; N \ 7
u 9
/5 X sz q2 Q CI7 X
M—q
Rl’ q, N:~8
q,
a 0

Pucynok 2.2 — a) npsIMOJTMHEWHBIN CTEPKEHbB, KECTKO 3aKPEIJICHHBIN 10 KOHIIaM
6) OCHOBHAsI CUCTEMA

Bo3moxHbBI 1 APYruc¢ BapHAHTBI OCHOBHBLIX CHCTCM CMCHIAHHOI'O MCTOJA JIA

3TUX TUIIOB KD.
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JI7g 3HAaKOB yCWIW, CWJI, NEPEMEIICHUM U PEaKUMN MCHOJIb3YIOTCS IPAaBUIIA,

IIPUHSATHIE B CTPOUTEIBHON MEXaHUKE.

Jnsa  paccmarpuBaeMmbix THHOB KO,

HMCIOIMNUX CTATUYCCKU OIPCACINMBIC

OCHOBHLBIC CHUCTCMBbI, 3JICMCHTBI MAaTpHIl OTKIIMKOB IMOJIYYarOTCA HCIIOCPCACTBCHHO M3

dbu3MYecKoro cmbicia 3ajadd,

T.C.

U3 YCIOBHMHA Hepa3phIBHOCTH Jedopmaiui,

CTaTHYCCKUX YCJIOBI/Iﬁ paBHOBECHUS U KMHEMATHYCCKHX yCJ'IOBHﬁ, KaK 2TO IIOKa3aHO B

Hammx padorax [20, 84, 86, 89, 155] u monorpaduu [58].

Martpuily OTKIMKOB KOHEYHOTO 3JEMEHTa MO aHajoruu c (2.8) 3amuiieM B

OJIOUHOM BHJIE:

r r

[d]

=5 5|

(2.9)

I[J'IH KOHCYHOI'O 3JICMCHTA B BUC MIAPHUPHO 3aKPCIIJICHHOTO IO KOHIIAM CTCPIKHA

0JIOKM MaTpUIIbl OTKIMKOB UMEIOT CIIEIYIOUIYIO CTPYKTYPY:

[I‘] - KBaJlpaTHas HyJeBas MaTpHIla YETBEPTOr O MOPSIAKa,

[61=] Yeal: [8]=-IFT =[sine

I[J'I}I KOHCYHOI'O 3JICMCHTAa BTOPOI'O0 TUIIA - B BHUAC KCCTKO 3aKPCIINICHHOI'O IIO

COSo

—sina

—cosa].

(2.10)

KOHIaM CTCPIKHA OJI0KH MaTpUIbl OTKIIMKOB UMCHOT ITPUBCACHHYIO HUKE CTPYKTYPY:

[r] - KBaJIpaTHas HyJIeBas MaTpULA LIECTOrO MOPAJIKA,

|3

12El

ki
+ _
GA
0
0

[ cosa O
L

2
_ —sina O
| —cosa O
LY

2
] Ssina 0

—sina |
0

—COS
sina

cosa |
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HpI/I BBIYMCIICHUU D3JICMEHTOB OJ0Ka O MaTpulibl OTKIIMKOB 34 BO3MOYHBIC
COCTOAHUA IIPUHUMAIOTCA I[GI\/'ICTBI/ITeJ'IBHBIG, COOTBCTCTBYIOIIHUC CTaTH4YCCKU

OIPEAEIUMON OCHOBHOU CUCTEME:
1-6, J kdx+andex+I kdx Oiin (2.12)

rae 77 — KodpPpuuueHT, yauThIBatomuil GopMy MONEPEYHOTO CEUEHUS CTEPIKHS.

B obmem ciydyae snemeHThl Ojoka [, MOryT OBITh Takke HaWIEHBI C
HCIIOJIb30BAaHMEM B KauyecTBE BO3MOXKHOTO €ro JAEHCTBHUTENbHOE Ae(POpPMHUPOBAHHOE
COCTOSIHME B OCHOBHOHM CHCTEME METO/a MEePEeMEIICHUI MPH €AMHUYHOM TepEMEIICHUN

COOTB@TCTBYIOH_ICI\/JI CBJsI3H. B JaCTHOM CJIyLIae yqua TOJIBKO I/I3FI/I6aIOH_II/IX MOMECHTOB.
LM

& J k

P _IE—dx wm F, IMJ;(kdx (2.13)
0

rae x, - KpuBU3HaA K> B BO3MOKHOM COCTOSIHUH.

[Mpounntoctpupyem 310 Ha nnpumepe K3 B Buje n3rubaeMoro crepxHs (pUCyHOK

2.2, 6).

Jnst Beruucnenus koddduiumeHToB [, 0,y u [,; BO3BMEM B KadecTBe
BO3MOXHBIX €IMHMUYHBIE CMEIICHHS CBs3ed B OCHOBHOM cHCTeMe MeToja
nepememnenuii: ¢, =1 u g, =1.

Bremonusis IMMCPCMHOKCHHNC COOTBCTCTBYIOIIHUX OSIIIOP I/ISFI/I6aIOHlI/IX MOMCHTOB,

HaXOIUM:

I —_ = I —_— =
1, :jM72’:1dX:1, 11, :jM7I';/:2dX :_IE’

0 0

I J— = I —_ =

M .M. dx M .M dx

1= —=0, 1= =

-([ El -([ El

OTU BhIpaXXEeHUS 1711 KO3P(PUIMEHTOB COBNAAAIOT C MOJYYEHHBIMHU Ha OCHOBE

ycaoBuii cratndeckoro pasHosecust (2.10) mpu a =0.
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Koadppunmentst  610ka [5 } ONPENENAIOTCd WM U3  KUHEMAaTHKO-

Tr€OMETPUYECKUX YCIOBUM, WJIM HA OCHOBAaHMU TEOPEMbl O B3aUMHOCTU PEaKUUd u
[IEpEMELICHUM:
[5]=-[r]". (2.14)

Bripaxkenue (2.14) HocuT 00Nl XapakTep B CTPOUTENIbHON MEXaHUKE U TEOPUHU
yOPYrOCTA W Ha3blBa€TCid  MPUHIMUIIOM  JBOWCTBEHHOCTH  CTATUYECKUX U
Tr€OMETPUUYECKUX YCIOBHIM.

Kak yxe ormeuanoch Bbilie, pacyeT nmo MKD BemonHsieTcs Ha BO3JeHCTBHE
Harpy3Ku, NpUJIOKEHHOHN B y3J1aX CO€AMHEHNUS YIEMEHTOB MEXKIY COOO.

Beruuciienne kodQ@UIMEHTOB MOABEKTOPOB [ M O ans kaxgoro KD He
Npe/CTaBisieT TpPyAa, Tak Kak OCHOBHasi cuctema st KD sBisercs craTudecku

OHpG}ICHHMOﬁ. Beanuunsbl rF HaXOJATCA KaK PCAKIHUH BO BBCACHHBIX CBA3AX OCHOBHOM
CUCTCMBI OJIA K5 or Harpys3ku, pacnpeaeneHHOﬁ 10 €ro MJIMUHE, a BCIIMYHHBI 5,;

HaxoaATCd KaK IICPpEeMCIICHUA OT TOM XK€ HAarpy3kKm II0 HAIIPaBJICHUIO CHIIOBBIX

HCU3BCCTHBIX q B OCHOBHOM CHCTEME.

Ha pucynke 2.3 mpeacTaBieH KOHEUYHBIM JJIEMEHT C YOPYro-NMOAATIMBBIMU
CBA3SIMHM IO KOHIIAM, MO3BOJSIOIIMI MOJEIUPOBATh CTEPKHEBBIE KOHCTPYKIUU C
NOJATJIUBBIMU y3JIOBBIMU COEAMHEHUSAMU CTEPKHEN B y3JIaX.

OcHoBHast cuctema, s TAaKOrO KOHEYHOTO OJJIEMEHTa, OyJeT aHaJloru4Ha
NPE/ICTaBIICHHON Ha pUCyHKE 2.2, TO3TOMY OCTaJbHbIe OJIOKH MATPHUIIBI OTKIUKOB JIJIs

HETO, 33 UCKJII0YCHHEM OJI0Ka [I], 0CTalOTCs HEN3MEHHBIMH.

I

y
C2 Cs
AP E,GLA ")
H K X
¢ Cy
[ L [

Pucynok 2.3 — KOHEuUHBI1 3JIEMEHT C yNIPyro-noAaTiuBbIMU CBI3SIMU
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B Gnoke[r]| maTpuusl otkiukos 31oro KO Hekotopsle ko3 duumeHTs OymyT He

HYJICBBIMU:

O O o o o O
O o o o o
O O O O o o
o oL o o o
o5 O o o o
O O O O o o

TAc Ci - p€akuuu OT CAMHUYIHOTO CMCUICHUA CBSI3CH B YHPYFOHOHaTHHBOﬁ o11ope.

PaCCMOTpI/IM cuic OJWH BaApHUAHT OCHOBHOH CHCTEMBI A1 KOHCYHOI'O

3JIEMEHTA-CTEPIKHSI, TOKAa3aHHOTO Ha pUCYHKE 2.4.

Y A
M,
RiNS >
R3C 1 x
R,

Pucynok 2.4 — Bropoii BapuaHT KOHEUHOT'O 3JIEMEHTa-CTEPHKHS

PaccrositHue oT omophl 10 MecTa YCTaHOBKHM IIapHHpa OECKOHEYHO Majo, II0
CpaBHEHHIO C JUIMHOW cTepkHA. [lo 3TOW mpuYMHE MOXKHO CYHMTATh H3THOAOIINE
MOMEHTBl IPUIOXKEHHBIMM KOHIIAaM cTepkHA. Ho B TOXe BpemMs OHH HeE
pPacIpOCTPaHSIOTCA HA JIPyrue MPUMBIKAIONIUE K Y31y cTepkHu. [Ipu nmanHOM BRIOOpE
pPac4YeTHON CXEMBbI YAOBIETBOPSETCS YCIOBHE COBMECTHOCTH Jedopmariiii B 3aJaHHON
CUCTEME U SKBHBAJICHTHOCTh OCHOBHOW W 3aJaHHON cucteM. O4YeBHIHO, UYTO, KaKk U B
NpEAbIAYIIEM  BapuUaHTE, OCHOBHAas CUCT€Ma CTAaTUYECKU  OIpeaennMa, Hu,
CJIE0BATEIIBHO, MATPHULA OTKJIMKOB JJISI 3TOTO BapUaHTA KOHEYHOI'O AJIEMEHTA MOXKET
ObITh TmoONydeHa O0e3 o0coObIX TpymHocTed. Paccmorpum moapoOHee TMOydeHUE

MaTpuIlsl oTKIMKOB d 1 KO, mokazaHHOTO Ha pUCyHKE 2.4.
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JI11st Hero BBeJEM CleAyIoIue 0003HaYEHUsI HEU3BECTHBIX:

0y,-.., g - IEpEMEIICHHS 10 HAIIPABJICHUIO COOTBETCTBYIOIUX peakuuit R,..., Ry,

G, =N, G;=M,, §,=M, - HeusBecTHbIC yCUIMA B yJAICHHBIX CBA3SX.
[locnenoBarenbHO 3ajaBasi KaxJIOMy M3 HEHM3BECTHBIX COOTBETCTBYIOILEE

CAMHUYHOC TMCPEMCHICHUC HWIKW YCHIIMC W pacCMaTpuBas YCIOBHUA CTAaTHYCCKOIO

paBHOBECHA, (1)I/IBI/I‘ICCKI/IC U TCOMCTPUYCCKHUEC COOTHOIICHUA OJIsI KOHCYHOI'O 3JICMCHTA,

mojrydyacm 010K MaTpullbl OTKIINKOB.

HenyneBbie 610KkM UMEIOT CIEYIOUIUN BU/I;

sinad  sina |
—-co0Sa  — |
] ] ) cosa cosa
— 0 0 —Sina -
EA |
I I 0 1 0 . T
ol=| 0 — —|,[[]|= ] ] o |=—|F|. 2.15
[ ] 3El 6El [ ] Sinx Sinx [ ] [ ] ( )
coSa _—
o |
i 6El 3EA ] sing _Cosa  cosa
I I
0 0 -1 ]

bnok r PAaBCH HYJIIO, TAK KaK OCHOBHAaA CHUCTCMA CTATUYCCKHU OIIPCACIMMAs, U

CMCIICHHUA KHHCMATHYCCKHNX CBSI3€H HE BBI3BIBAIOT pCaKHI/Iﬁ.

2.2.2 KoHEeYHBIN 3JIEeMEHT B BH/I€ CerMEHTA KOJbIA

Ilo anmamorum c PaCCMOTPCHHBIMHA BBIIIC BapHaHTAMH CTCPKHCBBIX KOHCYHBIX
9JICMCHTOB MOTI'YT OBITh IIOCTPOCHLI @HSHHGCKO-M&TGM&TI/I‘{eCKI/Ie MOACIN KOHCYHBIX

3JIEMEHTOB B BH/IE CETMEHTA TUIOCKOT0 KOJblla (pPUCYHOK 2.5).
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q3

RN a2l o 7R RN a2 % /R

y Y

a o
Pucynok 2.5 — BapuaHTbl OCHOBHOM CUCTEMBI I KOHEUHOTO PJIEMEHTA B BUJIE
CerMeHTa IJIOCKOT0 KOJIbI[a: IePBbIH (@) 1 BTOPOH (6) BapHaHTHI

Hnst dusmdeckoil Mojaenu IMEepBOro BapuaHTa (PUCYHOK 2.5, @) moiiydaem IO
U3JIOKEHHOMY  BbIIIe  anroput™my s KD-CTepkHs Bce  BBIpOKECHUS IS

K03 (HUIIMEHTOB MATPHUIIbI OTKIUKOB.

B Gnoke [r] BCe K03 (HUITMEHTHI HYJIEBBIC.

B Gmoke [F] JU1s1 IeBOM M0JIOBUHBI KD U3 yCI0BUM CTATUKHU MOJTYyYaeM:

~

> a a ~ ~ . a
f,=—C0S—, =0, fy=-sin—, r27—Rsm—, fg=1 fy=—R[1-sin— |,
' 2 2 2 ’

> . ~ o a

r3,7=sm? Fg=0, ;g =—COS—.

Jlns npaBoii mosmoBuHBI KD BeIpakeHus 11l K03(QGUIIMEHTOB 3TOTO 0JI0Ka OyIyT

OTJIMYATHECA TOJIBKO 3HAKAMMU.
~ ~T
[5 ] = —[r] .

Bripaxkenus st K03GHUIIMEHTOB B OJI0Ke [5 ] MOJIy4aroTcs, Kak v B ciiydae KO-

CTEP>KHS, C UCIIOJIb30BAaHUEM MHTErpana Mopa, HO B MOJSPHON CUCTEME KOOPIUHAT:

5—IMM

ij

‘da+JkQ(i‘d +j ‘da (i=7,8,9;j=7,8,09)

0

Jliis kosbiieBoro KD ¢ OCHOBHOW CHCTEMOW BTOPOTO BapuaHTa (PUCYHOK 2.5, 6)

0J10K [I’] TaK)Ke HYJIEBOM.
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Jl1st 31eMeHToB 0J10Ka [i’] U3 YCIIOBUY CTaTUKHU CIIEAYET:

1 . 1 1 1

I71 =7 I’2’7=—1, 7= y 7= ) I’5’7—0, '2,7—_2f'

~

OnemeHThI 6110K0B [F] U [5], OTHOCSIIHECS K BO3AeHCcTBUIO O, =1, He MoryT
ObITh HaAWJEHBl W3 YCJIOBUH CTaTMYECKOro paBHOBecHs win cMemeHud KO kak
’KecTkoro nenoro. I[Ipu kuHemaTHyecKoM BO3AEHCTBUU (; =1 MPOMCXOIUT U3MEHEHUE

FGOMeTqueCKOﬁ KOH(i)I/II‘ypaHI/II/I KOHCYHOI'O 2JICMCHTA KaK MCXaHHM3Ma C U3MCHCHUCM

yria HakioHa xopa AC u BC, KOTOPBIMH MOHO YCJIOBHO NPEIACTABUTH MOIyapKH

(pucyHoOK 2.6).

X

AC=DC=d
A'C'=BC'=d
6

PucyHok 2.6 — KoHeuHbIi 3JIEeMEHT KOJBIEBOrO TUMA: @) AEHCTBUTEILHOE COCTOSTHUE
6) BO3MOKHOE COCTOSTHUE

N3menenne mapamMeTpoB TE€OMETPUUYECKONW KOH(PUTYpAIlUU paccMaTpUBAEMOTO

KD B 3aBuCHMOCTH OT KHHEMaTHYECKOTO BO3IEHCTBUS (;, =1 MOKHO HAWTH, HCTIONB3YS

MPUHIIMIT BO3MOXHBIX TiepeMenieHuid. (B maHHOM ciydae TakuM OIpEIEIISIOIINM
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mapamMeTpoM SBJISETCS YroJl HAaKJIOHA XOPJ NP CMEIIESHUH JICBOW OTIOPHI Ha BETUUNHY
g, =1).

PaccmarpuBas cocrosaue KD monm marpyskoir K =1 (pucyHok 2.6, a) kak
NEUCTBUTEIILHOE, a COCTOSIHUE C W3MEHEHHOW KOH(Urypanueil (pucyHok 2.6 6) Kak
BO3MOXHOE€, HaijeM paboTy CHI JEeHCTBUTEIHLHOTO COCTOSIHHS Ha BO3MOKHBIX
nepemeIneHusx ot o, =1:

_ |
RA,X g, = K 'Ac,yﬂ T.C. H'lzl'AC,y'

N3 reomerpun KO cnenyer:

o« a
| =2Rsin=, f =R|[1-cos& |, B=—, 2.16
5 f R(l coszj B 2 (2.16)

fi=1f+A,, sing 1=%=sin(ﬁ+5,8)
B passepnyTom BuzE:
sin B, =sin fcosop +cos fsinop .

Tak KaK, II0 OIPCACIICHHNIO, BO3MOHBIC IICPCMCHICHUA ABJIAKOTCA MaJIbIMU

BCIIMYHNHaAMU, T.C.

cosopf =1, sinof=op,

TO sinﬂlzsinﬂ+(5ﬂ)cos,8:%. (2.17)
N3 (2.17) Haxoaum
1 . : 1
SB = — - 2.18
B = s (SNASINB) = o (2.18)
CrnenoBarteiabHO,

57,3 =-of, 58,3 =op, 59,3 =-3f.
ITo ananmorun HaXOAUM

57,6 =-0p, 58,6 =, 59,6 =-0p .
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M3 HalJEeHHBIX BBIPAKECHUH IS DIEMEHTOB OJIOKOB [F], [5], [5]

bOpMUPYIOTCS COOTBETCTBYIOIIUE MATPHUIIBI OTKIMKOB ISl IBYX BapUAHTOB OCHOBHOM

CHUCTCMBI paCCMAaTPpUBACMOI'0 KOHCYHOI'O 3JICMCHTA.

2.2.3 KoHe4YHBIi 3J1eMEHT B BH/Ie IBYXCJIOMHOM 0aJIKM H KOHEYHBbIH 3JIEMEHT

MPOCTPAHCTBCHHO-OPUEHTHPOBAHHOI'0 KOHECYHOI'0 3JIEMECHTA-CTCPKHA

B BbIMONIHEHHOW 10 HAIIUM PYKOBOJCTBOM KaHAWAATCKOW JHCCEPTAINU
B. B. I'a6oBoti [19] nony4eHbl MaTpUIlbl OTKIMKOB CIIOXKHOTO KOHEYHOTO JJIEMEHTAa B
BUJIC JBYXCIOWHOW OaJKW ¥ MPOCTPAHCTBEHHO-OPHEHTHPOBAHHOTO KOHEYHOTO
AIIEMEHTAa-CTEPHKHS.

C nenpro aHanm3a 3(PGEKTUBHOCTH PA3IMUHBIX BUIOB OCHOBHBIX CHCTEM IS
CJIOHOTO KOHEYHOTO JJIEMEHTa B BHJE ABYXCIOWHOW Oanku (pucyHOK 2.7)

paCCMOTpeHO HOCTpOCHI/Ie COOTBCTCTByI'OHII/IX ManI/IH OTKJINKOB.
E1L1 A

h2

E> 1Az
I=L/2 li=L/2

1y
Pucynok 2.7 — KoHeuHbI# 37IeMEHT B BHJI€ IBYXCIIONHOM OaKu

OcHOBHas cHUCTEMa KOHEYHOI'O 3JIEMEHTa 3aBUCUT OT NMPUHUMAEMOMN pacyeTHOM
cxembl. CaMO¥l TPOCTOHN SABJISETCS NHUCKPETHAs pacyeTHas cXema, M300pakeHHas Ha
pucyHke 2.8, B KOTOpPOM BCE CHJIbl B3aUMOJICHMCTBUS CJIOEB COCPEJOTOYEHBI B
pacuetHbIX Toukax A, B, C OCHOBHBIX CHCTEM JIBYX KOHCUHBIX 3JIEMEHTOB IEPBOTO

YPOBHS, 32 KOTOPbIC MPUHUMAIOTCSI CIIOM Oanku (PUCYHOK 2.9).
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L L I g
1 KW 1 =
A] . Bl- [ .Bz . g_ -
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! h=L/2 K3% Ii=L/2 4L o
=

'y
Pucynok 2.8 — JIluckpeTHas pacueTHas cxeMa KOHEUHOTO 3JIEMEHTA B BUJE
JBYXCIIOMHON Oanku

E F
2 2
Y Y
1 ~(1) ~(1) 1)
qu )A e ~m /rq"‘ (ls‘
q;‘”‘ - i | =N
Al ‘;.\3 X:‘ Bll Bl‘ _;X: X - (g
T XCI‘/' : ‘Q'r‘ q0r
X) Xy .;(
2) 152 Vs Ch . @
qz" T Xs .Bz-‘qx P 5% x, Xy >2‘ X
e 7% Gt 7.(2)
%A ) % 4B, i ??)
T4 va;(z) 'qv7t2) va.”
'y

PI/ICYHOK 2.9 — OCHOBHBIE CUCTEMBI ABYX KOHCYHBIX 3JICMCHTOB IICPBOI'O YPOBHA IJIA
KOHCYHOTI'O 3JICMCHTA B BHJIC HBYXCHOﬁHOﬁ Oaaku

Ecimu momycTuTh, YTO CHBHTAIONIME YCHIUS | MEXKIy CIOSMH KOHEYHOTO
AJIEMEHTa PACHPENCNICHbl MO JIMHEHHOMY 3aKOHY, TO IIOJIyYUM BTOPOW BapUaHT
pacuetHo cxembl (pucyHok 2.10), ocHOBHas cuctema il KOTOpPOH ITOKa3aHa Ha
pucynke 2.11. PacmpeneneHHbIi W3rHOAOMNUIA MOMEHT U PACHPECICHHYIO
MPOAOJIBHYIO HAarpy3Ky Ha KOHEUYHBIM 3JIEMEHT IIEPBOTO YPOBHS B TAaKOM OCHOBHOWU

CUCTEME CO3JIAl0T  pACTpPENCICHHBIC CIBHUTOBbIC  OOOOIICHHBIE  HEU3BECTHBIC

Xy Xy Xgy X,
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B,
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Pucynok 2.10 — Bropoii BapuaHT pacueTHON CXEMbI KOHEYHOTO PJIEMEHTA B BUJIE
JIBYXCJIOMHOW Oaku

()]

()
qu?z”:Al —— ]31—————-%“&6(1)d
3 01 — ‘ 1 I 5 B C, 5
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Pucynok 2.11 — OcHoBHas cucteMa Jijisi BTOpOTO BapHaHTa pacyeTHOU CXEMBbI
KOHEYHOI'0 JIEMEHTa B BUJIE ABYXCJIOMHON Oanku

BripaskeHust 111 3JIeMEHTOB COOTBETCTBYIOIIMX MATPHI] OTKJIMKOB MPUBEJIEHBI B
yIIOMSIHYTOH BbIlIe aucceptanuu B. B. ['adosoit [19].

Taxoke B BBITIOJIHEHHOM IOJT HAIIUM PYKOBOJCTBOM Juccepranuu B. B. 'aboBoi
[19], ocymectBnén  BbIBOJ  KOI(PPHUIMEHTOB  MATPUIbI  OTKIMKOB  JUJIS
MIPOCTPAHCTBEHHOTO KOHEYHOTO 3JIEMEHTA C HayaJoM B Hauyaje KOOPJIWHAT M KOHIIOM B
touke C — HMeIENd KOOpAUHATBL X., Yo, Zo, HUMEHOIIEro 12 HEW3BECTHBIX

nepeMenieHuit (pucyHok 2.12).
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Pucynok 2.12 — IIpocTpaHCTBEHHO-OPUEHTHPOBAHHBI
KOHEUYHBIN 3J1EMEHT-CTEPKEHD

2.2.4 BapuaHT MOCTPOEHUSI MATPHUIbI OTKJIUKOB KOHEYHOI0 3JIeMEHTA

npeodpa3oBaHHEM €ro MATPHUIIbI KECTKOCTH

[IpencraBum Matpuiy xkectkoctd KD B G1109YHOM BHE, pa3/ieliuB HEU3BECTHHIC

Ha JB€ IpyNIbl: (, - JUHEHHBIE IEepeMelleHnus cBsa3eil I' B y3max KO m Q. - yrisl

noBopoTa cBsizeil S B y3imax KO. B cooTBeTcTBUUM € 3TUM pa3/ieIEHUEM MOJy4aeM JBa

MATPUYHBIX YPABHEHUS:

1.K,0 +K.q, =R, (r=12,....,n),

(2.19)
2.K,q, +K 0, =M, (s=n+1 n+2,...n+m).

3nece R, — peakuuu B I nuHEHHBIX CBA3AX, M, — peakTUBHbIE MOMEHTHI B S

Y3JIOBBIX CBSI3SIX.
[ToctaBuM 0OpaTHYIO 3a7ady: MPH 33JaHHBIX NepeMemeHusx 0, u peakmusx M.
B YIJIOBBIX CBSI3SIX HAaWTH COOTBETCTBYIOIIYIO MM MAaTpHIly peakuuii R~ u maTtpuiy

HepeMeIleHuil ;" YIJOBbIX CBA3EH, T.€. IOCTPOUTh MATPUILY OTKIMKOB
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R, R
dl= re rs 2.20
[ ] |:55r 553 :| ( )
Y COOTBETCTBYIOLIYIO €11 CUCTEMY MAaTPUYHBIX YPAaBHCHUN:
1. I:arrqr + RrsMs = R:'

' (2.21)
2' 5srqr +5SSMS = qS :A

.
Jlns BemmosiHeHUsT mepexoqa oT (2.19) k (2.21) nalimeM U3 BTOPOro ypaBHEHUS

cuctemsl (2.19)
q. = Kss_l(MS — Ksrqr). (2.22)
[ToacTaBuUB 3TO BBIpaXKEHHE B TIEPBOE ypaBHEHUE CUCTEMBI (2.19), momyuum

K,q, + KK (M, -K,q,)=R. (2.23)

Is” °SS

VYpauenus (2.22) u (2.23) npeacTaBuM B CIeAYIOLUIEM BUE:

1' (KI’I’ - KrsKssiler)qr + KI’S KssilMS = R:’

(2.24)
2. — Kss_lerqr + Kss_lMs = q:

CpaBHUBas 3TH ypaBHEHHs C YpaBHEHHUSIMH cuUcTeMbl (2.21), HaXoauM, 4YTO OHU

HNICHTHUYHEI, T.C.

Rrr = Krr -K.K _1Ksr J

rs” °ss

Rrs = Krs KSS_l’

é‘sr = _Kssiler = _( Rrs )T J
535 = Kss_1 J q: = As :

(2.25)

TodyHO Tak k€ BO3MOXKEH MEpPEeX0J OT MaTpuIlbl OTKIMKOB (2.20) kK Matpuiie
AKECTKOCTH KOHEYHOTO AJIEMEHTA.

N3 BTOpOro ypaBHeHus cucremsl (2.21) cnegyer
Ms :5ssil(q: _5srqr)' (226)
[locne moicTaHOBKH B IEPBOE ypaBHEHUE MOIYYaeM CIIEIYIONIEEe ypaBHEHUE:

R0, + R0 (0, - 5,9, )=R;. (2.27)

s~ ss
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CoBMecTHO ¢ ypaBHEHHEM (2.26) 3TO ypaBHEHHE SIBJISIETCA CUCTEMOM ypaBHEHUI

METOJa NEPEMELICHUM:
1. Rrrqr + Rrsé‘ssil(qs - 5srqr) = R:’

2. Ms = 5ssil(q: _5srqr)'

[loncraBuB B Hee 3aBUCUMOCTH (2.25), IpUXOAUM CHOBA K CUCTEME YpaBHEHU

(2.28)

(2.19), ko3P duLMEHTH MPU HEU3BECTHBIX B KOTOPOH SIBISIOTCS SJIEMEHTAMU MaTPHUIIbI
xectkoctu KDO.

Heo6xoauMo OTMETUTh, YTO PACCMOTPEHHBIA BapHAHT IMOJTYYEHHS MAaTPHUIIBI
OTKJIMKOB KOHEYHOTO 3JIEMEHTAa BO3MOXEH TOJBKO B TOM ClIy4ae, KOrja KOJUYECTBO
HEU3BECTHBIX B y3J1aX OCHOBHBIX CUCTEM METOJa MEPEMEIICHUN U CMEIIaHHOTO METO/Ia

OJMHAKOBOE.

2.3 @opmupoBaHNe MATPHUIl OTKJIMKOB IVIACTUHYATBHIX KOHEYHBIX 3JIEMEHTOB

2.3.1 MaTpuua OTKJIMKOB M3ru6aeMoro npsiMoyrojibHOro KOHe4Horo

JIEMEHTA-IUVIACTHHKHY ¢ 16 cTeneHsIMH ¢CBOOOIbI

PaccmoTpum mporiecc ¢hopMHUpOBaHUS MAaTPUIBI OTKIUKOB ISl IPSIMOYTOJIBHOTO
KOHEYHOTO 3JIEMEHTa, pa00TarOIIeTro Ha U3TM0 MPH ICUCTBUH MOMEPEUHON HATPY3KH.

Bnepseie, kak 3TO OTMEYEHO B TJlaBe 1, Takas OCHOBHAs CUCTEMA CMEIIAHHOTO
Merona mns KD-mmactuHku Obuia BBeAeHa A.M. MacnennukoBeiM [119, 120] ms
pacueta u3rubaeMbIX IUIACTUHOK. B 3TuMX paboTax HE HCHOJb30BAJIOCh MOHITHE
“Marpuiia OTKJIMKOB” W HE pacCMaTpPUBAIUCh OCOOCHHOCTH M TEOPHS MOTYUYECHUS
KO3 (PUIMEHTOB MPU HEM3BECTHBIX B PA3PEIIAOIINX YPABHCHHUSIX.

OcHoBHast cucteMa cmemaHHoro meroga Takoro KO (pucyHok 2.13) Oymet

CTaTUYECKU HEOIPEACITUMOM.
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Ha »TOM Xe puCyHKe I©OKa3aHbl OOOOILECHHBIE Y3JIOBBIE HEU3BECTHBIE, 3a
KOTOpBIE TPUHATHI BEPTUKAIbHBIC JIMHEHHBIE CMelleHus Z, MO JBa H3THOAIOINX

MOMeHTa 10 Hampapienusm oceii OX m Oy, (M, m M ) W KpyTAmmid MOMEHT
(M w =M, ) , M X TI0JIOKUTEIbHBIE HAIPABIECHU.

i .
M, Iy
/“ y

Pucynok 2.13 — OcHOBHas cucTeMa CMEIIaHHOTO METO/Ia ISl KOHEUHOTO DJIEMEHTA,
paboratoiero Ha U3rud Mpu AEUCTBUM MOMEPEYHON HATPY3KH

O0o03HauuM 3TH HeusBecTHbIE (,, (t=1,2,...,16). Bekrop HEHM3BECTHBIX HMEET

i {q} =], 0, G G, G G G; Gy o Gho Gua i s Gre Gus Gis |

B arom Bektope kommoHeHTHI 0, (1=1,2,3,4) oTHOCATCA K HEU3BECTHBIM
JIMHEWHBIM CMENICHUSIM: qu,qz,qB,q4J:in,zj,zk,z,J, a ¢, (t=5,6,...16) k cunoBbM

HEM3BECTHBIM qu,qe...q“w,qlsj:LMi,M‘y,MXj,Myj,Mf,M'y‘,ML,M;,M‘ M) M, M

xyr Y xyr Y xy
@OyHKIUIO TpOrMOOB KOHEYHOro siaeMeHTa Z=W(X,Y) NOpHMeM, KaKk W IIpH
pacuete mo MKD B mnepeMmemeHusx, B Bujae (YHKIHH, YIOBICTBOPSIONICH
muddepeHnraTbHOMY YPaBHEHUIO U3THOA OPTOTPOITHOM TUTACTUHKHU:
4 4 4
p, 2% op, 9® 4p 9P 4 (2.29)
OX ox oy oy
3mecs E,, E,, ,, p1,, G, - monynu FOHra, koaddurmentst [lyaccona u MOyIb CABHIa

JJIA TJIaBHBIX HaHpaBHCHHﬁ; h — TOJIIIIMHA IIJIACTUHKMH,
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Eh® Eh* Gh®
X D =—— - xectkocty m3ruda W KECTKOCTH

x:—’D =AY
20— ) 7 120-pu) T 12

Kpy4eHUs! 71 IIaBHBIX Hanpasinenud; D, =D,y +2D, =D u +2D, .

E
711 U30TpONHLIX actud E. =E =E, u =, =u, G = :
| Tp X y M=M= H 2L+ 1)
3
Dx:Dy:ny:D:LZ'
121 - u°)

Takolt ¢GyHKIMEH, yIOBIETBOPSIOIICH YypaBHEHUIO (2.29) sBIsSETCA TMOJTHBIN

OMKYyOUUYECKHI MOTMHOM C MPOU3BOJIBHBIMU KO3 (HULIMEHTAMU

W(X, Y) = & + QX + oY + X2 + Xy + oY + X + agXCy + ap Xy’ +

Y’ + 0oy XY + Xy + o XY+, XY+ XY 4 oy XY

KOTOPBIH MOXKET OBITh MPEACTABICH B MATPUIHOM BHJIC

z=w(x,y) =] @,(x,») [{a}, (2.30)
rae L(Dl(x,y)J = Ll,x,y,xZ,xy,yz,x3,x2y,xy2,y3,xgy,xys,xzyz,xgyz,x2y3,x3y3J,

(a)=| oyt |

BeKTOp KpHUBU3H CpGI[HHHOﬁ IMOBCPXHOCTHU KD OIIPCACIIACTCA BbIPAKCHUCM
{x}=[B]{a}, (2.31)
34€Ch

T
{Z} :LZX’Zy’ny’ZyXJ !
[B]={o}[@ux ) ]=

0002002y 0 6x 0 6xy 0 2y® 6xy> 2y® 6xy° |
|000 020 0 2x 0 6y 0 6xy 2x* 2x° 6xy 6x%y
100000 1 2x 2y 0 0 3x* 3y% 4xy 6xy 6xy> 9x%y’
0 00001 2x 2y 0 0 3x* 3y> 4xy 6x°y 6xy* 9x%y?|

2 2 2 2
{a}:{a 2 & o

.
) , , - MaTpuaa-ornepaTop anu CPCHUOUPOBAHU A
o oy oxdy ayaxJ p paTop auddep p
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Mowmenter M iy),M §X) ,M,, MOTyT OBITH HalICHBI 1O (POpMyJIaM:

2 2 2 2 2
S S, =D, (e SEYM,, =M, =20, T8

Xy yx Kp 8Xay
BexTops! ycunuii u neopmanuii cBa3aHbl 3aBUCUMOCTBIO:

M, =-D,(

MX
My
(N} =L [C]{) -~ [CI[B]fa). 23)
Xy
|\/|yx)
D, D, 0
Jlns oprotpomnHoro matepuana: [C]= [())“ [())y 2([))k : (2.33)
0 0 2D, |

Bekrop {q} Moxer OmITh momydeH u3 BeIpaxkeHmid (2.30) m (2.32) myrtem

TMOJCTAHOBKH KOOPJMHAT y3JI0B M CBsI3b ME@X1y Bektopamu {q} u {a} ompenensercs

BBIPAYKEHUEM
{af =Mi{e}. (2.34)
B Beipaxkennu (2.34) NpuHATHI CIAEAyIONTHE 0003HAYEHHS:
D%, ) | [ D,(x;,3,) |
D (x5, ;) D, (x., v
—® - @1('xt’yt)= L , 3( i yl)
1(xt’yt) D, (%, 1) CDZ(xj!yj)
v,]= D, (%, 1) | D,(x, ) | {@2(xt,yt)}_ Dy(x;,¥;) (2.35)
1 @3(xt’yt) | _®4(xi'yi)_ Dy (x, 3,) D,(x, %) ’ -
D,(x, ) o, ( ) ®4(xj,yj) Dy(x,, ¥y )
- - X, V)= :
et D, (X, 1) D, (x, 1)
_@4(x|,y|)_ _®3(xl'yl)_

2

e () =D, | B 5 [+ D, -%-chl(x,y)ﬂ,

®,(x,y)=-ID, -%-chl(x,yuwy-%-L@l(x,y) 1
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2

D,(x,y)=-2D, ai—ay ' L(pl(x,y)J.

[ToacraBnsast B (2.35) KoOpAMHATBI COOTBETCTBYIONIUX Y3JIOB, IMOJydaeMm
K03 PUIIMEHTHI MaTPUIIBI [Vl].
U3 Beipakerus (2.34) HaxomuMm kodduimentsl {o} And mpaMoyroiasHOro KO

n3ru0aeMou IIACTUHKU C 16 HEU3BECTHBIMU:

{a}=[V] " {a}. (2.36)

[Toacrasnsst Beipaxkenue (2.36) B BeipakeHus (2.30)-(2.32), momydaem:

w(x,y)=| u(x,y) [{a},
{z}=[B]{a}, (2.37)

(N}=| M, M, MM, | =—[C][B]{a},

rae [Bl]:[B][Vl]fl.
AJTOPUTM TIOCTPOEHMSI MATpUllbl OTKIMKOB KO aHamormyeH anroputmy
NOCTPOEHHUSI MAaTPHULbI )KECTKOCTH.
B nuneitHo-neopMUpyeMBbIX CHUCTEMax BEKTOP Y3JOBBIX OTKIMKOB KD MokHO
IPEACTaBUTH B BUJE:
{F}=[d]}{a}. (2.38)
Y CTaHOBUM CBSI3b MEXIY BEKTOPOM Y3JIOBBIX BO3JIEHCTBUM U BEKTOPOM Y3JIOBBIX

OTKJIMKOB, OIpenelseMylo Matpuiei orkiaukoB [d]. Jlist 3Toro mnpuMeHHM K

paccMaTpuBacMoOMy JSJICMCHTY OAHOBPCMCHHO IIPHHIMUII BO3MOKHBIX nepeMemeHI/Iﬁ u
IIPUHOXIT BO3MOXXHBIX U3MEHECHUN HAIIPAKCHHOI'O COCTOsAHUA, IIPHHAB B Ka4YCCTBC
BO3MOXXHBIX  M3MCHCHHUU BCKTOpPa CMCHIAHHBIX HCHU3BCCTHBIX  BapHallkH €ro
I[GﬁCTBHTGHI)HBIX KOMIIOHCHTOB, a4 B KaiYCCTBC I[GﬁCTBHTCJ'IBHOFO COCTOAHHA BCKTOP
Y3JI0BbIX OTKJIMKOB.

Bo3moxxHas paboTa BHEIIHUX BO3JIEUCTBUN ONpPEEsAeTCS BhIPa)KEHUEM:

sA=[s{a}] {F} (2.39)
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Bo3moxxHasi paboTa BHYTPEHHUX CHJI MO BCEM 00JACTH SJIEMEHTa MOXKET OBbITh

MMpCACTABJICHA BBIPAKCHUCM

ab

oW =—[[[8{x}] {N}dxdy (2.40)

00

IoncraBus B BepaxkeHue (2.40) BeKTOpbI KpUBU3H { y} 1 ycummii { N}, momyanm:

oW =-[s{q}] uz dxdyj{q} (2.41)

Tak kak OA+OoW =0, 1o

- (” [C][B]dxdyj {a} (242)

CpaBHuBas 310 BbIpaxeHus ¢ (2.38), moimyyaem

d:zi[Bl [C][Bdxdy = {5 5} (2.43)

Honcranoska matpui[B,], [C] B 3T0 BbIpakeHME M MHTEIPHPOBAHHE IIO
IUIOIAAN [A€T BHIPAXKEHUS IJIS DJIEMEHTOB MATPHMIBI OTKIMKOB KD, oTHOCsAIuecs K
onokam [r] n[s].

Haiftn 110 3TOMy e aNropuTMy 3jeMeHTH 6mokoB [6] u [[] HeBozmoxHO.
JloKaxeM 3TO YTBEpIKACHUE Ha IIPHMEpPE 3a1a4H O HAXOXKICHUU dJIEMEHTOB fy, 1 53,5 :

PaccmarpuBas COOTBETCTBEHHO €IMHUYHOE KHHEMATHUYECKOE BO3JIECUCTBHE
g, =1 (pucyHok 2.14, a) u equHuuyHOEe cuiioBoe Bo3nelcTBue (. =1 (pucyHok 2.14,
0), IOJIy9MM Ha OCHOBE MPUHIIMIIA BO3MOXKHBIX TIEPEMEIICHUN CIEAYIOIee BEIPAKCHUE:

1 55,3 + r3,5 '1:W5,3 :W3,5-

~

W3 sToro ypaBHEHMs HaWTH O,; U [, HEBO3MOXHO. VI3 HEro muilb cIegyeT, 4To

Ha OCHOBAHMM TEOPEMBI O B3aMMHOCTH pabOT BHEMHHX CHIA;;=A,, T.e.

l,;-0=1-6,,+ s 1. DOT0 NUIB MOATBEP’kJAET M3BECTHYIO TEOPEMY O B3aMMHOCTH

~

peakuuii u nepementennii g =—0; ;.



Pucynok 2.14 — Kunemarudeckue Bo3AeHCTBUS HA OCHOBHYIO cucteMy KO:
a - TMHEWHOe eMHUYHOE CMEIIIEHUE CBA3H 3,
0 - eTMHIYHOE YCUIIKE TI0 HampasieHuto 0,

B cBsi3u ¢ 10Ka3aHHBIM yTBEPKIACHUEM B Ka4ECTBE BO3MOMHBIX COCTOSIHUH IS
HaxoxaeHusa KodppuiuenTos 610kos [0] u [[] npunaTer pynximu Gpopmsl Ha ocHOBE

MoJIMHOMa DPMUTA, UCTIOJIb3yeMble HHOTa B pacuerax no MKD B nepemenienusix.

~

[Tonsm nepememiennii W, COOTBETCTBYIOT MOJISI KDUBU3H:
{z}=[8]{a}

el B, |={o}[ W (x,y) ], (t=1 2,3, 4).
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B COOTBETCTBHH C 3TUM BBIpaKEHHEM B BhIpakenue (2.43) BMecto [B] cnmemyer

MOJICTAaBUTh [é; ]

[4]-

O ey

i B8] [C][Bz]dxdy - (2.44)

~T
Ha ocHoBaHMM TEOpPEMBI O B3aMMHOCTH IIEPEMEILEHUN U PEaKLIUN [5 J = —[r] :

Wrak, m1st n3rubaeMoro mpsiMOyTroJIBHOTO KOHEYHOTO 3JIeMEHTa-TUIACTHHKHU ¢ 16
CTENEeHSMHU CBOOOIBI MOTY4EHBI Bce KO3 (PHUIIMEHTHI MaTPHIIBI OTKIIMKOB.

Eciau B paccMOTpEeHHOM KOHEYHOM JJIEMEHTE YMEHBIIUTH YUCIO HEH3BECTHBIX
YCWIIMHA B KaKIOM U3 Y3JI0B OCHOBHOW CHCTEMBI A0 IBYX, YopaB (,, G,,, G, G5 , T.€.
KPYTAIIME MOMEHTBI, TO TMOJYYAM MATPHUIy OTKIMKOB Ui TPSIMOYTOJBHOTO

n3rubaeMoro KOHEYHOro 3jieMeHTa ¢ 12 cTeneHsIMu CBO60,HBI, PaCcCMOTPCHHOTO HAMH B

pabotax [58, 70, 87, 89].

2.3.2 BbluncjieHHE 3J1IeMEHTOB BEKTOPA OTKJINKOB

HAa BHCIIHEEC CUJI0BOC HAI'PYKCHHUE

JI7ist moTy4deHus: BEKTOpa OTKIMKOB Ha pachpeiesieHHYI0 1o 00J1acTh KOHEYHOTO
aneMeHTa Harpy3ky F(X, Y) HEoOXOAMMO BBITIOJHUTH MPHUBEICHHE 3TOM HArpy3KH K
Y3JIOBBIM  BO3JCHCTBUAM HAa OCHOBE CMEUIAHHOIO BapUAIlMOHHOIO IPUHLIMIIA
M3MEHEHHS HaNPSKEHHO-1e(pOPMUPYEMOTO COCTOSTHUS.

B cooTBercTBUU ¢ KONMMUECTBOM cTeneHel cBo6o s KD BBemeM BEKTOp Y3IIOBBIX

BO3JEHUCTBUN OT PACIPEICIICHHON Harpy3KH

{f}:L IR PRI fleJT :Lrl,F’r2,F’r3,F’r4,F’55,F""’§16,F JT (2.45)

Bo3MoykHas paboTa 3THX y3JI0BBIX BO3JCUCTBUM

SA,, ={o@)}"{f} (2.46)
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Bo3MmoskHas pabota pacnpeenennoit mo oonactu KD Harpysku F(X, )

Ay, = [ [ S0(x y)F (x, y)dedy = [ @,(x, ) |[11] {09} F (x, y)dixdy =
o 0o (2.47)
= (0T [ @y(e) JIAT T F (. v)dvay
CpaBnuBas (2.46) u (2.47) Haxoaum
(1) = L@y JI] T F o)y 2.49)

AHaNOrM4HO MOKHO MMOJIYUYHUTH BCKTOPD BOSI[GP'ICTBPII‘/’I JIA - IIPAMOYTOJIBHOT O
n3rubaeMoro KOHEYHOro djIeMeHTa ¢ 12 cTeneHsIMu CBO6OI[BI, PacCMOTPCHHOTO HAMH B

pabotax [58, 70, 87, 89].

2.3.3 MaTpuua OTK/JIMKOB TPEYIroJbHOI0 H3ru0aeMoro KOHeE4YHOro 3JieMeHTa

[Ipu pacuere ™IACTUHYATBHIX CHUCTEM CO CIOXHBIM WM KPHUBOJWHEHHBIM
KOHTYpOM OTIENbHBIX €€ IJIACTUH MOJENIMPOBaHHE HX aHCcaMOJIeM MNPSIMOYTOJIbHBIX
KOHEYHBIX DJIEMEHTOB HE JAET BO3MOXKHOCTH CTYIIEHUS KOHEUHO-IJIEMEHTHOW CETKH
0e3 BBEACHHS, 3HAYUTEIBHO YCIOXKHAIOIIMX pacyeT MJOMOJTHUTENbHBIX Y3JI0B B
OCHOBHYIO CHUCTEMY ISl KOHEUHOTO 3JieMeHTa. Takoe CrylIeHHEe HeOoOXOIUMO s
0onee TOYHOTO OTOOpaKEHHSI B PACUETHOM CXeME pPEalbHOM TeOMETpUHM KOHTypa H
peanbroro HJIC B Tak Ha3bpiBaeMbIX “0OCOOBIX” TOYKAX M 30HaX — YIJIOBBIE TOYKHU
BBIPE30B M HAKJIAJOK, IIEIH, OTBEPCTHUA, JKECTKHE BCTaBKU W T. . B sTOoM ciyuae
HE0OXOIMMO UCIIOJIB30BaTh TPEYTOJIbHBIE KOHEUHBIE JIEMEHTHI.

Haubonee moaxonsmuMu U3 HUX 71 MPAKTHYECKOTO NMPUMEHEHHS CUHTAIOTCS
MPOCTBIE€ TPEXY3JIOBBIE TPEYTOJIbHBIE KOHEUHBIE DIIEMEHTHI.

Jlist o6ecriedeHnsi COBMECTHOCTH Pa0OThI MPSMOYTONBHBIX M TPEYrodbHbIX KO B
Y3JI0BBIX TOUYKAX OHU JIOJKHBI UMETh OJJMHAKOBOE KOJIMYECTBO OCHOBHBIX HEM3BECTHBIX

B KaXXKIOM M3 CTBIKYCMbIX Y3JIOB — TPHU WM YCTBIPC.



57
Ha pucynke 2.15 noka3aHbl HECKOJIBKO BO3MOXKHBIX BApUAHTOB TAKOI'O MEPEXo/ia
OT OpPTOTOHAJIIBHOW KOHEYHO-DJIEMEHTHOM CETKM MpsAMOYroidbHbIX KO Kk cerke
TpeyroiabHblx KO M BUABI TE€OMETPUUYECKUX Y3JIOB, UISI KOTOPBIX COCTaBISIOTCA

THUIIOBBIC paspCHIaroIme YPaBHCHUA.

0 Xy 0 Xy
]
I >
yy
v
a 4]
0 Yo 0 X,
7
B
yy Y
8 2

Pucynok 2.15 — Bo3moskHbIe BapHaHTHI IEpeXoa OT OPTOTOHATBHOM
KOHEYHO-AJIEMEHTHOU CEeTKH NMPSAMOYToybHBIX KD k ceTke TpeyroiabHbix KO 1 BUbI
Tr€OMETPUYECKUX Y3JIOB, ISl KOTOPBIX COCTABIISIIOTCS] TUIIOBBIE pa3pelIaroiiye
ypaBHEHUS

Ha pucynke 2.16 moka3aHbl KOHEYHBIC JJIEMEHTHI, CXOSIIMECS B y3Je ]

KOHEYHO-3JIEMEHTHOU CETKH.
Bce oHM uMEIOT pa3Hyl0 OpPHUEHTAIMIO OTHOCHUTEIBHO OOIINEH CHCTEMBI

nekaptoBbix koopauHat XOY. EnuHas cuctemMa KOOpAWHAT s BCe KOHEYHO-

AJIEMEHTHOM CETKU MPSIMOYTOJIBHBIX M TPEYroiabHbIX KO CylecTBEHHO yHpoIlaeT Kak
MpoLlecC MOJIETUPOBAHMSI MATPHIBI OTKIUKOB, TaK W (OPMHUPOBAHUS CHUCTEMBI

pa3pemarIX YpaBHEHUH.
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Pucynoxk 2.16 — TpeyroyibHble KOHEYHBIC JIEMEHTBI, CXOASIINECS B y3Jie ] KOHEYHO-
JIEMEHTHOU CETKHU

PaCCMOTpI/IM oJiA 1IpuMepa IMMOCTPOCHUC MaTeMaTUYECKOM MOACIN MaTpUIbI
OTKIIMKOB  IJIA OCHOBHOM  CHCTEMBI TPCYIroJbHOI'O KOHCYHOI'O  3JICMCHTA C

xoopauHaTamu y3nos (X, ;) (X;,Y;), (X, Vi) (pucyHok 2.17) ¢ neBAThIO CTEMEHAMH

cB00OBI (TpeMsl CTEIIEHSIMH CBOOOIBI B Ka)KIOM y3JIe — MPOTrHOOM W M H3THOarOIIUMHU
MOMeHTaMu M,, M, 1o HampaBJI€eHHUSM OCel X W ), OOIMMHU JUIs BCEX KOHEYHBIX
DJIEMEHTOB, CXOJAIIUXCSA B OOMIEM IS HHUX Y3J¢ KOHEYHO-DJIEMEHTHOW CETKH).
OcHoBHas cucteMa 1jsi Takoro KD sBIsIeTCS CTaTUYECKH ONpeneluMond U OyaeT
001a1aTh TEMH Ke CBOMCTBaMHU, YTO u OCHOBHas cucTeMa

KD-crepxHsi.

b

Pucynok 2.17 — TpeyronapHbIi KOHCUHBIN 3JIEMEHT C JIEBITHIO CTCIICHIMHU CBOOOIBI
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Takoit KO coBmecten ¢ mnpsmoyronbHbiM KO ¢ 12 crenensmu cBOOOABI,
paccMOTpPEHHOTO HaMH B paboTax [87, 96, 113, 116], umeromum Te xKe TPU CTEICHU
CBOOOJIBI B KAXOM Y3JI€.
MopaenvupoBaHie MaTpULbl OTKJIMKOB BBIMOJIHSAETCS MOOJIOYHO, KaK M B Cllydae
K3-crepxus. biok r Oyzner Takke HyJIEeBbIM.
DneMeHThI 0710Ka [ Tak e HaXOAATCS U3 YCIOBUI CTATHYECKOTO PABHOBECHSL.

VYcnosus crarnyeckoro pasHoBecus KO mpu Bozneiicteuu (, =1:
ZMox = ~1,4yi -H72,4yj + '2,4yk =0,
DMy, =148 X+, X, + X, =0, (2.49)
D Z=t,+8,+F,=0.

Pemus a1y cucremy ypaBHEHUN, M0Jy4aeM:

_ D(4) _ D(4) _ D(4)
= |13 v 124 = 5 v 34 = 5 (2.50)
351eCh:
Yi Y Y 0 ¥ Y i 0 i y; O
D=x X x/| D=1 x x| Df=|x -1 x| D¥=|x x, -1
1 1 1 0 1 1 1 0 1 1 1 O

PaccmotpeB enunuunbie Bo3zaeiictBusi G, =1 u (; =1 momyuaem Te ke cambie

pe3yJbTaThl, T. €.

26— F2,8 = '2,4’ FS,G = I73,8 = @,4 (2-51)

-

e =lg=N4

AHaNOTU4HO, paccCMOTpeB eauHNYHbIe Bo3aeictBus (. =1, §,=1q, =1 u §, =1,

MOJTy4aeM:

N D(5) _ D(5) _ D(5)

=0 Rs=p s = (2.52)
37ech:
-1 yJ' Y Yi -1 Yk Yi yJ' -1

D=0 x x| D= 0 xJ D=|x x,
0O 1 1 1 0 1 1 1 0

=R
Il
iy
©
[l
i)
o
N R
[l
N R
©
Il
N R

7 7 57 '73,7 = r~3,9 = I73,5 (2-53)
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[Ipu ucnonb3oBanuu TtpeyronbHoro KO ¢ 12 cremeHsmMu cBOOOIBI BBOASTCS

JONOJIHUTENBHO TPU HEU3BeCTHBIX: (, =M g/), 4,=M i;) , 0, =M )(('y()

Jnsa takoro KO ypaBHeHMS paBHOBECHS OT 3arpyKeHUs €IUHUYHBIMU

KpYTSIIMMH MOMEHTaMHU (Harpumep, s G, =1) UMEeIOT CIeAYIOIUA BU:

z Mox =1+ rl,loyi +F2,1oyj' + I73,1oyk =0,

D My, =14 0% 40X, + 0%, =0, (2.54)
ZZ = r’1,10 +r2,10 + I73,10 =0.

Pemenue atoi cucteMbl ypaBHEHUN TAET:

) ) . D 3 3 DU 3 3 Do)

hiw=hnu=hp= |13 » o =hun=hp= |23 v 310 =1 = = E (2-55)
-1 y i Y Yi -1 Yk Yi Y j -1

3necs DY =|-1 %, x|, D =% -1 x|, D{¥=[x x, -1
0O 1 1 1 0 1 1 1 0

DneMeHTsl OJI0Ka [5] MaTpuilbl OTKIWKOB KD ompenenstorcss TeM ke

BBIPAXXCHUCM, UYTO U AJIA IIPAMOYT'OJIBHOT'O KDO:

8, = [[MO 2N +MOX ) 2O (), ) +2MP(x V) 2P (x y) [d2  (2.56)

Q

3mecy t=4,5,...,12, s=4,...,12 - HOMepa HEU3BECTHBIX.

2.3.4 MaTpuua OTKJIHMKOB IJIOCKOHATNIPSI’KEHHOT 0 TPEYTr0JILHOT0 KOHEYHOTI' 0

3JIEMEHTa

OcHoBHyO cucteMmy MKD B opMe Ki1acCHMYECKOro CMEMIAaHHOTO METOJ]Ia, Kak
ObTO TIOKa3aHO B Hamied pabore [79], momyuyuM wu3 oOcHOBHOHW cucteMbl MKD B
MepEeMENICHUIX TTyTeM YyJaJICHUsI OJTHOW M3 JBYX JIMHEHHBIX CBA3€H MO HAMpPaBICHUSIM

TJI00ATBHBIX OCEH KOOPAMHAT B KKI0M U3 y370B ceTku KD (pucynok 2.18) u 3amennm

€€ yCUIHEM.
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IIpu »sTOoM cnenyer coOJMIOAATh BHIIOJHEHHE YCIOBHM KHHEMAaTHYECKOU
HEU3MEHSIEMOCTH Kaxaoro u3 KO B MOCTpOEHHON OCHOBHOW cHUCTEME, T.€., UYTOOBI
Kaxapid 13 KD ObLT 3aKperieH TpeMsi HE MEePEeCeKAOIIMMUCA B OJTHOM TOYKE CBS3SIMU

WM HE OBLT 3aKPCIJICH TPEMA MapalJICIbHBIMU CBA3AMU.

YA

X

Pucynok 2.18 — [1nockoHanps>KeHHbIN KOHEYHBINA 37IEMEHT

PaccmoTpuM M30TPONHBIN TPEYrOJbHBIM KOHEYHBIM AJIEMEHT, HAXOASAIIUNCS B

TUTOCKOM HAampsKEeHHOM COCTOSIHUU (pUCYHOK 2.19).

YA
D3
4.7
-+ 7;"‘ Ty 5
“i— XV 6 @
2
R

40,
Pucynok 2.19 — U3oTpomnHbIii TpeyrodbHbINH KOHEYHBIN DJIIEMEHT, HaXOIAIIUNCS B
IJIOCKOHANIPSI)KEHHOM COCTOSIHUU

JIJist TAKOTO COCTOSIHHSI alMpPOKCUMHUPYIONTYIO (PYHKITUIO HAMPSKEHUN TPUMEM B
BHJIE

P(X, ¥) = o X2 + o,y +a Xy +a, Xy + a X + oY, (2.57)

4 4 4
090,92 ,92_

aX4 8X28y2 ay4

YIOBJIETBOPSIIOIIEM YCIOBHUIO COBMECTHOCTH Aedopmarinid
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OyHKIMKE anPOKCUMHPYIONIUE TepeMelieHus Jiooord Toukn KO mpumem B
CJICAYIOUIEM BU/IC!
u (X, y) =ax+a,x*+a,Xxy,
WX+, ) % (2.58)
u, (X, y) =by+b,y* +bxy,

Ucnonw3ys  BeipakeHust (2.57), HalijgeM BeIUYUHBI  HANpPSOKEHUW U

OTHOCUTEJIbHBIX Aedopmannii KO.

Tak xak
62g0 azq) 82(p
O="% Oy=—775: Ty=- ,
oy OX oxoy
1 1 T, 2t (1+v)
EXZE(O'X—VO'y), 8y:E(ay—v0'X), 7/Xy:EyzxyT,

TO TIOCJI€ BIMOIHEHUS Tu(HEPEHIINPOBAHS [TOTyYAEM:
o, =2a,+2a,X+6a.y,
o, =2a, +205Y + 6aX, (2.59)

7y =—(2ax+2a,y);

2

g, = E[(ozl —va,) +Bag —va, )X+ (a; —3vay) Y], (2.60)
2 41+v
;/Xyz—a[a3x+a4y]:— (E )[a3x+a4y].

TouHo Tak e, HCMOOJb3yd  BbIpaxeHus (2.58) ©  3aBUCUMOCTH

o, au, ou, du,
& = o ET o Yy T +——, HaxoauM
OX oy oy OX
g, =, +2a,X+a,y,
g, =D +2b,y +byX, (2.61)

Yy =X +h5Y.
N3 cpaBHeHUs BBIpAXEHUH I OTHOCHUTENBHBIX jaedopManuii B (2.60) u (2.61)

BHJIHO, YTO OHU UMEIOT OJMHAKOBBIA BUJI JINHCHHBIX ()yHKITHIA.
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BripazuMm k03 GULMEHTHI ¢ Yepe3 HalpsKEHUs B Y3JOBBIX TOUYKAX, [TOJCTABUB B

(2.59) xoopauHATHI y3J10B:

{Jx,t} = [CDl(Xt ) yt)]{aZn}!

{o,}=[®,(x, y) Ko} (n=123t=i, j k). (2.62)
31ech

1 x 3y, 1y 3x
[0, y)]=2/1 % 3y, |, [®,06v)]=2[1 y, 3x |

1 x. 3y, 1y, 3x

{an}= I_azlamas JT , oy }= |_6¥1,063,(X5 JT :

N3 (2.62) cnenyer:
{an}=[@, 06, )] {ond {oan 3 =[P, (%, ¥)] {o, 3, (2.63)

3agaBasch IocienoBaTeabHO B (2.63) €IMHWUYHBIMUA 3HAYCHHUSIMHU OCHOBHBIX

HEU3BECTHBIX, O i) Oy ;, Oy, HAWJEM COOTBCTCTBYIOIINE 3THM BO3JCHCTBUSIM 3HAUCHHS

K03 (HUIIMEHTOB « :
{of) }=[®,(x.y)] 10,0 npu &, -1,
{3 =[@,(x,y)] ' [0,10] mpu o, -1, (2.64)

{3 =[®,(%,v)] '[0,0,1] mpu o, =1.

IToncraBuB (2.64) B (2.59) um (2.60), HaxoAMM COOTBETCTBYIOIIUE IIOJIS

HaIPSHKEHUH U OTHOCUTEIBHBIX JIehOpMaInid:

4,=0,;= 2|_ f, (X, y)J{aé‘n)_l , T, = fg’i) =-2a"x,

Qs = &x,j = ZL f.(x, Y)J{aérj])} 5= fg/(’j) = —2a§j)y, (2.65)
=6, =2 L ), F=20 =20y,

&4 =8y :EL fz(X’ y)J{aén)fl}7 Va :7/)((;/’) =—%0€3()X,

~ _ = 2 - - X 4Q+v)

fo= =22l RO Rty Fo=r ) =2 (2:66)

s _x _2 N 4(1+v
“6 = Exk :EZL fZ(X’ y)J{aélr‘])}’ Va= 7>Ey’k) :_%

(k)
a,’y.
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3mecs | f,(x,y) |=[1x.3y], | f,(x,y)]=]1y,3x].
C yderoM nepeoOO3HauYe€HMM, MOKa3aHHbIX Ha pucyHKe 2.20 W B BBIpAXKEHUSAX

(2.65), nnemenThl OnMoKka O Matpullbl OTKIMKOB KD ompenensercs Ha OCHOBaHUU

IMPHUHONIIA BO3MOKHBIX HepeMeH_IeHI/II\/'I BBIPpa)KCHUCM

8, = [(A& +£7)dQ, (5=4,5,6,t=45,6). (2.67)
Q

YA q,

@ Ssq,

@

Pucynok 2.20 — Ilepeo6o3HaueHre HEM3BECTHBIX B U30TPOITHOM TPEYTOJIbHOM
KOHEYHOM 3JIEMEHTE, HaXO/ISIIIEMCs B TUIOCKOM HAINPSKEHHOM COCTOSHHH

[Ipy WCIONB30BAHHE BTOPOro BapuanTa kodpduimentsi a u D B (2.58)

BBIpaXKaroTcs uepes U, , U, B y310BBIX TOYKaX KOHEYHOIO JIEMEHTA

{ux,t} = [Q)3(Xt ) yt)]{a n}'

{u, }=[®,(x, y) {0}, (n=1,2,3;t =i, j,k). (2.68)
3nech

X; )(i2 XV, Y. yiz Xy,
[@,x,v0]=2 %, X xy, [ [®.xW]=2y;, ¥ x|

X X %Y Vo V2 XV,

{an}: Lal’aZ’aQJT ! {bn}: I_b11b31b5JT )
N3 (2.68) cnenyet

a3 =[®06,y)] {u. b y=[®,0¢ y)] {u, > (2.69)
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3agaBasich B (2.69) eAMHUYHBIMM 3HAYCHUSIMH KHHEMATHYECKHX HEHW3BECTHBIX

(Jx'i =¢,=Lu,,=0,=110,, =4, :1), HalJIeM COOTBETCTBYIOIIUE O3TUM CIUHUYHBIM

BO3JEHCTBUAM BEKTOPHI {a )} U {b,}:

{a,3=[®,(x.y)] (10,0,
..3=[®,(x.y)]'|010], (2.70)
{Bn,s}: [(D4(th yt)]_ltoa 0, 1JT -

[TogctaBuB T pe3ynbTaThl B (2.61), moayduM  BBIpOKEHUS IS

COOTBETCTBYIOLIUX JepopMaluii 1 HAPSHKEHMI:

&=5,=|L2xy a3}, 7=ry=[0,0x/{a,.}

&=2,,=|L2y.x{b,,}. 7=rP =00y Hb,.} (2.71)
&=28,,=12y,x[{b..}, 7=r>=]0,0y{b, .}

5,= 280G, 5 =00,

6,0 =220y, =67 @72)
6= %z_vv){éa}, 7, =G{7,}.

Ucnonb3ys Beipaxkenus (2.65), (2.66) u (2.71), (2.72), HaxoguM:

(2.73)

S

Q
= [(6& +E7)Q, (s=1.2,3,t=4,5,6).
Q

PaccMoTpuM nanee HaxoKJI€HUE BJIEMEHTOB BEKTOpAa BHEIIHMX HArpy3okK Ha
KOHEUHBIH teMeHT. Ha pucynke 2.21 mokaszaHa JIMHEHHO paciipe/iejICHHAs 10 TpaHH ]
Harpyska

F=Fulrk D) F=F, k). (2.74)

] ]
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VA

Pucynok 2.21 — JluHeitHo Harpy3ka, pacnpe/ie/ieHHas 1o TPaHH ]
TPEYTOJIbBHOTO KOHEUYHOTI'0 2JIEMEHTA

PeaKI_[I/II/I B CBA34X CTATHYCCKH OHpeI[CJIPIMOﬁ OCHOBHOM CHCTEMBI OT HJTOH

Harpy3kKu HaXOJATCA U3 YCJIOBI/Iﬁ PaBHOBCCHUS KOHCYHOI'O 3JICMCHTA!

1
I e :EFx,i(2+k1)Yi!

1 , 101 , 101
=—1,.=——[F .y (=+=k)+F x°(=+=k))].
3,F Xk _ XJ- [ X,ij (2 6 1) yi’tj (2 6 2)]

(2.75)

r2,F

U3 ypaBHeHI/Iﬁ PaBHOBCCHA OCCKOHEYHO MaJioro QJICMCHTA, IIPUICTAOMICIO K

Hapy>KHO# cTopone 1] koHTypa KD (pucyHnok 2.22) cinenyer:

I:x = _(Gx + z-Xthngi)l I:y = _(Gy + Tyxtgﬂi)' (276)

S

_t_-' TI}J
O—V
dx
Pucynok 2.22 — beckOHEYHO MaJIbIii DJIEMEHT, TTPHIICTAFOIITII
K Hapy»XHOH cTOpoHe 1] KoHTypa KO
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IloncTaBuB B 3TH BBIpaXeHUs O, , Oy Ty, U3 (2.72), nonyuaem:

F. =12, + 2a,x +6a,Y) — (2a,Xx + 2, y)Ctg 5.1,

(2.77)
F, =—1(2a, +2a;y +6aX) — (2a.x + 2, )19 5]

rae ctgp. :%, tg s, :%.

i i
3HayeHue KodpGuuueHToB « B (2.77) HaiiieM, UCIIONIb3Ysl TPAaHUYHBIE YCIOBUS
B y3J1ax koHTypa KO:

l.IIpu x=0,y=0: F =F

X,i?

F,=F.
2.Tlpu x=j,y=j: F=F,=F,;Q+k), F =F  =F,;1+k,).
3.1Ipu x=k,y=k: F=F,=0F =F, k =0.

Boipasxkenust (2.77) npu BBINOJHEHWH JTHUX YCIOBUW MPHUBOAIT K CHCTEME

YPABHEHUN:
I:x,i = —20(2,
Fy,i =2a,,

X.
Fx,j = I:x,i (1+ kl) I:X = —[(26{2 + 20{4Xj + 6a6yj) B (20(3Xj " 2a4yj)y_l],

]

y.
Fy,j — Fy,i (1+k,)=—1(2¢c, + 2053yj + 60{5Xj) — (2a3xj + 2a4yi)j]’

]

X.

Fx,k =0=—(2a, + 2a,%, +6agy,) — (Lax +2a,Y,) -],
i
y.

F,. =0=-{(2c, +2a,y, +60,X) — (20%, + 2a4yk)x—‘].

J

Pemas sty cucremy ypaBHEHUMN, HAXOUM:

1 1 1 Yi X;
al = —E Fy,i’ aZ = —— FX,i’ a3 = _—Z[FX,I(1+ kl ] )_ Fy’i(l__J)],
j X% X,
ZYi(l"'F)
j
F X = . = X. X2
a,=—" +a3—’,a5:1(i+agh),a6:— Lk, + L)+ o,
2X, j 3°2x, X 6y, X, i
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Ilo wu3BECTHBIM (@ TIOJNy4YacM BBIPAKECHUA I IIOJAEH HANPSOHKEHUH U

OTHOCHTENBHBIX NePOPMALUA O, ¢, O\ ry Ty ry Exps Eypr Vig -

Torpa 6, = J.(O-X,ng,s +0, s T Ty e Tyys)dQ, (5=4,5,6).
Q

2.3.5 O0beMHBIH KOHECYHBIH 3JIEMEHT

PaccmoTpuMm 0O0BEMHBI KOHEUYHBIM DJJIEMEHT B BHJE Mapajuiesienune/ia
(mpsimoyrosibHOTO TeKkcadpa). Hymeparus yrioBeix Todek, pasmepsl KO u nokanbHas

cUCTeMa KOOpAMHAT MOKa3aHbl Ha pUcyHke 2.23.

z,w
5
|
|
8 |
1 |
»———— — X, U
/
/
/
4
2a

YV

Pucynok 2.23 — OcHoBHas cucteMa 00beMHOT'0 KOHEYHOTO 2JIEMEHTA B BHJIC
napajiesenunena

Hcxonst w3 JHMHEHHOrO 3aKoHA paclpefeieHus YyCWIMK (HampshKeHWd) u
nepemenieHnii (nedopmanuii) B 00acTH KOHEYHOTO D3JEMEHTa, MpUMeM (DyHKIHIO,
anIMpOKCUMUPYIOIIYIO pacipeesieHue HanpsKeHWil (yCuinii), B BUJIE TPUIMHEHMHOTO

IIOJINHOMA

D, (x,3, 2) =04 + QX + Oy + Oz + OXY + AeXZ + O VZ + QXY 2. (2.78)
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B matpuunoii popme

@, (x,y, z)=| @ ]{a}. (2.78, )

Koaddumments! 3Toro nonuHoMa, kak 1 B AsymepHoM KO, BbIpaxkaroTcsi uepes

BEJIMYMHBI YCWINNA (HAmpsDKEHHOW) B BOCBMH YIJIOBBIX TOYKax IO HANpaBICHUSIM

KOOpPAMHATHBIX OCeif, T.¢. uepe3 D (xi , Vi Z4 ):

{a =V, {d"} , i=1,2,....8 (2.79)
3mecy MHIEKC (t) 0003Ha4YaeT OCh, MO KOTOPOW HANPABICHO HAMPSIKEHHUE

(ycunue), T.e. X, Y, Z,

o[
L, ]

[Vo_] = . - MaTpuia KOOpAWHAT YTJIOBBIX TOYCK i,

L2 ]]
.

{ai(t)} = Lal(t) , aét), e aét) J - BEKTOp KOX(G(UIIMEHTOB  anmpoOKCUMHPYIOIIEH

(GYHKIIMU HATIPsHDKEHUH 0 HaIlpaBJIeHUIo OcH t,

.
{qi(t)} = qu(t), qgt), e ,qg) J - BEKTOp yCWJIUH (HaNpsHKeHUi) B yriioBeIX Toukax KO no

' qu)JT :Lax,i ’ Gy,i ' O-z JT'

IToncraBuB BeipakeHue (2.79) B (2.78, a), mojydyuM BBIpAXKEHUE MJIsI MOJIS

HaIpaBJICHHMIO T , T.€. {qi(t)} = Lqi(x) L qV

HanpsbKeHu (ycunuid) paccMarpuaemoro KO9:

@, (v, 2)=lo] 714" ], (2.80)

ql(X) ~1(Y) ~1(Z)
0 g g

e [q0] =% % % q=06", V=0, 47 =0 (2.81)
(=L2..8 | "7 T
&) & a

[Io TomMy »Xe anropuTMy IMOJYy4aeTCsd BBIPAKEHUE I MOJSA IMEePEMENICHUN

(medopmarmit) KD.
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B stoMm cnydae BMecTo BoipaxkeHus (2.78, a) mpuHUMaemM
D, (x, y,z)=|@ [{B}. (2.82)
3mech { ,Bj(t)} = [Vg ]_1{q§t)}. WHaeKChl | OTHOCATCS K y3j7aM OCHOBHOHM CHCTEMBI, B
KOTOPBIX 32 OCHOBHBIE HEM3BECTHBIC NMpUMeM Aedopmanuu (IepeMelieHusi) B y3aax Ha

cepenuHax pédep U HanpspKeHHs (YCHIIUS) TI0 HAIIPABICHUSAM KOOPAMHATHBIX OCEH. DTH

y3JIbl, PacIOJIOKEHHbIE Ha CEpeUHAX BCEX FOpU30HTaIbHBIX pedep KO, nmokasaHsl Ha

pucynke 2.24: =9, 10,..., 20.

Co

—» X, 1

}?’ 1’]

Pucynok 2.24 — OcHoBHas cucteMa 00beMHOT0 KOHEYHOTO AJIEMEHTAa B BUIE
napajuieNieIuIe/1a ¢ JTOMOTHUTSIPHBIMU y3J1aMU

YcTaHOBUM JAanee aHAUIMTHYECKYH0 B3aMMOCBS3b MEKY ITOJISIMU NIEPEMEILCHUN -
nedopMaluii 1 yCuIHii-HanpsHDKeHU! Uit paccMatpuBaemoro KO.

Bripaskenue nis o nepemMenieHuit (nedopmaruit) uMeeT crueay i BUI:

@, (x y2)=l@ ][] 4], (2.83)

riac:

0’ o o

x) q) 4@
[q] =% B Bl gl =yl o =Y, q) = wf? (2.84)
(j=9,10,...,20)

L G o
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[lona wHanpsokeHuid u  aedopmanuii cBA3aHbl MEXIy COOOH MpSAMBIMU U

0oOpaTHBIMH COOTHOLIEHUSIMU 3aKoHa ['yka:

1r Ty
&, IE_GX —y(O'y +GZ)] s Vxy :E ,
1r T,
&, :E_Gy —IU(GZ +O'X):| v Vyz :Ey y 7
(2.85)
& :1_0 —lLl(O' + 0 ):| Y :h,
z EL z X y X G
_E
2(1+ u)
o, =2Geg, + 10, Ty = G;/Xy,
o, = ZGgy + A0, 7, :nyz,
o, =2Gs, + 20, t,, =Gy, (2.86)
A= 2HG , Hz(ﬂj(ax+a +GZ).
(1—2,u) E Y
Bripaxenust (2.85) u (2.86) uMeIOT ClIeAyOIINI BUl B MAaTpUIHOU (popMme:
{e}=[Ce}, (2.87)
{o} =[D]{&}, (2.88)
1 —u —u 0 0 0 |
-u 1 —u 0 0 0
-u —u 1 0 0 0
Cl= , D=C™*
e [Cl= o0 0 (2 0 0
0O 0 O 0 2(1+ ,u) 0
0 0 O 0 0 2(1+ /,z)_
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Cesa3p nedopmanuii ¢ mnepeMenieHusIMA HEeKoTopoid Touku M B oOmactu KO

onpenensiercs popmynamu Komm:

ou ou ov
== yxy:_+_’
OX oy OX
oV oV OW
gy:@, yyz:E‘Fa, (2.89)
ow oW ou
& = +

Tw T @
B mMaTpruHOit (hopme 3Ta CBA3b UMEET CIIEAYIONIHIA BHI:
{e} =[B{w}, (2.90)
rac
.
{¢} :Lgx LV Eyy €y Exyr Ep gsz - BekTOp AedhopMariii,
{W} = Lu , V., WJT -  BCKTOpP, OJJCMCHTBI KOTOPOTO ABJIAKOTCA KOMIIOHCHTAMU

HepeMeIIIeHI/Iﬁ 110 HAIIPaBJICHUAM KOOPAWHATHBIX Oceﬁ,

0

— 0 0
OX
0 ﬂ 0
oy
0 O GE
yA
[B] - FR— - MaTpuIa-omneparop auddepeHIupoBaHus.
— — 0
oy OX
, 2 2
oz oy
A
| 02 OX _

Jist Toro, 4ToOBl MOMYYUTH MO HampspkeHWd (ycunuil) u  nedopmaruit

(e i icrenit G =1 =1, nHeob
peMeEIlleHH) OT eAMHUYHBIX Bo3aehcTBuil (' =1 unu ( i’ =1, Heobxomnmo B

MaTpHIax [qf”] 151 [qgt)] BXOJIMX B BblpaxkeHus (2.80) wiu (2.83) nnsa monei
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HaMpsDKEHUN U IepeMenIeHn, MoACTaBUTh 3HAYEHUE COOTBETCTBYIOIIETO BO3ACHCTBUS
~(t t
qi( ) =1 um q(j ) =1 , OOHYJIUB BCE OCTAJIbHBIC 3JIEMEHTHI MaTpuil (2.81) unu (2.84).

[Tonywaromuiics B pe3yabTaTe BBIPAKEHUS JJIs TOJIEH HANPSKECHHUS W
nedopMalfii NpecTaBuM B CIAEAYIOIIEM BHUJIE:

- OT HArpyKEHHS B y31aX | OCHOBHOM CHCTEMBI (PUCYHOK 2.25) €IMHMYHBIMH

nepememenuamud, ; =&, =1, q,,=¢,,=1, q,;=¢,,=1, (j=9,...,20) monmyuaem

nons aedopmanuit o BeeMy o0bEMY KoHeunoro snementa @, ;(X,Y,Z) u mons

HaIpsHKCHUN
¢O‘(é‘,j)(x’ y’Z) :[D][¢g,j(xl y'Z)] ; (291)
OT HarpyXeHHil B y31aX i OCHOBHOW CHCTEMBbl €IMHUYHBIMH YCHIUSIMHU

0, =0, =1, q,;=0,;=1, §,; =0,; =1 nonyyaem nose ycunmii no scemy 06neémy K9

;o—,i (X,Y,2) n nons nedopmanuii

.0 =[Cl4, (%, y,2)], (1=12,...,8). (2.92)

KOC—)(i)(l)I/ILII/IGHTLI MaTpHUIbl OTKINKOB KOHCYHOI'O 3JICMCHTA C YUCTOM BLIpa}KCHI/Iﬁ

(2.91) u (2.92) MmoryT OBITh 3amKICaHbl B KOMIAKTHON (hopme:
r; = [[DI[, ; (% y. Dllg, ; (x. . 2)]aV
\%

f,; = [[DI[4. ;(x . DIIClIg, (x.y,2)]dV, (2.93)
(j=9,10,...,20), (j'=9,10,...,20),(i=12,...,8).

5,5 = [[s: (% y. 2[4, ; (% y. 2)]dV,

8.5 = [14,: (% y. DICII, - (x, ¥, )]V, (2.94)
(j=9,10,...,20),(i=12,...,8),(i'=12, ...,8).

@opMUpPOBAHME MATPULBl OTKJIMKOB [UI KOHCTPYKUWH, HPEACTABICHHOU
aHcaMOJieM OOBEMHBIX KOHEUHBIX 3JIEMEHTOB, BBIMIOJIHSIETCA 1O TOMY K€ alTOPUTMY,

4TO M B ABYMCPHOM Ciydac, T.C. CYMMHPOBAHHCM KOMIIOHCHTOB MAaTpull OTKIIMKOB
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KOHCYHBIX OJJICMCHTOB B Y3JIaX HpOCTpaHCTBeHHOﬁ KOHEYHO-3JICMEHTHOM CETKH

(pucyHOK 2.25), T.e. SIBISIOMUXCS OOIIUMU ISl HUX.
zZ,w

i 2a

17 v

4 3o Y
20
) 71,J,K r 7 & v X, U
3 2 -
\ /0
),
i i 5 z d 7Y
<= L 15
3 18 4 174> 3
: 14
194 o 4 e
iy %0 “K//// S
RY ; s
Y.y AN

Pucynok 2.25 — ®opMupoBaHuEe MaTPUIIbI OTKIMKOB JUIsl KOHCTPYKIIUH,
Ipe/ICTaBIEeHHON aHCcaMOJieM 00BEMHBIX KOHEYHBIX 2JIEMEHTOB

2.4 @opmupoBaHue 1J100aJbHOA MATPUIBI OTKJINKOB H Pa3pelialmed CuCTEMbI

YPaBHEHU U

dopMHupoBaHUE CHUCTEMBl paspemaromux ypaBHeHud 1nmo MKD B dopme
KJIACCUYECKOT0 CMEIIAHHOIO0 METO/Ia BBIMOJIHAETCS MO TOMY € aJrOpUTMY, YTO U B
METOJE KOHEYHBIX 3JIEMEHTOB B mepemenieHusXx. OAHAKO 3TH ypaBHEHUS HMEIOT
pa3HbId PU3HUESCKUN CMBIC]T.

Jnst wmocTpanuu Ha pucyHkKax 2.16 m 2.26 mokaszaHbl JBa TUIA KHOEYHO-
AJICMEHTHOW CETKU U KOHEUHBIC AJICCEHTHI, CXOSAIINECS B 00IIEeM T HUX y3JIe j.

Hnst w3rubaemMol TUIACTHHKH, TPENCTABICHHON JTUMH JIByMs BapuUaHTaMU
aHcaMOJIsi KOHEUYHBIX D3JIEMEHTOB, pa3pelialoniie ypaBHEHUS METOJa TMepeMelleHUN
MMEIOT CMBICJ PaBEHCTBA HYJIIO PEAKIMM BO BBEJICHHBIX B OCHOBHYIO CHCTEMY CBSI3EH,

T.€. YPAaBHCHU pPaBHOBECHA.
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L1,J-1 LJ-1 I+1,J-1
)
@ &
A1) A ps
I+1J  x
&)
z @
3
p
I+1,J+1

Pucynoxk 2.26 — [IpssMOyToJibHbIC KOHEYHBIC SJIEMEHTBI, CXOSIINECS B y3JIe 1] KOHEUHO-
3JIEMEHTHOU CETKHU

B cMenianHoM MeToI€ pa3pelaroniue ypaBHEHUsI COCTOSTH U3 JBYX T'PYIII:

- yYpaBHEHHsI PAaBHOBECHs, MMEIOIINE (PUMUYECKUN CMBICT PABEHCTBA HYIIIO
peaKiuii BO BBEACHHBIX B OCHOBHYIO CUCTEMY CBSI3€El;

- YpaBHEHHUS COBMECTHOCTH MepeMelleHui (edopmarniuiil) KOHEUHBIX 3JIEMEHTOB,
CXOJIAIIMXCS B OOIIEM I HUX y3JI€ 1], T.e. paBEHCTBO HYJIIO pa3pbiBa YIJIOB IOBOPOTA
B y3J1€ 1] HOpMaJIeH K TUIOCKOCTH ITACTUHKU CMEKHBIX KOHCUHBIX 3JICMEHTOB.

[Tpu oaMHAKOBOM YHCJIC HEM3BECTHBIX B y3Ji€ ] B OCHOBHO# crcTeMe ABYX (GopM
MKD pesyabratoM pacdeta mo MKD B dopme Merona mepemenieHud OyayT TOJIBKO
JUHENHBIE W YIJOBBIE TEpeMelleHust y37oB, a npu pacuete mo MKD B dopme
KJIACCUYECKOTO CMEMIAHHOT0 METO/1a — JINHEWHBIC IEPEMEIICHUS U YCUIIHS B y3J1aX.

[Ipobnema  »sddextuBHOTO  QopMUpOBaHHS  pa3pelIaroliel  CHUCTEMBI
anredpandecKnuX YpaBHEHHM JJIS BCEW KOHCTPYKIIMH SIBIISICTCS Ba)XHOM MPH KOHEYHO-
AJIEMEHTHOM pacuere.

HaubGonee »ddexTuBHBIM, Kak oTMe4Yasioch HamMu B pabore [83] sBusercs
MOJIXO0JI, KOTOPBIH 3aKII0YaeTcss B MOOJIOYHOM (DOPMHUPOBAHUU TIOO0ATHHOW MATPHUILBI
OTKJIMKOB U BEKTOPA BO3JECHUCTBUM IYTEM UX NPSMOTO MOCTPOEHHUS C MUCIOJIb30BAHUEM
WHJICKCHBIX MaTpUIl, aHAJOTUYHBIX MHIACKCHOW MaTpHUIle, B allTOPUTME (POPMUPOBAHUS

MaTpPHIIbl KECTKOCTH B METOJI€ KOHCYHBIX 3JICMCHTOB B IepemenicHusx [145, 146].
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OpHako B OTIMYME OT 3TOrO AIrOpUTMa, AJIA (POPMUPOBAHUS TNIOOATBHONW MATPHUIBI
OTKJIMKOB M BEKTOpPA BO3JICUCTBUM, UCTOJB3YETCS BE MHACKCHBIX MATPHUIIBI: MaTpHIla
COOTBETCTBUSI HEU3BECTHBIX JIOKAJbHBIX TMEPEMEIICHUM TI00albHBIM, W MaTpulla
COOTBETCTBUSI HEU3BECTHBIX JIOKATHHBIX YCUIIUHN TJI00aTBHBIM.

[Togpo6GHoOe omucaHue MPOUEAYpPhl HUCIOIB30BAaHUS HWHIACKCHBIX MaTPHIL
IpHBEICHO B Halei padore [83].

Crnenyer OTMETHTh, YTO HYMEpalUsi Yy3J0B CHUCTEMbI BBIMOJHSIETCS TaKUM
o0pa3oM, 4TOOBI JOCTUYh MUHMMAJIHHOW HIMPUHBI JIEHTHI KOA(h(PUIIMEHTOB B OJ0Kax
MaTpPUIIbl OTKIUKOB.

JInst perynspHbIX CTEpKHEBBIX CHUCTEM paspelaronias CUCTEMa YpaBHEHUI
MOJIYJaeTCsl 3HAUUTEJIBHO TPOIEe W3 PACCMOTPEHUS YCIOBHM PaBHOBECHUS OJHOTO
TUTIOBOTO y3j7a W YCJIOBUM COBMECTHOCTH JedopMmalidii B paspe3ax CTepKHEen
COEUHSIONIMX THIIOBOH y3€J1 ¢ COCeAHUMH y3imamu [41].

[TonyuyeHHy0 T700albHYIO CHCTEMY pa3pellallinX ypaBHEHUH MOXKHO

npeoOpa3oBaTh K BUIY:

rififg Re|
551 = A ={0}, (2.95)

rae ( - KHHEMAaTH4YCCKUE HEU3BECTHHIC, q - CWJIOBBIC HEN3BCCTHBIC.

HeoO6xonuMo mpw 3TOM OTMETUTH CIEAyoIIee 00CTOATeIbCTBO. cxomHas

cucrema (2.95) wumeer MaTpully OKJIMKOB, HE HUMEIOIIYIO IOJOKHUTEIBHOU

OTPENICICHHOCTH, C KOCOCUMMETPHUYHBIMU OJIOKaMH (5 =—f"). DTo TUPUBOAUT B
HEKOTOPBIX  ClIly4asiX K 3aTpyJHEHUSIM T[pPH PEIICHUH CUCTEM JIMHEHHBIX
anrebpanueckux cucreM ypaBHeHUH (CJIAY) 60abIMX MOPSIAKOB, TAK KaK UMEIOIIUECS
MpOrpaMMHbIE KOMIUJIEKCHl OpueHTHpoBaHbl Ha pemeHue CIIAY ¢ cummeTpudHOU
MIOJIOKUTEIIBHO OIPEIECIICHHON MAaTPULEH IPU HEU3BECTHBIX.

B pasBepHyToM Buje cuctema ypaBHeHUH (2.95) MOxKeT ObITh 3aMMcaHa B BUJIE:
Drg+7g+R. =0,

. (2.96)
2)0q+oG+A. =0.
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[IpeoGpa3zyem cuctemy ypaBHeHuHi (2.96) Kk cucreMe ypaBHEHUH MeTona
NepeMeIeHIH, UCTONB3YS MPOIeAypY OJOUYHOTO HCKIIIOUEHUS HEM3BECTHBIX 10 ['ayccey.

N3 ypaBHenus 2 B (2.96) cienyet
G=-0"(5q+A;).
[loncraBuB 31O BhIpaskeHue s § B ypaBHeHue 1 u3 (2.96) nonyyaem:
(r—757'5)q—(Fo'Ar —R:) =0. (2.97)
Ota cucTemMa ypaBHEHHH COJCPKUT TOJIHKO KMHEMAaTUYECKHE HEU3BECTHHIC, T.C.

SIBJISICTCSI CUCTEMOM ypaBHeHHfI MECTOAA HepeMemeHHﬁ.

B kpatkoii popme cuctema ypaBHeHui (2.97) MoxkeT OBITH 3alMcaHa B BUJIC:
[K]{a}+{R:}=0, (2.98)
rae [K] - TII00anbHAs MaTpHIlla JKECTKOCTH, IMOJyYeHHas JJIsi OCHOBHOW CHCTEMBI
METO/la TEPEMELICHUNA, HMEIMIEH B Kauye€CTBE HEU3BECTHBIX TOJBKO JIMHEUHBIC
repemMenieHus (.

[Ipr paccMOTpPEHHOM BBIIIE MEPEXOJE K Pa3pellarolMM YPaBHEHUSIM METOAA
nepemetenuii (2.98) rinobanbHas MaTpUIa KECTKOCTH [K] ABJISCTCSI CAMMETPUYHOU U

ITOJIOKHUTCIIBHO Ol'IpGI[GJIGHHOfI U TIO3TOMY IIpU PCIICHUU 3TOM CHCTEMBI ypaBHCHI/Iﬁ

3aTPYAHECHUI HE BO3ZHUKAECT.

2.5 IIpobaema crymeHusi CETKH ISl NOBbIEHUs] TOYHOCTH PelleHus

Tak kak »Ta mnpodiiemMa A0 CUX MOp HE MOJYyYWIa YJIOBIECTBOPHUTEIBHOTO
pEIlIeHHs], pacCCMOTPHUM ee OoJiee moApoOHO.

[Ipyn crymeHum CeTKM KOHEYHBIX 3JIEMEHTOB BO3HHKAaeT Bompoc: “Hackonbko
MaJIbIM MOXET OBITh KOHEUHBIN AIeMEeHT?”

[Ipu mnpenenbHOM MepexoAe CHUCTEMA pa3pellalIINX KOHEUHO-3JEMEHTHBIX

ypaBHEHUM npeodpazyercs K cucteme AudpepeHInanbHbIX YpaBHEHUH.
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Ha nmpumepe cTep:kHs MOKHO BHJIETh, YTO JOCTATOYHO MEJIKOE €TO WICHEHHUE Ha
YYaCTKHA HUKaK HE CKAa3bIBACTCS HA BUJE Pa3pelIaOINX YPABHEHUM.

Opnako, XOTS BUJ pa3pellalolleldl CUCTEMbl alreOpanyecKux YpaBHEHUW HeE
MEHSIETCS B 3aBUCUMOCTH OT I'yCTOTBI CETKH, KAUECTBO CUCTEMBI MEHSETCS.

JUist cpaBHEHMSI IPUBEAEM 3TU YPABHEHUS ISl | -TO y371a PEryJspHONl KOHEYHO-
AJIIEMEHTHON CETKH MHOTONPONETHON Oanku (pUCYHOK 2.27, a). B KOTOPOIl 32 KOHEUHBIN
DIIEMEHT MPUHSAT MPOJET OAKKM MEXTy y3iaMu | —1 v i .

OCHOBHBIE CUCTEMbI METO/a MEPEMENIEHUN U CMEIIAHHOTO METOJ1a N300paXKeHbI

Ha pUCyHKax 2.27, 6 u 2.27, 8, COOTBETCTBEHHO.

P(x)

r . . ; X
AT 1 ‘%#Jl %%z l A%wzw

))

a
Pix)
m oA m
il i Ll X
v

6
Mi—] M; Mi+1
NS NS N
i A 7

Pucynok 2.27 — ®parMeHT MHOTOITPOJIETHOM OaNTKH

O6o3HaueHUs] KUHEMaTHYECKUX HEM3BECTHBIX (|, M CHUJIOBBIX (, 3aMeHUM Ha
00BIYHBIC 0003HAYCHHS OCHOBHBIX HEM3BECTHBIX B pacueTax CTEPKHEBBIX CHCTEM:

Y, @, - KHHEMaTH4YeCKHE HEHU3BECTHBIE B OCHOBHOM CHCTEME METOJa
MepEMEIICHH,

Y, M, - B OCHOBHOI1 cucTemMe CMEIIaHHOTO METOa.
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Jnsa  ciydas P(x):const: P cCucrema paspellarollluX YpaBHEHUU MeETOIa

NEPEMELIECHUN MPEICTaBIsIeT CO00W MO (PU3NYECKOMY CMBICILY YCIIOBUSL PAaBHOBECUS

y3na i:
12EI 6El

Ri,y_ E (yl—l_zy +y|+1) 2 (§0i71_(0i+1)+ pl =
6El 2El (2.99)

R, = I—z(yi—l - Yi+1) + T((Pi-l +4¢ + (Pi+1) =0.
B npegene (mpu | — dx):

_ - - . 2

“m yi—l 2y2| + y|+1 y|”’ “m (le ¢| :(pi,’ ||m pl =O,

|—dx |—dx 21 I-dx 12 El (2 100)

lim i~ Y Yiia = Yia _ —y/, lim Pata0,+ 0 —p.

I—>dx 21 [—dx 6

cucTeMa paspemaroniux ypasuenui (2.99) npeobpasyercs K BUIY

i = (2.101)

!
Yi = ¢
Ob6a >TuUX ypaBHEHHUS TOXKJECTBEHHbI, TaK KaK OJHO BBITEKAE€T U3 IPYroro.
Briposxaenue cucteMbl anredpandeckux ypaBHeHui (2.99) mpu npenenbHOM Mepexojie
B oAHO nuddepeHnrantbHoe ypaBHEHHE MPUBOJUT K HEYCTOMYMBOCTH CUETa M K
YXYALIEHUIO CXOJUMOCTH YHMCIEHHOT'O PEUIEHUSI K TOUHOMY PEIICHUIO0 MPU CTYIICHUU
CETKH KOHEUHBIX 3JIEMEHTOB, 4TO BriepBbie ObUT0 3aMeueHo B.C. UyBnkosckum [190].
BnionHe oueBuIHO, UTO 1MO00HBIN AP eKT OyIeT U B IByMEPHBIX CHCTEMAX.
Pa3pemaroiye ypaBHEHHS] CMEIIAHHOTO METO/Ia UMEIOT CIEAYIOIIHNIA BHUI:
L 2 1 M., +4M. + M 0,
I_z(yi—l -2y + yi+1) 6EI ( 1 T + |+1)
! (2.102)

|2

(M, —2M, +M,,)-p=0.
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[pu npenensHOM Iepexone | — dX momydnm ciieayronme BhIpakeHusI:

Yia =2Yi + Vi M;, +4M; +M;, Mi,—2M; + M,
|2

|2

lim
|—dx

=y’ lim

|—dx

=M,, lim

|—dx

— M/,

n cucreMa ypaBHeHud (2.102) npeobOpazyerca k cucreme auddepeHIruanbHbIX
ypaBHEHH, KOTOpas OyJeT pa3peima

M +Ely" =0,

(2.103)
M"+p=0.

CnenoBaTenbHO, 4YTO TpHU TMpPEACIbHOM IEpexoje cucTemMa airedpandyecKux
ypaBHeHu (2.102) He BBIPOXKTAETCS W MPU CTYIIEHUH CETKU KOHEYHBIX IJIEMEHTOB
c4eT OyZeT yCTOMUUBBIM, 00ecTieurBasi CXOJUMOCTh K TOUHOMY PEIICHHUIO.

BnionHe oudeBMAHO, YTO TE€ K€ CBOWCTBA OYIYT MPOSIBIATHCS M B JIBYMEPHBIX
CUCTEMaX.

N3 crpykrypsl paspemaronux ypaBHenuil (2.102) cMemaHHOr0 MeToJla BUJIHO,
pa3peluMbl U TP HAJUYUU B HUX OCCKOHEUHO KECTKUX KOHEUHBIX AJIEMEHTOB WU
OECKOHEYHO XKeCTKUX y4acTKoB B mojie KD. B To jxe BpeMs cuctema ypaBHEHUN MeTO/1a
NepeMEIICHUN CTAHOBUTCS HEPA3PEIIMMO TIpU Takoi xke xkectkoctu KDO.

Ha mpumepe pacuéra xoHCOJNIBHOW Oanku (pucyHOK 2.28) pacCMOTpUM Cllydaw,
KOTJla MpH peanu3anuu aiaroputMma pacyeta nmo MKD B mepemerieHusx, BO3ZHHMKAET

CuTyanusd, CBA3aHHasd C HGYCTOIZLII/IBOCTL}O cycerTa.

A

Y
y
Pucynok 2.28 — KonconbHas 6anika, mpeacTaBieHHasi N KOHEYHBIMU JJIEMEHTAMHU

Jns Toro, 4ToObl TOJYYUTh MPU HCMHOJb30BAHUM CTAHAAPTHOW MAaTPUIIBI
KECTKOCTH KOHEYHOTO DJIEMEHTa €r0 CMEIIEHHUS KaK KECTKOTO IeJI0ro, HEOOXOAMMO

MPOCYMMHUPOBATH dPHEKTHI OT CMEIICHUA €TO KOHIIEBBIX CEYCHHM.



81
Ha pucynke 2.29 mnokazaH JJsi HarjasiiHOCTH TOCJIEAHUN N-bIii KOHEYHBIN

QJICMCHT U €TI0 CMCIIICHUA.

nl—l n
[

yn-] | Pn-1
| — Yn
®n YnVn-1

Pucynok 2.29 — CmenieHnst KOHIIEBBIX CEYEHHUI N-TO KOHEYHOT'O 3JIEMEHTa

N3 sToro PUCYHKa BUIOHO, YTO HaHpH)KeHHO-,Z[G(bOpMPIpOBaHHOG COCTOdHHEC N-TO
KOHCYHOI'O 9JICMCHTA 3aBUCHUT TOJIBKO OT PA3HOCTH JIMHCUHBIX CMGH_IGHI/Iﬁ €Iro KOHI OB,

T.. (Y, —Y,,) ¥ pa3sHOCTH yIJIOB MMOBOPOTa €ro KOHIEBBIX cedyeHuit, T.e. (¢, — ¢, ;).
Benuuunel Yy, , U @, , SABISAIOTCS HapaMeTpaMu, onpenenstomumMu cMenienne KO kak
KECTKOTro uenmoro 06e3 gepopmanmii. OpHako B paspelarolue YypaBHEHHUS
ki1accuueckoro MKD B nmepeMelnieHusIX OHU BXOJAT BMecTe ¢ Y, U ¢, . UeM MeHble

6y}1€T KOHEYHBIHN QJICMCHT, TEM MCHBIIIC 6y,ZIYT COOTHOIIICHUS .
yn yn—l N 0, ¢n ¢n—l RN O
Y P
910 O3Ha4YacT, 4YTO IIPpHU CTYIICHHHN CCTKU KOHCYHBIX 3JICMCHTOB HCKIIIOYHUTDH
IMCPCMCIICHUA KD kak »xecTkoro CJI0Tr0 HCBO3MOXHO H IIOIpCIIHOCTH PC3YJILTATOB
pacucTa 6y,Z[eT TOJIBKO BO3pacTaThb.
6E]
6E] ml_zyn‘l
7 Yot [ [T
N -
1—23’:1 | @

4E]

2E
e =

vy
Pucynok 2.30 — 3nauenue n3rudaromiero momenra M mpu HaliIeHHBIX B pacueTe

BEIUYMHAX Y, U @,
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Kak BupaHo wu3 pucynka 2.30, 3HaueHue wusrubaromero wmomeHta M,

OIpCACIIACTCA IIPpH HaI>'II[€HHBIX B pacycTC BCIMYMHAX yn " @, BbIPAXKCHUCM
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I

B MKD B dopme kimaccuyeckoro CMENIaHHOTO MeEToJla TpoOeMa BBIPOXKICHHUS
CHUCTEMbl pa3pelIarolIuX YpaBHEHUM MPHU CTYIHICHUHU CETKU OTCYTCTBYET, Kak HTO
MIOKa3aHO BBIIIIE.

[IpobGnema ymoOBIETBOPEHUSI OJHOBPEMEHHO YCJIIOBHH PAaBHOBECHS U YCIOBUM
Hepa3pbhIBHOCTU jAedopmaliuii pemraetcs B kiaccuueckom MKD u B apyrux ero
M3BECTHBIX BapUaHTaX: B HMHTErpalibHOW (OCpeIHEHHOU (opMe) C HCIOIb30BaHHEM
JIOTIOJTHUTENbHBIX CIIEIMAJIbHBIX NpUeMOB (MHOXuTenel Jlarpanxka, HE3aBUCHMBIX
NOJIEW anmpOKCUMAIIMH U T.JI.).

B MKD B dopme ki1accMueckoro CcMemIaHHOro MeToja 3Ta mpobiema
OTCYTCTBYET, TaK KakK pas3pellaronias CUCTeMa YPaBHEHUH COJEPKUT KaK YCIOBUS
paBHOBECHS, TaK U YCIOBUS HEPA3PHIBHOCTH JAePopMaliuii U nepeMenieHu .

Pemiennie  a3Toi  mpoOseMbl  OOecleUeHHs COBMECTHOCTH  JedopMarmid,
NEpEeMEICHU U YCUIIMA Ha TPaHMIIaX CMEKHBIX KOHEUHBIX AyieMeHTOB B MKD B opme
KJIaCCUYECKOTO CMEIIAaHHOTO METO/Ia 3aJ105KEHO, KAK OTMEYEHO BBIIIIE, B CAMOU CUCTEME
pa3pemarIX YpaBHEHUM.

Bce ormeuenHnbie Boie ocobeHHOcTH pacdera 1o MKD B popme KCM umerot
MECTO U IJisi TpeyroiabHbix KO, sl KOTOPBIX OCHOBHAs CUCTEMA TaKXE CTATUYECKHU
onpenenumMa. [Ipumep Takoil OCHOBHOM CHCTEMBI JUISI H3rH0aeMoro tpeyronbHoro KO-
TUTACTUHKH OBLI MPUBEJICH BbITIE (pUCYHOK 2.17).

Ora ocobenHocth MKD B ¢opMme KIACCMYECKOrOo CMEIMIaHHOTO MeEToja

OTHOCHUTCS K €ro MPEeUMYIIeCTBaM 10 OTHOIIEHUI0 K MKD B nepemenieHusx.
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2.6 BeiBoabI 1o riaase 2

1. IIpuHIMNIUATIBHOE OTINYUE METOAOB JIMHEHHOW CTPOUTEIHLHOW MEXAHUKUA OT
METOJIOB MEXaHUKH YIPYrol Ccpeabl COCTOMT B TOM, YTO TIE€PBbIE HW3HAYAIBHO
OPUECHTHPOBAHBl HA JIHUCKPETHBIE PACUETHBIC CXEMBbI PA3IUYHBIX KOHCTPYKTHUBHBIX
AJIEMEHTOB WJIM KOHCTPYKILHM, HMEIOIIUX ONPENEICHHYI0 TeOMETpUur0 u ¢opmy, a
BTOPBIC pAacCMATPUBAIOT OOJIANAIONIUN  OMNpEEICHHBIMU  (PU3UKO-MEXaHUYECKUMU
XapaKTePUCTUKAMU KOHTUHYYM, U3 KOTOPOTO BBIJEISETCS COOTBETCTBYIONIUMN
OTPENICICHHOMY KOHCTPYKTHBHOMY JJIEMEHTY OOBEM U HAJIENACTCS TEOMETpUe Hu
I'PAHUYHBIMH YCIIOBUSMHU.

2. B wMexanuke ympyrod cpeapl Ha OCHOBE pa3IMUHBIX BapUAllMOHHBIX
MPUHITMIIOB COCTABJISIOT COOTBETCTBYIOIIUE dHEPreTUYECKUE (PYHKIIMOHAJIBI, KOTOpPHIC
3aTeM JUCKPETU3UPYIOTCSA B OO0JacCTH BBIJCICHHOTO KOHCTPYKTUBHOTO KOHEYHOTO
AJIEeMEHTa WM BCEero o0beMa KOHCTPYKUMU. W3 ycnmoBud -dKCTpemMyma 3TOTrO
(GyHKIIMOHAIa B 3a/1aBa€MOM CETKE PACUYETHBIX TOYEK HAXOAAT KOI(P(UIMEHTHI MpU
HEU3BECTHBIX U CBOOOJHBIEC WIECHBI B Pa3peIIAIONIUX YPABHEHUSIX, UMEIOMINX (opMy
Pa3JINYHBIX METOJIOB CTPOUTEIbHON MEXaHHKHU.

Jns HaxoxeHus: Kod(DPHUIIMEHTOB KAaHOHWYECKUX ypaBHEHUW B CTPOUTEIIBHOM
MexaHuKe Oojiee TpoCcThiIM U A(O(PEKTUBHBIM SBISETCS MCIOJB30BAHUE IPUHIIMIIA
BO3MOYKHBIX U3BMEHEHHM COCTOSTHUN CUCTEMBI, UCXOs U3 (DU3UUYECKOTO CMBICIIA METO/IA:

- Hepa3phIBHOCTH JehopmaIuii B pacue€THBIX TOUKaX (METOJ CHII);

- PAaBHOBECHE CUJI B PACUETHBIX y3J1aX (Toukax) (METOJ MepeMEICHH);

- OJHOBPEMEHHOE€ BBIMOJIHEHUE JTUX JBYX YCJIOBUUA B PACUETHBIX TOYKaX
(cmemaHHbBINA METON).

3. BBeneHue HOBOrO TEPMUHA-NIOHSTUS «MaTpHUIla OTKJIMKOB» IO3BOJIAET C
€MHOI NO3UILIUK paccMaTpUBaTh BCE TPU METO/a CTPOUTEIbHON MEXaHUKU:

- CMEIIaHHBIN (0000IIArOITUi) METO/T;

- MCTOA CHJII U MCTO, nepeMemeHI/Iﬁ KaK 9aCTHBIC CJIy4aHu.
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4. TIlocnenoBaTenbHOCTh ONEpPalMid B AITOPUTME IOCTPOCHUS CHCTEM
paspematroninx ypaBHeHuit B MKD B ¢opme KiaccHuyeckoro CMEMIaHHOIO MeToja
IIOJIHOCTBIO COBIAJAET C IMOCIENOBATENBHOCTRIO onepauuii B MKD B mepemenienusx.
D10 mo3BOJIsIeT pazpadarbiBaTh nmporpamMHoe obecrieuenue MKD B dopme KCM 1o
aHAJIOTUM C MPOrPaMMHBIM obOecnieueHueM, peanusytronmum MKD B nepemelieHusx.

5. Cucrema pazpematonux ypaBHeHuit MKD B ¢dopme KCM nerko
npeodpa3yeTcsl K CUCTeME YpaBHEHHH MeToja mepeMmenieHuid. B aTom ciydae matpuiia
KO3(p(UIMEHTOB TPH HEU3BECTHBIX B  pa3pellAlOIUX YPABHEHUSAX  SIBISIETCS
MOJIOXKUTENIbHO ONPEEICHHON U XOPOIIO 00YCIOBIEHHOM.

6. Ilpy OOMHAKOBOM KOJMYECTBE HEU3BECTHBIX B Pa3pelIAOIINX YPABHEHMIX
MK?3 B nepememienusx u MK3 B popme KCM, nocnennuii uMeeT NpeuMytiecTBo, TakK
KAaK pe3yJIbTaTOM PELICHUs SBIISIETCS OJHOBPEMEHHOE IOJIYYEHHME KaK IEpEeMELICHUM,
TaK U YCUIMHU B y3J1aX KOHEYHO-JIEMEHTHOMN CETKHU.

7. Tax kak cuctema paspematoniux ypasaenniit MK3 B popme KCM coctout u3
ABYX T'PyHIl — YpaBHEHHM paBHOBECHUS Y3J10B M HEPa3phIBHOCTHU JedopMaluil B y3iax
KOHEUHO-3JIEMEHTHOI CETKH, TO MOJIy4aeMble PELIEeHUs] He TPeOYIOT JONOJHUTEIBHON

IIPOBEPKH HA BBITIOJIHEHHE YCIOBHI paBHOBECHS MJIM HEPA3PBIBHOCTHU Jedopmariuii.
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I'maBa 3
HccnenoBanue 3p(peKTUBHOCTH METOAA KOHEYHBIX 3JIEMEHTOB B (popMme

RIACCHYECCKOI0 CMCIIIAaHHOI'O ME€TOAAa B 3aJaYaX CTATUKH

JUist WunmrocTpauy IpakTUYECKUX BO3MOKHOCTEH U OCOOCHHOCTEH MPUMEHEHUS
pa3BuBaeMoOil  (OpMbI MeTOAa KOHEYHBIX DJIIEMEHTOB PACCMOTPUM MPHUMEPHI
CTaTHYECKUX PACYETOB HEKOTOPBIX BUIOB KOHCTPYKIIHIA.

OCHOBHEIC PE3YyIbTAaThl, U3JIOKCHHLIC B ﬂaHHOﬁ IJIaBC, paHEC OHY6HI/IKOBaHBI B

Hamux padorax [56- 58, 61, 63-65, 70, 71, 78, 81, 82].

3.1 PacyeT MJI0CKHUX CTEPKHEBBIX KOHCTPYKIUIA

IIpu ucnonwszoBanuun MKD B ¢popme KCD, xak u wucnonb3zoBanun MKD B
nepeMelieHusx, npu  (OPMHPOBAHUM  CHCTEMBbl  pa3pellaloliuX  JUHEHHBIX
anredpanyeckux YpaBHEHUU BO3HUKAIOT MPOOJIEeMbl MUHUMHU3ALUUA IHIMPUHBI JICHTHI
MaTpuilbl KOA(G(HUIIMEHTOB MpPU HEU3BECTHBIX, CBSI3aHHBIE CO CTHIKOBKOM KOHEYHBIX
AJIEMEHTOB U HyMEpalUel 3JIEMEHTOB U CTBIKOBOYHBIX Y3JIOB.

Bce >t ipo6iieMbl perieHbl B MPOrPaMMHBIX KOMIUIEKCAX, PEATM3YIOIMHUX METO]]
KOHEUHBIX 3JIEMEHTOB B MEPEMEMICHUSAX. DTH PEIICHHS] MOJHOCTbIO COOTBETCTBYIOT
npo0iemMaM peanu3alid METO/a KOHEUHBIX DJJIEMEHTOB B (hOpMe KIACCHYECKOTO
CMEIIaHHOTO MeTo/Ja W ObUIM YUYTEHBI MPHU pa3padOTKe MporpamMM pacdyeTa IMIOCKUX
CTepKHEBBIX crcTeM 1o toit hopme MKD [165, 168, 169].

Ha npumepe 31oit npocteiiiieid KOHCTPYKIUHU (PUCYHOK 3.1, @) MOKHO HarJsiAHO
MOKa3aTh BO3MOXKHOCTH U mpeumytnectBa MKD B dhopme cMemaHHOTO KIacCHYECKOTO
METOJa MpU pELICHUH 3ajJlay, CBSI3aHHBIX C NPOOJIEMOM HCKIIOUYEHHS W3 pacyeTa
CMEIIEHN KOHEYHOTO 3JIEMEHTA KaK KECTKOI0 LEIOTO.

CxeMa HyMepaluu y3J10B U 3JIEMEHTOB MIpUBEcHAa HA pUCYHKE 3.1, 6.
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PI/ICYHOK 3.1 — banka Ha OKBUJUCTAHTHO PACIOJOKCHHBIX YIIPYT'O-TIOAATINBLIX OIIOPAX

Crnenyer oOpaTuTh BHUMaHMe Ha TOT (HakT, YTO B JaHHOM cliiydae (mpu
C
F=F=const, c,=c, = E) BCSl KOHCTPYKITUSI CMEIIAETCs KaK KECTKOE IeJI0e.

Heo0xonumMo 0TMETHTH, UTO MPU UCIIONH30BAHUN METO/1a KOHEUHBIX 3JIEMEHTOB B
NEPEMEIICHUSIX MEePEMEIICHHE MO OTAEIbHOCTU JII000W CBSI3M BBI3BIBAET BHYTPEHHHE
yCcWIMsT B KOHEYHOM »nssemeHTe. [lpu mopcyere 3TUX YCWIMKA BBINOJHSIETCS PAI
oneparnuii, KOTOpble MOT'YT MPUBECTU K HAKOILJICHUIO MOTPEIIHOCTA MAIIMHHOTO CYETa
WIM K HEYCTOMYMBOCTH PELICHHS MPU M3MEIbYEHUU CETKH KOHEYHBIX 3JIEMEHTOB. B
KOHEYHOM HWTOre JUIsl JAHHOM 3aJauyd JOCTUTaeM MpPH H3MEJIbYCHHH CETKH TEeX XKe
HYJIEBBIX 3HAYEHUH YIJIOB MOBOPOTAa M OAMHAKOBBIX CMEIIEHUN yHPYrUX OIMOp, HO B
npeaenax TOYHOCTH MAIMHHOTO CUETa.

TecT-pacy€Tsl MHOTOMPOJIETHONW OalKW C PEryIapHO PACIOJIOKEHHBIMU
YOPYronoJaT/IMBbIMU OMOPHBIMU CBSI3SIMH M Pa3IMYHBIMM BapUaHTAMU HArpy30K B
MpoJiIeTaX Ha JMHEWHbIE W YIJOBBIE CMEUIEHUS PACCMOTPEHBI B, BBIIOJIHEHHOW MOJ
HaIIUM PYKOBOJCTBOM, mucceptanuu B.B. ["aboBoit [19], mokazamm, uTo mipu pacuere
mo MKD B popme KCM, ToyHOE pelIeHrne Kak 1Mo YCUJIUSM, TaK M 1O IMePEeMEeIECHUsIM,
MOXET OBITh MOJYYEHO, Ja)X€ €CJIHM 3a KOHEUHBIA JIEMEHT MPHUHATH MPOJET MEXKIY

OTIOpaMH.
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B pa6ote [19] Takke BBIMOJHEHBI pACUYEThI TNIOCKHX CTEPKHEBBIX CUCTEM, KakK C
IIAPHUPHBIM, TaK M C JKECTKUM COEJUHEHUEM CTEpKHEH, C MCIOJb30BAHHEM
pa3pabOTaHHBIX HAMH AJITOPUTMOB U IIPOIPAMM.

Pacuer miockoll cTepkHEeBOW cucTeMbl-pambl (pucyHok 3.2, a) (F, =20m,
F, =15m, F,=10m, EI = const, E =3-10°m | m°, pazMepsl IpSMOYTOIBHOTO CEUYEHHUS

b=0.15m,~4=0.15M), KOr/a 3a KOHCUHBIA AIEMEHT MPHUHAT CTEPKECHb MEXIY JABYMS

y3J1aMHu CHCTEMBI, BBIIIOJIHCH KakK JUJIAd CilIydasd C KCCTKUM, TadK W C HIAPHUPHBIM

COCJIMHEHUEM CTEPIKHEM.

Cxema Hymepaluu y3JI0B U 3JIEMEHTOB IPUBEIECHA HA pUCYHKE 3.2, 6.
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Pucynok 3.2 — Ilnmockas crep>kHeBasi cucteMa - hepma
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Pe3ynbpTaThl pacyeTa 3TONH KOHCTPYKIMHU (TPOAOJBHBIE YCUIIUSI B CTEPIKHSIX) Kak

paMbl W KakK IIapHUPHO-CTEP)KHEBOM CHCTEMBI, NIpeAcCTaBieHHbIe Tabiume 3.1,
COBITQIAIOT C pacyeTaMu, BeiostHeHHBbIMU 110 [TK JIMPA.
Tabmmuma 3.1
[IponosnbHOE [IpononbHOE
No [IpononsHOE ycumnue (T) No [IpononsHOE ycunue (T)
- ycunue (T) (rapHupHO- - ycunue (T) (urapHUpHO-
CTEPIKHS CTEpIKHS
(>kecTKHE Y3IIbI) CTEp)KHEBAas (>xecTKHe y3IIb) CTep)KHEBas
cucTemMa) cucremMa)
1 79,074 80 8 27,709 27,7508
2 -48,029 -50,3115 9 10,017 10
3 49,659 50,3115 10 -11,023 -11,1803
4 35,027 35 11 -5,005 -5
5 -57,485 -57,5 12 10,962 11,1803
6 -27,702 -27,951 13 0,067 0
7 -22,481 -22,5 14 0,142 0
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ConocTaBiieHHE IBYX BapUAHTOB PACYETHBIX CXEM MOKA3bIBAET, UTO U3rMOAIONINe
MOMEHTBI MaJIbl IO CPABHEHMIO C MPOJIOJIbHBIMU YCUJIUSIMU, T.€. KOHCTPYKIUS padboTaer
KaK IIapHUPHO-CTEpKHEBas (epma, U MpH pacyeTe yaoOHEEe HCMOIb30BaTh BTOPOM
BapUaHT OCHOBHOW CUCTEMBI.

PaccMoTprM, BBITIONIHEHHBIH HamMu B pabotax [63, 65], pacuer perynspHbIX
IIOCKUX (GepM ¢ pelieTKaMud pa3HOW  CIOXKHOCTH, QJITOPUTM  MOJIYYECHHS
AHATTMTUYECKOTO PEIICHUs JIUIsl KOTOPBIX MpeiokeH B paborax M.H. Kupcanosa [97-
103].

depma ¢ caMbIM IPOCTHIM TUIIOM PEIIETKH U300pakeHa Ha pucyHke 3.3.
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Pucynok 3.3 — Perynsipuas minockas pepma

st paccmaTtpuBaemoii ¢epMbl ypaBHEHMs JUIsl OMOPHBIX Y3JIOB M Y3J0B Ha
Topuax ¢epMbl WrpalOT pOJb TPAHUYHBIX YCIOBUM B TI00aNbHOM cCHCTEME
pa3peuaronmx ypaBHEHUH.

E€ pacder ObuT BBIMIOJTHEH C UCTIOIB30BAHUEM pa3padOTaHHON HAMU MPOTPAMMBI,
peamusyromeit MKO B popme KCM mist crepkueBbiX cuctem [165, 169], nmpu pazHom
YUCJIe TIAHEJIEM W Pa3HbIX BApPUAHTAX 3arpyKEHHS — C OJWHAKOBOW M HE OJIMHAKOBOM
Y3JIOBOM Harpy3Kou.

Pesynbrarthl pacdyeToB, MONHOCTBIO IPEJACTaBICHHBIE B Hamed paborte [63],
nmokaszanu, 4ro mnpu N=1, n=2, n=4 u n=5 ¢depma sBIAETCI TEOMETPHUUCCKHU
Heu3MeHseMoil, a mpu N=3, Nn=6 u N=9 (T.e. mpu N KpaTHOM TPEM) - MTHOBEHHO
W3MEHSEMOM.

AHANOTUYHBIC PACUYETHhI BBIMOTHEHBI I (EpPMBI C JIPYTUM THUIIOM PEIICTKH,

paccMmotpeHHo# B [99] (pucynok 3.4).
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Pucynok 3.4 — PerynsipHas ¢epma ¢ TpeyroJibHON pemeTKon

Jlns oTrBeTa HaA BONpOC, sIBIsSeTCS JU (epMa C TaKUM TUIIOM PEIIETKU
U3MEHSEMOW UM HEU3MEHsSIEMOM, HY)KHO JIOMOJIHUTENIbHOE uccienoBanue. OTBET 3TOT
MOET OBITh TOJydeH O0€3 YHCIEHHOTO JKCIEPUMEHTAa, €CIU Yy4eCTb OCOOCHHOCTH
T€OMETPHH PEIICTKH.

Hcnons3ys MeTosl BhIpE3aHUs Y3JIOB, MPUXOJUM K BBIBOJAY, YTO NMPH HEYETHOM
qucie naHesnaed N ¢gepMa ¢ JaHHBIM TUIIOM PEIIeTKU T€OMETPUUECKH HEeU3MEHseMas, a
IIPY YETHOM YHCJIe TTIaHeJIe — MTHOBEHHO M3MEHsIeMasl.

BrIMoTHUM TOTIOTHUTEIBHBIN YMCICHHBIN aHanu3. Hwke nmpuBenena Tabiuma 3.2
C pesynbTaTaMM aHanu3a (GepMbl NPH PA3TUUHBIX 3HAYEHUSX N, MOITBEPKIAOIIMMU

JTAHHBIN BBIBO/I.

Tabmuma 3.2
Yucno | Yucno Onpenenurens Jlupa-CAIIP 2013 R5
naHesnei | 00yCIIOBIEHHOCTH MaTPHIIBI
(n) MaTPUIBI Pa3peliaoniei | pa3penaromei
CHCTEMBI yPaBHCHUI CHCTEMBI ypaBHCHUI
MKD B popme KCM MKD B popme KCM
1 3.1505944 0.64
2 5.522D+16 3.550D-33 ['eomeTpuueckn U3MeHsIeMasl CUCTeMa
(Ipy HECUMMETPUYHON Harpy3Ke)
3 11.666871 0.746496
4 1.657D+16 0 ['eomeTpuueckn U3MeHsIeMasl CUCTeMa
(Ipy HECUMMETPUYHOM HArpy3Ke)
5 24.963953 0.2687386
6 1.730D+16 0 ['eoMeTpuueckn u3MeHseMas CUCTeEMa
(Ipy HECUMMETPUYHOUN HArpy3Ke)

[Ipu 3TOM CrniegyeT OTMETUTD, YTO B CHILY MOJIHOW CHUMMETPHUH PacCMaTpUBAEMON
KOHCTPYKLIMH, MPH CUMMETPUYHOM HArpy3Ke pacuyeT BO3MOXKEH [aXK€ IPH YETHOM

YUCJIE MaHEJIEH.
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Takoil xe aHamu3 MOKET OBITh BBIIIOJIHEH WM JJs JPYrHMX TUIOB (epM co

CJIO’)KHBIMU PEIIETKaMH, pACCMOTPEHHBIX B padorax [97-103].

3.2 Pacuer 0aJIKM COCTABHOIO CeUYCHU S

Pacuer 0aiok COCTaBHOTO CEUEHHS TMPEICTABISIET OOJBIION MPAKTUUECKUI
UHTEpPEC M3-3a WX MIMPOKOTO NPUMEHEHHS B CTPOUTEILCTBE W JIPYTUX O0JaCTAX
TeXHUKU. B TpuHIMIE anropuTM pacdeTa TakuX OajoK MO METOJy KOHEUHBIX
AJIEMEHTOB B TiepeMelieHusx paspadoraH. OpHaKo ero peanu3anusi OCIOXKHIETCS
y4e€TOM CBOWCTB IIIBa, OOBEIUHSIONIETO BETBU COCTABHOTO CTepkHs. [10aTOMYy 00BIUHO
UCIIOJIB3YIOTCS YNPOIIAOLINAE TUIIOTE3bl. Yallle BCEro MCMOJb3yEeTCs TUIOTe3a TIIOCKUX
CEYCHUN JJIsI BCEro MakeTa OOBEIWHSEMBIX BETBEM COCTABHOTO CTEP)KHS, XOTS €€
NpUMEHEHHE MOXKET IPUBECTH K OUY€Hb IPyObIM pe3yabTaTaM.

B nanHOM pazzmene WUIIOCTPUPYIOTCS BO3MOXXHOCTH TPUMEHEHHUS METoAa
KOHEYHBIX 3JIeMeHTOB B (popme KCM k pacyeTy 6aiok COCTaBHOTO CEYECHMUSI.

B nammx pa®oTax BBINOJIHEH TECT-PACUYET IMIAPHUPHO OMEPTON OaKU COCTAaBHOTO
cedeHus1, n300pakKeHHOW Ha pUCYHKeE 3.5.

Hcxonunle naHHble:

E,=E,=3-10°n/m? I,=1, b=0.15Mm, hy=h, =0.15x, L =10m, F = 20m.

PaCCMOTpeHBI JABa BapHaHTa PACUCTHBIX CXCM, IIPUBCIACHHBIX B I'JIaBC 2.
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Pucynoxk 3.5 — IllapaupHo onepTast 6aika COCTABHOTO CEYCHUS
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CTpyKkTypa MaTpHIbl OTKIUKOB JUIsl TAHHOW 3a7a4d MPUBECHA B BHITIOJHEHHON
I0JT HAIIIMM PYKOBOJCTBOM auccepTarmu [19].
CXOIMMOCTh pelIeHUs] K TOYHOMY MPHU YBEIWYCHUH YUCJIa KOHEYHBIX JICMEHTOB
JUTSl IEPBOTO BapUaHTa pacue€THOM CXEMBbI MTOKa3aHa Ha rpaduke (pUcyHoK 3.6).
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Pl/IcyHOK 3.6 - CXOIII/IMOCTB peUICHUA K TOYHOMY IIPHU YBCIIMYCHUHN YHCJId KOHCYHBIX
SJICMCHTOB
HpI/I HNCIIOJIB30BAHHHU BTOPOTO BapHaAHTaA pvaeTHOﬁ CXCMBI, B KOTOpOﬁ
pacnpeaciiciuc CABUTAIOIINUX YCI/IJ'II/Iﬁ MCXKOAY CIOjIMH  KOHCYHOI'O  3JICMCHTA
AIIIIPOKCUMHUDPYCTCA JIMHEHHBIM 3daKOHOM, CXOOUMOCTDHb YJIIYy4IIACTCA, HO aJITOPHUTM €TO0

peam3anun CJI0KHEC.

3.3 Pacuer cucTeM nepeKpecTHbIX 0aI0K

BrImoslHEHO Takke TECTUPOBAHHME pa3padOTaHHOTO ajTroOpUTMa Ha MpUMEpe
pacuera IByMEPHBIX CTEPKHEBBIX CUCTEM.
PaccmoTpena mnpsiMoyrosibHas B IUIAaHE pPETYJSpHAs CUCTEMa IEPEKPECTHBIX

6anok (PCIIb) mapHaupHO onepTas Mo KOHTYpY (puCyHOK 3.7).
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Pucynok 3.7 — IIpssmoyronbHas B IUIaHe, ApHUPHO orepTas no koHTypy PCIIb

@parMeHT OCHOBHOM CHUCTEMBI CMEIIAHHOIO METOAA /AJIsl Hee H300pa)xKeH Ha
pucyHke 3.8.

Jst YaCTHOTO ciay4dast F., =F =const =0,05m, L=, =1=2m,
El, = El, = El =126,5625 m - m* TpOTruObl B Yy3JaX CHCTEMBI IEPEKPECTHHIX OaJoK

npuBeeHbI B TabnuIe 3.3.

OTH pe3yNbTaThl MOJHOCTHIO COBIAJAIOT C IMOJIYYCHHBIMU JIJISI 3TOT'O YacCTHOTO
ciyyas B [21].

AHAJOTMYHO MOXET OBITh BBITIOJIHEH pPacyeT CHUCTEMBI MEPEKPECTHBIX O0ajoK C

YUCTOM KPYUYCHUA U CABUTA.

1
q}‘ Y A n

~ G, —a ~ Q4

(b-l . q(l \ /‘ (o T
-t - | A ) 5 N -1 7
. { ;l -1 V)/V q4 ( k\ ﬂ qS $ “HV -1 k '

) f S 't § L]

qﬂ ' '(\lz‘lll .
¢Q4m %I
m ,\, ,“ m

-1 -

Pucynok 3.8 — ®@parmeHT OCHOBHOM CHCTEMBI cMelanHoro Metoaa st PCIIb
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Tabnuia 3.3
Ne y3na [Tepemenienue (Mmm) No y3ma [lepemenienue (Mm)
2 -0,003058 9 -0,003058
4 -0,00428 13 -0,00428
5 -0,00428 14 -0,00428
7 -0,003058 18 -0,003058
8 -0,006

3.4 PacueT cTep:KHEBbIX CUCTEM, COAEPKAMMX 0€CKOHEYHO KECTKHE IJ1eMEHThI

WJIH 3JIEMEHTBI 00JbII0H, HIN 0€CKOHEYHO 00JIbIIO0I KeCTKOCTH

Kak yxe oOTMeuYeHO BbIIlIe, OJHUM U3 OCHOBHBIX 3aTPYJHCHUH B METOJE
KOHEYHBIX 3JICMEHTOB B IMEPEMEIICHUAX SIBIISICTCS YUET BIUSHHUS KOHCUHBIX 3JICMCHTOB
C OY€Hb OOJIBIION M3rNOHOMN KECTKOCTBIO.

Jlist pacueTa CTEP)KHEBBIX CHCTEM II0 METOAY IiepeMelicHuii B pabdote [177]
IPEIOKEH CIOCO0, KOTOPHIA MO3BOJSET “‘periaTh 3aJadyd ¢ OSCKOHEUHO >KECTKUMH
dJeMeHTaMH’ W JIOCTUYh ‘‘3HAYUTENILHOTO COKpaIlleHHWs 4YHCiia KaHOHHYECKUX
ypaBHeHui”’. OJHAKO 3TOT CMOCOO0 MOXKET OBITh HCTOJb30BaH TOJBKO JUIS 3ajad C
HEOOJIBIIUM  YHCJIIOM HEU3BECTHBIX HM HE MOXeT ObITh (opMaau3oBaH U
aJITOPUTMHU3UPOBAH.

IIpu pacueTe CTEpKHEBBIX CHCTEM II0 METOJY KOHEUHBIX AJIEMEHTOB B (hopme
KJIACCHYECKOTO CMEIIAaHHOTO METO/1a 3Ta MpodieMa He BO3HUKAET.

B nameii pa6ote [82] BhIMOMHEH pacdeT MPOCTEHINEH CUCTEMBI, IJIs KOTOPOU
paspemiarpomias CHUCTEMa ypaBHEHHM METOJa TEePEeMEIICHUN  SBISCTCS  IUIOXO
0OyCJIOBJICHHOHM, a TPU HAJIWYUKM B KOHCTPYKIIUM OECKOHEYHO J>KECTKOIO JJIEMEHTA

perrenre HeBo3MoxHO [175, ¢. 273] (pucyHok 3.9).
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Pucynok 3.9 — Konctpykuus U3 AByx 0ajloK ¢ pa3HOil U3rMOHON KECTKOCTHIO

CxeMa Hymepanuu y3JI0B M 3JIEMEHTOB NpuBeaeHa Ha pucyHke 3.10 a. OcHoBHas

CUCTCMA CMCUIAHHOI'O MCTOId MMPCACTABJICHA HA PUCYHKC 3.10 o.

| El El, [ El, :
' l1 1 o 2 | L |.3 -
a
' ~ Q4 Qs ~ G ~
‘qzv /'/':‘1 ("/ 4 ‘qZ, {*’/ R W/ Y ‘q'ﬁ q'f‘"\

)\ . | )ik ‘ ’ ) \ ‘ ;

T :

q Js qu Je Qo ?(hl

4]

Pucynok 3.10 — CxeMa Hymepauuu y3j0B U 2JIEMEHTOB, U OCHOBHAsl CUCTEMA
CMEIIaHHOTO METOJIa JJII KOHCTPYKIIUHU U3 JBYX 0alOK C pa3HON M3TMOHOM KeCTKOCThIO

[TpunATHI CIEIYIOIIHE UCXOJHBIC

NaHHBIE: F =1m, F, =0,5m,

El
E =3-10°m/Mm°, —2=k, rme O0>k>co, pasMepsl IpSMOYrOILHOTO
1

oanku: b=0.15m, h=0.15m, [ =4m.

CCUCHUA

B taGnune 3.4 mpuBeAeHBI BEJIMYMHBI MPOTHOOB M YIJIOB IMOBOPOTOB CEUEHUU
KOHCTPYKIIMM M3 JBYX OalloOK C pa3HOW M3THMOHON JKECTKOCTBIO IJIsi PAa3THYHBIX

BapHUaHTOB COOTHOIIIEHUS JKECTKOCTEH (pe3ynbTaThl MpuBeaeHBI B M). 0>K > 00
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Tabnuna 3.4
Ely 109 | Ela_qge | Elaqpr | Ela qpe| Elo q| Eli g | Elo_jqo0
El, El, El, El El El El
W, =0, | -0,08428 | -0,08428 | -0,08428 | -0,08428 | -0,08428 | -0,08428 | -0,08428
®, =0g | 5,2253 0,48461 | 0,01054 | -0,04209 | -0,04213 | -0,04214 | -0,04214
@, =0, | -20,9857 | -2,02272 | -0,12642 | 0,08407 | 0,08426 | 0,08428 0,08428
®- =0, | 13,1266 | 1,27473 | 0,08955 | -0,04201 | -0,04213 | -0,04214 | -0,04214

Crnenyer 3aMeTUTBh, UTO cUcTeMa pazperaromux ypasaennit MK39 B popme KCM
JUISL 3a]1a4 TaKOTro THUIIA OCTAETCS XOPOIIO OOYCIIOBIECHHOW MPH YBEJIIMUEHUHU JKECTKOCTH
70 OECKOHEYHOCTH JIFOOOT0 U3 KOHEUHBIX 3JIEMEHTOB pacCMaTPUBAEMON KOHCTPYKIIHMH,
Tak Kak BeauuuHbl Elj HaxoasTcs B 3HaMeHaTenax Ko3p(OUIIMEHTOB MPU HEU3BECTHBIX.

IIpu pacuere sTtol KOHCTpyKumH C¢ ucnoisibzoBanuem IIK Jlupa, peanusyromein
meToz nepemenienuii, npu Elp= KEl; u k>10° BozHukaeT c6oii 1 cueT npekpamaeTcs us-
3a IUIOXOW OOYCIIOBIEHHOCTH  pa3pellaroliel CUCTEMBbl ypaBHEHHH MeToda
MIEPEMEILICHUM.

[TpuBenennsie B padote [177] mpumepsl pacyera paM ¢ OECKOHEYHO KECTKHUMH
anemeHTamu (pucyHok 3.11, a, 6) jerko Moryt OBITH BBITIOJHEHBI Ha ocHOBe MKD B

dopme KCM Tak, kak 3TO MOKa3aHO B MPUBEICHHOM MIPUMEDE.

{ © ®
El,=w EL
©)
El, El, EJ, El=c0
@ @ @
e e 3
a O

Pucynok 3.11 — Pambl ¢ 6€CKOHEYHO JKECTKUMH dJIEMEHTaMU
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[Ipu >TOM He BO3HHMKAET HUKAKOW HEOOXOJMMOCTH MpeoOpa3oBaHUN >IIOP
M3ru0aroImMx MOMEHTOB U JPYTMX IPHUEMOB, HEBO3MOKHOCTh (POpMaIn3alid KOTOPBIX
BOJIHE OYEBUIHA.

CrnenyeT OTMETUTH, YTO BO3MOXKHO OJHOBPEMEHHOE HCIIOJIB30BAHUE JUIS
Pa3JINYHBIX KOHEYHBIX 3JEMEHTOB CTEPKHEBOM CUCTEMBI OCHOBHBIX CHUCTEM METOJA
nepemMenieHuii U cmemanHoro weroga. Tak gt KO-3 na puc 3.19 6 moxHO
HCMOJIb30BaTh OCHOBHYIO CUCTEMY CMEMIAHHOr0 MeToAa, a mist KO9-1 u KO-2 ocHoBHbIE
cucTteMbl MeTona mnepemenieHuid. CThIKOBKAa MAaTpUIl KECTKOCTH W MaTpPHI] OTKIMKOB
KOHEYHBIX 2JIEMEHTOB HUYEM HE OTJIMYAETCS OT CTHIKOBKHM MX MATPUIL )KECTKOCTEM.

[Ipy HAIMYKMK B CTEPKHEBOW CUCTEME OJHOBPEMEHHO JJIEMEHTOB C OYE€Hb MAJION
U3rHOHOW WJIM CIBUTOBOM JKECTKOCTBIO M DJIEMEHTOB C OYEHb OOJBIION H3rMOHOMN
KECTKOCTBIO BCE MPOOJIEMBI C TJIOXOM OOYCIOBIEHHOCTHIO pa3peniaronieil CUCTeMbl
YPaBHEHUW pElIalOTCs MPU UCIIOJIB30BaHUU OCHOBHOM CHUCTEMBI METOAA NEPEMELICHUN
1t KO ¢ oueHp Majoil )eCTKOCTbIO MU OCHOBHOW CHUCTEMBI CMEHIAHHOTO METOJa AJIS
K3 ¢ ouenp O0o0ibimoi u3ruOHONM JKECTKOCTBIO, T.€. TMPH HCIOJB30BAHUU TakK

Ha3bIBa€MOTo KoMOuHUpoBaHHOr0o MKD.

3.5 Pacuer TOHKMX ILNIACTHH

3.5.1 Pacuer miapHMpHO ONEPTOii 0 KOHTYPY NPSAIMOYT0JIbHOI IMJIACTHHBI

st ananm3a 3 deKTUBHOCTH pa3pabOTaHHOTO HAMU aJrOPUTMA pacdyeTa TOHKHX

mnactud [56, 61, 64, 70], HaiiaéM BEIUYUHBI BEPTHUKAIHHOTO IMEPEMELICHUS W HU

M3rHOarOMMX MOMEHTOB M, My B LICHTPE KBAJIPATHOW MIAPHUPHO ONEPTOM MO KOHTYPY
7 .

mwiacturel (@ = b = 1.0 m; h = 0.01 m; E = 1.092-10° H/m?; 1 = 0.3) ot Bo3aeiicTBHs

. . 2
MONEPEYHON PAaBHOMEPHO pacnpeeneHHon Harpy3ku F' = 1.0 H/m™
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B tabmune 3.5 u Ha pucyHkax 3.12, 3.13 mpuBeaeHO CpaBHEHHE DPE3yIbTaTOB
pacuera 3Toi miuacTUHKU Mo MKD B ¢opMe KIacCHYecKoro CMEIIaHHOTO METO/AA U IO
MKD3 B nepememenusix ¢ wucnoib3zoBanueM IIK JIMPA-CAIIP ¢ ananmutuueckum

peneHneM, NpUHUMAaeMbIM 3a TouHoe [150].

Tabmnma 3.5
2x2 4x4 6x6 8x8 10x10 16x16 Tounoe
pelieHue
MKD3 B popme KCM
W max 0,003794 | 0,0040902 | 0,0040813 | 0,004075 | 0,0040706 | 0,004066 | 0,004062
Aw max (%) | -6,60 0,69 0,48 0,31 0,21 0,09
M, max = 0,0529609 | 0,0490842 | 0,0483826 | 0.0481658 | 0.0480662 | 0.047958 | 0,04789
= My max
AM, max 10,59 2,49 1,03 0,58 0,37 0,14
(%)
IIK JIUPA-CAIIP
W max 0,00505 0,00432 0,00417 0,00412 0,0041 0,00407 0,004062
Aw max (%) | 24,3 6,35 2,66 1,43 0,94 0,2
M, max = 0,025996 0,041836 0,04519 0,04637 0,046916 0,047507 | 0,04789
= My max
AM, max -45,72 -12,64 -5,64 -3,17 -2,03 -0,8
(%)
0.00510
[
\
0.00490 -+

=— MK3 B popme KCM

0.00390

B [

< 0.00470 +\

e 1\ == /IPA-CAMNP

3 [y

§ 0.00450 \ To4Hoe pelleHue
E \

& L

€ 000430 - W

§ [ \

5 [ [ I

8 0.00410 + ¢ g W= — W e o e o o

£ == -
]

m

=

o

)

[ =

0.00370

Konuuecteo K3
0.00350 - e e L L

4 20 36 52 68 84 100 116 132 148 164 180 196 212 228 244 260

Pucynok 3.12 — IIporu® w B IEHTpE MIACTUHBI, B 3aBUCUMOCTH OT YHCJIa KOHEUHBIX
AJIEMEHTOB
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0.055

0.05

0.045

0.04 = MK B popme KCM

== JINPA-CATP

0.035 ¢ TouHoe pelenue

U

0.03 H

!
L Konuuecteo K3

4 24 44 64 84 104 124 144 164 184 204 224 244 264

Uusrubaowmit MmomeHT (KH/m)

Pucynok 3.13 — Usrubatomuit MOMEHT M, B IEHTpE TUIACTUHBI, B 3aBUCUMOCTH OT
YHUCJIa KOHEYHBIX DJIEMEHTOB

CpaBHeHUe pe3ylbTaToB pacueTa MO3BOJSET cliesiaTh BBIBOJ O ToM, yTo MKD B
dopMe KIACCHMYECKOTO CMEIIAaHHOTO METOJa TOKa3bIBaeT OOJBIIYI0 CKOPOCTh
CXOJUMOCTH K TOYHOMY pEHIeHHI0 (KaKk 1o mporubamM, Tak M 1O MOMEHTam) IO

cpaBHeHHI0 ¢ MKD B nepeMenieHusx.

3.5.2 PacueT TOHKHMX IJIACTHH C UCKJII0YEHUEM NepeMelleHN i KOHEeYHbIX

3JIEMEHTOB KaK KE€CTKOIo 1meJjaoro

MKD B mepememeHusx mpucylla mpodieMa HUCKIIOUCHHS] W3 pa3peliaronien
cucTeMbl ypaBHeHU nepemenienuit KO kak »xectkoro uemnoro [141].

IS CTep’KHEBBIX KOHEYHBIX 3JIEMEHTOB M TPEYrojibHbIX KO-MIacTUHOK co
CTaTUYECKH OMNPEICIIMMON OCHOBHOM CHCTEMOM, KOTJa KOHEYHBIA DBJIEMEHT NpHU
CMEIICHUSAX ONOPHBIX CBsA3€H paldoTaeT KWUHEMAaTHYECKH KaK MEXaHW3M, He
nedopMHpYSICh, WCIOIB3YEMbIX B pPaMKaX METO/Ia KOHEYHBIX JJIEMEHTOB B (Qopme

KIIACCHUYCCKOIro CMCIIaHHOT'O M€TOdAa, 3Ta np06neMa CHHUMACTCs aBTOMAaTU4CCKH.
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B nmpsMoyronbHbIX UW3rHOaeMbIX KOHEUHBIX DJJIEMEHTaX CO CTAaTUYECKU
HEONPEAEITUMON OCHOBHOM CHUCTEMOM, NPU CMELICHUSX CBSI3€M B OCHOBHOW CHUCTEME
npoucxoaut ero aedopmanus. Ho u B 3ToM ciiyyae 0€3 3aTpyqHEHUS] MOXKET ObITh
pearn30BaH aJTOPUTM HCKJIIOUEHMS] U3 pa3pelialoliX YpaBHEHUM MepeMelieHun
KOHEUHBIX 3JIEMEHTOB KaK >KECTKOTO 1IEJIOT0, MOAPOOHO U3JIOKEHHBIN B Hallel padbote
[61].

['eomeTpusi CMENIEHHOTO TMOJOXKEHUSI KOHEYHOrO0 OJJIEMEHTa KaK >KECTKOTO
IEJI0r0, TOKa3aHHOTO Ha pucyHke 3.14, ompenensercs TpeMsl CTENEHSMH CBOOO/IBI:

IepeMElIeHUEM (, ¥ JBYMsl yIJlaMM IOBOpoTa Teia oTHocutenbHOo oceil OX u OY, win

’KE TpeMs JIMHEHHBIMU IEPEMEIECHUAMHU J,,(,,d, -

D 2

N — ) e Iy

Pucynok 3.14 — Cmenienue npsiMOyroJibHOT0 U3rudaeMoro KOHEUHOTO JIEMEHTA
KaK >KECTKOTO IIeJIOTO

[lepemerenne (, COOTBETCTBYIOLIETO Yy3Jla MOXKET OBITH NPEICTABICHO B BHUJE
cyMMbl cMemnieHuii KD Kkak JKEeCTKOro IeJIoro M JIONMOJHHUTEIBHOTO CMEIICHHS,
BBI3BIBAIOIIICTO I/I3FI/I6 KOHCYHOI'O 3JICMCHTA.
4s =q1+¢1(Y)a+¢1(X)b+AQ3' (31)

Torna
Ad; =0d; — (0, + (Pl(y)a + (01(X)b) =

qz_ql-a+q4_q1-b
a b

(3.2)

:%_(ql+ j:(q3+ql)_(q2+q4)'

YuuThIBas, 4TO pPEaklIMM B KHUHEMATHYECKUX CBA3AX BO Bcex y3max 1, 2, 3, 4

KOHEYHOI0 JJIEMEHTa OT CMeIleHud (,,0,,q, ¥ (4; —AQ;) paBHBI HYJIO, a U3rU0
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KOHCYHOI'O DJIEMEHTa OT CMEUICHHA TPEThEW CBA3M Ha BEIMYUMHY A(Q, BBI3BIBACT
PEaKIMu BO BCEX KNHEMATHUYECKUX CBA3SX OCHOBHOM CUCTEMBI, ITOJIyYUM
R:L(N) = (r;I.3Aq3)(N)’ RéN) = (r23Aq3)(N)' R3(N) = (r33Aq3)(N)’ Ré(lN) = (r43Aq3)(N) !
rie N —nomepa KD, cxopammuxcs B y3ne |,J KoHeUHO-31IeMEHTHOM CETKHL.
Biok [r] ® BekTOp KHHEMATHYECKMX HEW3BECTHBIX MATPUIIBI OTKIMKOB

KOHCYHOI'O 3JICMCHTA IPUHUMAIOT CHGI[YIOH_II/Iﬁ BUA:

2 l (Ag h, Ag|™
- 0 AQ, (N) —Ty AQ,
[r]= z , {q}= , ™M g} = (3.3)
0 s ta) Aq, ta) Iy Al
L - r43 ] Aqs ) - r43 Aqs

Ha PUCYHKC 3.15 mnoka3aHbl KOHEYHBIC QJICMCHTBI, TIPUMBIKAIOIIUC K

IMPOU3BOJIBHOMY Y31y |,J KOHEUYHO-3JIEMECHTHOM CETKU U HOMCpPAa KMHCMATHYCCKUX

HCU3BCCTHHIX B Y3JIaX KOHCUHBIX 3JICMCHTOB, OTHOCAIIUXCA K 3TOMY Y3IIY.

I-1,J-1 LJ-1 I+1,J-1
5D Q) ©)

X

Pucynoxk 3.15 — KoHeuHbIE JIEMEHTBI, TPUMBIKAIOIINE K TPOU3BOIBLHOMY Y31y |, J
KOHEYHO-3JIEMEHTHOM CETKU U HOMEPA KNHEMATUUYECKUX HEU3BECTHBIX B y3JIaX
KOHEYHBIX 3JIEMEHTOB, OTHOCSIIUXCS K S TOMY Y311y

PaCCMOTpI/IM AJIrOpUTM HCKIIFTOYCHUA CMeIHeHI/Iﬁ KOHCYHOI'O DJJICMCHTaA KakK
JKCCTKOI'O OCJIOTr0 U3 CUCTCMbI Pa3pCHIaOIINX ypaBHeHHﬁ, COCTABJICHHBIX JIA y3J1a I ) J

KOHEYHO-2JIEMEHTHOM CeTKH (pUCYyHOK 3.16).
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I-1,J-1 LJ-1 J+1,J-1

I-1J}§

AN LT x

I-1J+1}5 I+1.J+1

LJ+1

a 4]

Pucynok 3.16 — CMmenieHnsi KOHEUHOTO AJIEMEHTA KakK JKECTKOro IEI0T0
OTHOCHTENBHO y3ma |,J

Ota crcTeMa ypaBHEHUH COCTOUT U3 BYX TPYIIITL:
R,=R +R} +R" +R,Y =0, — YPaBHEHHMsI paBHOBECHS],
PV = (6 +6)+ (8" +6,))=0, —ypaBHeHus coBMecTHOCTH Jedopmartiii (3.4)
P =(0s +85 )+ (5 +0,5)=0. KD, cxonsumxcs B y3ne |, J .

C yuerom (3.3), ypaBHEHHUsI paBHOBECHS, B KOTOPBIX cMeleHust KD kak xKecTKoro
IIEJIOTO COAEPIKATCS TOJIBKO B MEPBBIX TPEX CIAra€MbIX, UMEIOT CIACAYIOIMUNA BUT:

1 (N)
R, = (rl,sAqg)l + (rz,3AQ3)” + (rs,sAq3)”l + (r4,3AQ3)IV + Z|:Zruql + ri"::| =0, (3.5)

(N) L j=5
(N = 1,11, 11, 1V).

IloncraBuB BblpaxkeHus (3.2) mist AQ, B IEpBbIE TPU CIIArAEMbIX YPaBHEHUs

(3.5), nonyuum:
(N)

12
Z[na(q1_Q2+q3_q4)](N)+ Zﬁj~j+r-i,F =0, (N=1,11,11,1V). (3.6)
(N) j=5
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C yuerom Toro, uto B y3ne 1,J ¢ =q, =q," =q,’ =q,,, nepsas cymma B (3.6)

IIPUMET CIEAYIOLIUN BUI:

r1|3(q|,J - q|+1,.] + q|+1,J+1 - qI,J+1) - rZI?: (ql—l,.] - qI,J + ql,.]+l - ql—l,J+1) +

1 v N

+I’33 (ql—l,J—l - qI,J—l + qI,J - ql—l,J ) - r43 (qI,J—l - q|+1,J—1 + q|+1,J - qI,J) -
I 1l i v I v [ 1

= (r13 =l + I — 13 )qI,J + (_rls — I3 )q|+1,J + (_rzs — I )Q|—1,J +

I It I v
+r13Q|+1,J+1 - I‘23q|—1,3+1 - rzach J+l + r43 Q|+1,J—1

(3.7)

JIist mpoBepKU KOPPEKTHOCTH pa3pabOTaHHOrO ajlropuTMma, Hamu Ha cetke KO

4x4 BBINOJHEH pacyeT KBaJApaTHOW KOHCOJBbHOM IUIACTUHKH, H300pa)KCHHOM Ha
2
pucynke 3.17, co cnemyromumu mnapamerpamu: Fg=F,=F=10H/m" wmoxyns

yrpyrocta E = 1.09210" H / m*, xoaddument Ilyaccona u = 0.3, TONIMHA MIACTHHEL

h=0.01 m.

Pucynok 3.17 — KBagpaTHasi KOHCOJIbHAs IJIACTUHKA

Ha pucynke 3.18 a, 6 mpuBeneHbI 3MIOPHI MPOTUOOB B Y3JIaX CETKUA M DIIOPHI
A3rU0aroNX MOMEHTOB M oM , B Pa3IMYHBIX CCUCHUSX.

BrInoyiHEHHBIE  CPaBHUTENBHBIE PACYETHl IMOKA3aJIM IIOJHOE COBIIAJICHUE
PE3yJIbTATOB PEIICHUS C MCIOJIb30BAHUEM aJrOpUTMa UCKIIIOUEeHUs nepemernneHuii KO

KaK JKCCTKOI'O LICJI0Io0 U pCUICHUA 0e3 HCKITIOUCHMS DTUX HepeMemeHHﬁ.
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W, MM

@

0.0068618
0.0106181

0.0071143
0.0114160

2
-0.0234283 0.0010139

-0.0148180 90034853

-0.0073103

-0.0246760 0.0008964
-0.0325227

-0.0161211 00034216

-0.026798
-0.0085128

a O
Pucynoxk 3.18 — amropbl mporuOoB U U3ruOAOIINX MOMEHTOB B y3J1aX CETKH

PazpaboTanHblil AITOPUTM UCKITIOUEHUS niepemenieHnii KD kak ®KecTKoro 1eaoro
MO03BOJISICT YCTPAHUTh BBIPOKICHHOCTD OJI0KA peaKIuit [r] — cyOMaTpHIIBI )KECTKOCTH B
MaTpuIlle OTKJIUKOB W M30€kKaTh HAKOIUIEHUS OOJBIIUX TOTPEITHOCTEH cueTa Mpu

BBIIIOJTHCHHWH BBIYUCINTCIIBHBIX onepaum”l.

I[aHHBIﬁ AJITOPUTM MOIKCT OBITH INPpUMCHCH U I APYIrHX THIIOB KOHCYHBIX

OJICMCHTOB.

3.5.3 Pacuer n3rudaemMpIxX IJIACTHHOK, HMEKOIINX KeCTKHE BKJIIOYECHHS

Hnst wmoctparuu 3G ()EKTUBHOCTH TMPEAJIaraeMoro ajiropuTMa HCKIIOYCHUS
nepemeniennii KD kak »xecTkoro, B Hamieil pabote [64] BBITIOIHEH pacyeT MapHUPHO
OTEPTON MO KOHTYPY IJIACTUHKU C >KECTKUM BKIIOUYCHHUEM MPSAMOYTOIHHOU (POPMBI CO
CTOpOHAMH, MapaJlJIeIbHBIMU CTOPOHAM IUIACTUHKH (pUCYHOK 3.19, a).

Ha pucynke 3.19 6 mnokazaHa HyMmepanusi Y3J0B Ha KOHTYpE IKECTKOIrO

BKIIOUCHUA, ITPHUBA3aHHAA K HYMCpPAlluK Y3JI0B KOHEUYHO-3JIEMEHTHOM CETKHU.
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di

0,0 1,0 1,0 N0

s

0,1

1 (@), (+n).J X

7Y

0.J

LA4) |

L(J+m) (1+),(J+m) (I+n).(7+m)

0M LM LM N.M y

4 '
a o
Pucynok 3.19 — M3rubaemast rmiiacTUHKA € KECTKUM BKJIIOUCHUEM

Jlist  aOCOJIOTHO JKECTKOro BKJIIOUEHHUS B KayeCTBE TIPAaHUYHBIX YCIOBUMN
UCITIOJIB3YIOTCSl YCIIOBHSI HAa KOHTYPE BKJIFOUEHMS, BBIPAXKAIOIIME MEPEMEIICHUS y3J10B
Ha KOHTYpE 4epe3 TpU NepPEeMEILEHUS BKIOUYEHHsI KaK aOCOIIOTHO KECTKOIO Tea.

Ha pucynke 3.20 nmpuBeneHbsl rpa@ukd HM3MEHEHHS MPOTHUOOB M HM3rHOAIOIIMX
MOMEHTOB B YIJIOBBIX TOUYKaX >KECTKOTO BKJIIOYEHHS (BCTaBKM) B 3aBHUCHUMOCTH OT
KO3(PUIIMEHTOB yBEINYEHUS )KECTKOCTH KOHEUHBIX IEMEHTOB BKIIIOUECHMUSL.

h M, kH/m
w, M (24x24)
0,07

(6x6) (18218)
(szfz)\_/r/ 0.06
(18:18) \.__,./" (12:12)

(24x24)
(6x6)

0,001 A 0,04
Ve HYeHUEe HCECITKOCHTI
ECHIAEKH VEETUHEHUE HEECHIKOCHU
0,03 6CMABKU
e e B R ?
2 500 1000 a0 T T T T —
2 300 1000 o0
a 4]

Pucynok 3.20 — I'paduku u3MeHeHNs MPOruOOB ¥ U3THOAOIINX MOMEHTOB B YTJIOBBIX
TOYKaX JKECTKOT'0 BKIFOUCHUS (BCTABKH) B 3aBUCUMOCTH OT KOA(DPHUIIUCHTOB
YBEJIMUYCHUS )KECTKOCTH KOHEUHBIX 3JICMEHTOB BKJIFOUEHUS

B rtabmune 3.6 mpuBeneHsl 3HadeHHs MoMeHTOB M,/My B y3max Ha KpoMke

KCCTKOI'O KBaAPATHOIO CHMMCTPHUYIHOI'O BKIIFOUCHU .
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Tabmuma 3.6
Certka 12x12, cxeMa pacnosiokeHus y3J10B .0 _1 .2 ,3 .4
Ha CTOPOHE KOHTYpPA KECTKOH BCTABKHU:
Howmep y3na
1 2 3 4

0.0528003 -0.0013975 0.0154761 -0.0013975 0.0528003

a) 0.0528003 0.0293264 0.0286309 0.0293264 0.0528003

My 6) 0.0473646 0 0 0 0.0473646

My 0.0473646 0.0540278 0.0285276 0.0540278 0.0473646

0.0378305 0.0167902 0.0101641 0.0167902 0.0378305

B) 0.0378305 0.0364982 0.0310212 0.0364982 0.0378305
Cerka 18x18, cxema pacnosioKeHus y3/10B /,0 /,] /,2 ’,3 ’,4 /.5 /.6

Ha CTOPOHE KOHTYpa xkecTkoif BeTagkn:  / / /  / / /

Howmep y3na
0 1 | 2 | 3 | 4 | 5 | 6
0.0619342 -0.0014288 0.0130633 0.0054305 0.0130633 | -0.0014288 0.0619342
a) 0.0619342 0.031304 0.0280186 0.0264357 0.0280186 0.031304 | 0.0619342
0

My 6) 0.0553253 B 0229407 0 m 0 0.0553253
M, 0.0553253 | 0.0583592| ©- 0.0317048 | - 0.0583502 | 0.0553253
0.0434851 0.0192547 0.0107435 0.0090207 0.0107435 0.0192547 0.0434851
B) 0.0434851 0.0401058 0.0316814 0.0294146 0.0316814 0.0401058 0.0434851

a) - KCM MKD npu D, =1000D ; 6) - KCM MKD npu D, = B) - IIK JINPA-CAIIP

B Tabnuue 3.7 npuBeneHbl 3HaYEHUS] MPOTMOOB U MOMEHTOB B YTIJIOBBIX Y3JIax

’)KECTKON BCTaBKM B 3aBUCUMOCTH OT KOB(b(bI/IHI/IeHTa Kk YBCIIMYCHUS )KCCTKOCTH BCTABKHU.

I cpaBHEHHsT B HUX K€ IIPUBEICHBI PE3ylbTaThl pacuera ¢ ucnoyibzoBanueM [IK

JIUPA-CAIIP.
Tabmuma 3.7
Pemenne mo MKD B hopme KiraccHaecKkoro cMeIranHoro MeToaa Pewmenie B
K k=2 k=500 k=1000 a) k= 6) k= [TK JIMPA
CeTka 6x6
W 0,0020777 | 0,0016160 | 0,0016135 0,0020113 0,0018070 0,0015878
M 0,0309728 | 0,0423022 | 0,0424680 0,0386464 0,0440938 0,0288793
Cetka 12x12
W 0,0020699 | 0,0016101 | 0,0016081 0,0017758 0,0017258 0,00157723
M 0,0307638 | 0,0525137 | 0,0528003 0,0473646 0,0547930 0,0378304
Cerka 18x18
w 0,002067 | 0,0016025 | 0,0016006 0,0017033 0,0016823 0,00157645
M 0,0309062 | 0.0615477 | 0,0619342 0,0553253 0,0639415 0,0434851
@) peoOpa3oBaHNe HEU3BECTHHIX TOJIBKO MO KOHTYPY >K€CTKOU BCTaBKH,
0) mpeoOpazoBaHre HEM3BECTHBIX MO BCEH TUIONIA M KECTKON BCTaBKHU.
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3.5.4 Pacuer n3rnb6aeMbIX IJIACTUHOK, MMEIOIIMX OTBEPCTUS

[To anropuTmy, H3JIO0KEHHOMY B TJIaBe 2, MOXET OBbITh BBIMIOJHEH pacyeT
TJTACTHHOK, OCJIa0JICHHBIX MTPSMOYTOJBHBIMUA OTBEPCTHSIMU WITH HIEIISIMU.

Pacuer miacTUHKM ¢ MPSIMOYTOJIbHBIM OTBEPCTHEM B cepeluHe ¢ pazmepom 1/3
ot e€ pasmepa (pucyHok 3.21), BBIITOJIHEH B Halei padote [64].

B 00mux ypaBHEHHSIX B KQ4eCTBE TPAHUYHBIX YCIOBUU MCIOIB3YETCS PABEHCTBO

HYJIFO OCHOBHBIX CHJIOBBIX HEU3BECTHBIX (j, OTHOCAIIUXCA K KOHEYHOMY JJIEMEHTY,
UMEIOIIEMY HYJIEBYIO U3THOHYIO )KECTKOCTb.

0,0 1,0 10 N0 di

=
0,1

1 @+H),J @#n).J X

7~
N\ 2=
|

0.J —

L.(J+)

L(F+m) (1+),(J+m) (I+n),(7+m)

o.M
y

LM LM N.M y

a o

Pucynok 3.21 — M3rubaemMast TutacTUHKA ¢ OTHUM OTBEPCTHEM

B Ta6nune 3.8 u Ha pucyHke 3.22 mpuBeIeHBI PE3yIbTaThl pacyeTa MIACTHHKH C
NpsIMOYTOJIBHBIM OTBEPCTUEM B CEpeluHEe C pasmepoM 1/3 oT pasmepa CTOpPOH
IUIACTHHKU, Tpu pa3zdbuenun cerkoir 12x12 um 18x18 K3, mo MKD B dopme
KJIACCUYECKOTO CMEIIAHHOIO0 METOoAa M Mo TpaauuuoHHoMy MKD B nepeMemeHusix ¢

ucrionb3oBauueM 1K JIMPA-CATIP.
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Tabnuia 3.8
0o 1 2 3 4
Cerka 12x12, cxema pacnoJioskeHus y3J10B Ha KDOMKE OTBEPCTHUS: : /
Howmep y3na
0 1 2 3 4
W a) 0.0038559 0.0043859 0.0045534 0.0043859 0.0038559
0) 0.00374746 0.00428764 0.00445995 0.00428764 0.00374746
M. a) 0.0557388 0.0414707 0.041163 0.0414707 0.0557388
* 0) 0.0281528 0.0459029 0.0410237 0.0459029 0.0281528
o ! 2 3 4 3 6
Cerka 18x18, cxema pacnoJioskeHus y3J10B Ha KDOMKE OTBEPCTHUS:
Howmep y3na
0 1 2 3 4 5 6
W a) 0.0038289 0.0042267 0.0044534 0.004528 0.0044534 0.0042267 0.0038289
0) 0.00376506 | 0.00416942 | 0.00440017 | 0.0044757 | 0.00440017 | 0.00416942 | 0.00376506
M a) 0.0618897 0.0444113 0.0427939 0.0418117 0.0427939 0.0444113 0.0618897
x 0) 0.0308483 0.0503841 0.0437953 | 0.0419085 | 0.0437953 0.0503841 0.0308483
a) - KCM MKD; 0) - I1K JINPA-CAIIP
__ 0.0047 - 0.06
s
v 00005 ~§.. 0.055 =—— MK3 B popme KCM
o z — B JINPA-CATP
I = 0.05 -
€ 0.0043 - B
g 3 0.045 - A
o =
€ 0.0041 - = /
o S 004 -
g N ,’ \
2 00039 &/, —e—MK3 6 popme KCM \ & o035 4 , \
z — B JIMPA-CAMP I = / \
® 0.0037 A g 0.02 - \
) Homep yana * Homep yana [ |
= 0.0035 . . . . 0.025 - - - -
0 1 2 3 4 0 1 2 3 4
a O
v.oua/s A 0.065
= = —— MK3 KCM
5 00025 - F 006 B dopme
s Z 0055 - — B JIMPA-CAMP
@ 0.0043 - £
s g 005 -
& o
€ 0.0041 - 2 0.045 -
g
z —4&— MK3 B popme KCM T o004 !
g 00039 1 B /IMPACAMP 2 d '
E ] & § 00354y \
§_ 0.0037 - E 003 M h
= Homep yana Homep y3na
0.0035 . . . 0.025 - - -
0 2 4 6 0 2 4 6
6 2

Pucynok 3.22 — I'paduku u3MeHeHus NporudoB U U3ru0arnmix MOMEHTOB TIPU

pazouenuu cetkoit 12x12 (a, 6) u 18x18 (8, 2) KO
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AHanu3 pe3ynbTaToB pacyeToB, BbINOJHEHHBIX 10 MKD B dhopme knaccuueckoro
cMemanHoro meroga u no MKD B mepememennsx ¢ ucnosnb3zoBanuem IIK JIMPA-
CAIIP, xak i IUIACTUHOK C JKECTKUMH BKIIOYEHUSMHM, TaK U C OTBEPCTUSAMU,
MO3BOJISIIOT CJENAaTh BBIBOJ, YTO OHM MPAKTUYECKH COBIAJAIOT IO NOporudam Hu
CYIIECTBEHHO OTJIMYAIOTCS IO MOMEHTAM B YIJIOBBIX 30HaX JKECTKUX BKJIIOUECHHUUN WIU

MKD B mnepemenieHusix He O0O€CIEUMBAET MOIYyYEHUE

orBepctuil. Ilpu 3TOM

noctoBepHor oueHkn H/IC B yrinoBbIX 30HaX IJIACTUHKH.

3.5.5 Pacuer u3rud0aeMpIX TOHKHX IJIACTHH ¢ UCIOJIb30BAHUEM KOHEYHOI 0

3JIEMEHTA B BUJI€ IPAMOYI'0JIBHOI'O TPEYIoOJIbHHKA

PaCCMOTpI/IM pacdcT IINIaCTUHKH, Hpe)ICTaBJIeHHOﬁ aHcamOJieM TPCYT'OJIbHBIX
KOHEYHBIX AJIEMEHTOB C CETKOM Y3JIOB, COBHaIIaIOHIGﬁ C OpTOFOHaHBHOﬁ CETKOU Y3JI0B

MPSIMOYTOJIHBIX KOHEUHBIX 2JIEMEHTOB (PUCYHOK 3.23).

Takue »J€eMEHTHI OYECHb y,Z[06HBI M1 aICKBATHOI'O Yy4dCTa KpHBOHHHeﬁHOCTH

KOHTYpa INIACTUHKHU B MaTEMaTHU4YEeCKOM MOJICJIN pa3pClIarommnx ypaBHeHI/If/'I.

N,

O ORI
L P 2 % @
D @@® (74
) @
P4 o6 "o
/I\/ = /I\/
»y

Pucynok 3.23 — OproroHajibHasi CETKa y3J10B TPEYTOJIbHBIX KOHEUHbBIX 3JIEMEHTOB
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Ha npumepe KOHEYHOTrO 3JI€MEHTa B BHUJAE NPSIMOYTOJBHOTO TPEYTOJbHUKA,
KaTteTbl Kotoporo coBmagatoT ¢ ocsiMu OX u Oy (pucyHok 3.24, a), paccMOTpuUM
QITOPUTM TIOCTPOCHHUS MATEMAaTUYECKOW MOJENN MAaTpPHUIl OTKIMKOB TPEYTrOJIBHOTO
KOHEYHOTO dJIEMEHTa C TPeMsl CMEIIaHHBIMH HEW3BECTHBHIMH B OCHOBHOW CHCTEME IS

KaXJI0T0 M3 TpEX VYIJIOB, ABIAIOINUXCA Y3J1aMU KOHEYHO-3JICMEHTHOM CETKH JJIA
IIJTaCTUHKH, - HpOFI/I6OM W nu I/I3FI/I6aIOI]_II/IMI/I MOMeHTaMu M - M y 10 HaIllpaBJICHUAM

oceit Ox u Oy (pucyHok 3.24, 0).

Pucynok 3.24 — KoHeuHblii 371eMEHT B BUJ€ IPSIMOYTOJIBHOTO TPEYTOJIbHUKA

Ocu mpuHUMAIOTCS OOIIMMHU JJI BCEX KOHEYHBIX AJIIEMEHTOB, CXOJIAIIUXCS B Y371
1] KOHEYHO-3JIEMEHTHON CETKHU (PUCYHOK 3.25).

(i-1),G-1) i, 03_1) (ff'!),(f‘l) (0,0) M

( i-l)- (+1)

Pucynoxk 3.25 — V3ei ] KOHEYHO-3JIEMEHTHOW CETKU TPEYTOJIbHBIX KOHEYHBIX
AJIEMEHTOB

Takoit KD coBmecTeH ¢ mpsimoyroibHbiM KD, uMemommm Te K€ TpU CTENeHU

CBOOO/IBI B KaXKOM y3JI€.
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Ha pucynke 3.25, a moka3aHbl KOHEYHBIC JJIEMEHTBI, CXOJAIIMECS B y3Jie |j
KOHEUHO-?JIEMEHTHON CETKU, U YI00Has NI JadbHEHIIEro MCIOIb30BaHUSI HyMepalus
3TUX KOHEYHBIX JJIEMEHTOB. Bce OHM HMMEIOT Pa3HYK OPHUEHTALMIO OTHOCHUTEIBHO
oO1ieit cuctembl AekapToBbIX kKoopauHaT XOY. ExuHas cucteMa KoopawHaT sl BCe
KOHEYHO-3JIEMEHTHOM CETKM MPSIMOYTOJIBHBIX M TpeyroyibHbix KD CyllecTBEeHHO
yIOpoIIaeT Kak Mpolecc MOACITUPOBAHUS MATPHUIbl OTKIWKOB, TaK M (POpMHUpOBaHUS
CHUCTEMBI PA3pEIIAOIIMX YPABHEHUN.

BBenem g KuHeMaTUUYECKUX BO3JIEUCTBUM B y3i1ax 1, 2, 3 KOHEUHOro 3JI€MEHTa

| (pucynox 3.25, 6) obGosHauenus ¢/, q,, g, COOTBETCTBEHHO, a JJIsi CHJIOBBIX
o (v o e M 1 =T |
BO3/ICHCTBUI M, M, B TeX JKe y3nax - q,, Gz, Gg, 0, G, G -

Ananoruunsle o0o3HadueHus: ¢ uHaekcoM (Il) BBeaem s KOHEUHOTO 3JIEMEHTa

TurmoBoit y3en ij KOHEYHO-2JIEMEHTHOM CETKH Y3JI0B JUIS IJIACTHHKH IMOKa3aH Ha
pucysnke 3.25, a.
Hymepanust y3nmoB KO-1 u KD-II B oOmei nms HHUX JIOKaJIbHOM cCHCTEME

KOOpAHWHAT U HyMCpalusid OCHOBHBIX HCU3BCCTHBIX ITOKA3daHbI HA PUCYHKC 3.26.

(,6‘44
gsVAE s

q3

Pucynok 3.26 — Hymepanus y3710B U BCeX HEM3BECTHBIX B OCHOBHOM cucteme KO- u
KD3-lI

JIns 3THX BYX BapUMaHTOB PACIIOJOXKEHHUS KOHEYHBIX 3JIEMEHTOB B JIOKAJIbHOU
CHUCTEME KOOPJMHAT C IICHTPOM B y3JI€ |j TIOJYYUM BBIPAXKCHUS ISl JICMEHTOB MaTPHII

OTKJIMKOB.
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B cooTBETCTBUM C aNrOpUTMOM HX HAXOXKACHHS, HU3JI0KEHHOM B ILI. 2.3.3

(t)

MOJIy4MM  CHayajlla BBIpaXeHUs [  Kod(pPuUuEeHTOB  «; B (pyHKIUSX,

aNmMPOKCUMHPYIOMUX MporuObl KD 0T e IMHUYHOTO BO3ICHCTBHSI q(t) =1, (t =12,..., 9).
Ot eaunnuHbIX Bo3xeicTBuil ¢, =1, 0,=1 0,=1 ompenensiorcs moBopoTamMu

TpeyroipHoro KO kak aOCOMIOTHO >KECTKOrO Tela OTHOCUTEIbHO COOTBETCTBYIOUIUX

ocel, KakK ATo IoKa3aHo B 1.1. 2.3.3:

.W@)(X,y):[ _%)(1_2]; .Wa)(x,y):(l_%jg; |W<s>(x,y):%(1_§j;

e _ XYoo (1Y |X. 1,0 _Y[q_X
w(x,y) oy W (x,y) ( bja' W (x,y) b(l aj'

B cooTBeTCTBUU C MONYYEHHBIMH BBIpRKEHUSIMU 1 (DYHKIMM 1osei nporubon
JUTSL K&KJIOTO U3 €MHUYHBIX BO3JIEUCTBUM CTpOoATCA (HYHKIUU TOJEH KPUBU3H U TOJIEH
MOMEHTOB.

Becp nanpHeWuii X0 aJropuTMa pacyeTa MOKaKEM Ha MPOCTEUIIEeM IpUMepe
KOHCOJIbHOM IUIACTUHKH, IIPEACTABICHHOM BCETO [BYMs TPEYIOJBHBIM KOHEYHBIMHU

37eMeHTaMu (pUCYHOK 3.27).

@' @)

Pucynok 3.27 — KoHcoJibHas MIaCTUHKA, IPEACTaBICHHAS IPSIMOYTOIbIOJIbMHU
TpeyroinbHukamu K3-1 u KO-II

Ha pucynke 3.27 6, 6 moka3aHbl OCHOBHBIC CHCTEMBI M OOO3HAYCHHS IS

OCHOBHBIX HEH3BECTHBLIX B HUX. X (I)PISPI‘IGCKOI;II MOACIN IIIIaACTUHKU, HpeHCTaBHHeMOﬁ

xoHednsMu Moaersimu | u Il cieyer: G =G, g3 =0q, .
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[ToaTomy B paspeiiaronieii cucTeMe ypaBHEHHM OyJIeT BCEro YeThIpe CMEIIaHHBIX

HemsBecTHHIX - (1, Gb, Q,', O :

1. R,=R; +R)' =0, -YPaBHCHHs PaBHOBECH
2. R1“ =0,
3.(0;1 =0, - YpaBHEHUSI COBMECTHOCTU (HEMPEPHIBHOCTH) YTJIOB (3.8)

4o —o" =0 noBopota KO-1 u KO-l B nanpasnennn Oy B 00mumx
c P2 = P2 =Y
y3nax 1 u 2

B passepuyToii hopme 3TH ypaBHEHHS KMEIOT CJICTYIOIIMIA BHI:
Y~ a s SR [
1 Ry= (r3,5q5 1,0 + 13k ) + (r3,7q7) =0,

o I
2. R1” = ('1,7q7 + rl,F) =0,
| (3.9)
| s ~ ~
3.0, = (55,3% + 05505 + 55,7q7) =0,
. N\ (= < L

4. ¢y, + 0y = (8,505 + 0, 50 + 5,0, ) +(8,0 + 0,405+ 5,,6;,) =0

KosdduimenTsl mpn HEU3BECTHBIX B OJTOH CHUCTEME YpaBHEHUH SIBISIOTCS

aneMeHTaMu MaTpull oTKIuKoB KO- | u KO-II.

DneMeHTsl 0JI0KOB [i’“ '] 51 [F ”J ATUX MATPUIl HAXOIATCA U3 KHHEMATHYECKUX

yCIIOBUH Kak yriabl moBopoTa KD kak >kecTkoro tena no HampasieHusM oceit OX u Oy:

a\NI | avvl N | 8W“ " avv” N
— =@, =0, —=¢,, =0, . (3.10)
OX oy OX oy
B paccMaTprBaeMoM ciydae, HCTIONb3Ys BRIPAKEHHUS it W' U w" HaxommM:
1 _ 1 | _
r-3|,5 :_B’ r3|,7 :_E’ Le=—F;
ﬁl; :_1 r1,|:= =-F
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BrlpaskeHus UL DIEMEHTOB OJIOKOB [5 '} " [5 ”] HaXOJATCS M3 YCIOBHUM

PaBHOBECHUSI CTaTUYECKHU OMPEACIUMBbIX OCHOBHBIX cucteM mis KO-1 u KD-lI or

€AMHUYHBIX CUJIOBBIX BO3JIEUCTBHIA (

N3 cpaBHEeHUsI BBIpa)KEHUH 1JIs 5”. u l; BuaHO, 9TO [5‘ ] = —[l’ ]T .

BeimonHeHne ATOr0  COOTHOLICHMS — SIBIISIETCS HpOBepKOﬁ MpaBUJIBHOCTHU

BBIUKMCJICHUS YJIEMEHTOB OJIOKOB [5 ] H[F ]

OneMeHThl OJOKOB l5ijJManI/Iu otkinkoB KO-I u KD3-ll HaxogsTcs xak u B

npsAMoyroiabHbix KO:

8, = 1M (xy) A7 (6 y)+ME (x0y) 247 (e y)+2M 8 (x0y) 240 () Joxdy  (31)

Q

WuTerpupoBanue BhINOIHAETCA 10 TpeyroiabHbIM o0nacTsam K2-1 u K3-II.
[Tocne moacraHoBku B 3.11 COOTBETCTBYIOIIMX BBIPAKEHUH I MOMEHTOB U

KPUBU3H IMOJIYYaCM:

e -2 -2 (12 o
D, v o a b DyV a b
1 2D
ol =— X? + “ 1y? |dxdy,
=gl o
ool X Xy 2D y Hy
575 = 557 = —£.!‘{—g —5—6 +(Dyz—ali/2J y(g - XFJ:|dXdy,

1 | 2D, 12
L _y? | 2 1y (gxdy .
7 (bZDva y ( D v j } y

y

CpaBHeHUE pE3yibTaTOB pacyeTa paccMaTpPUBAEMON KOHCOJbHOW IJIACTUHKH,
MPEACTaBIAEMON OTHUM MPAMOYToJbHBIM KD 10 BapHaHTy C UCKJIIOYEHUEM CMEILIECHUN
KD unm xecTkoro uenoro u npeacraBisieMoi 1ByMs TpeyroibHbiMu KO, mokazano ux

IIOJIHOC COBIIaACHHC.
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3.6 BeiBoanbI o riaase 3

1. IlpumeHeHue MeTOJa KOHEUHBIX »JJIEMEHTOB B (OpMe KIAaCCHUYECKOTro
CMEIIaHHOTO METOJa MO3BOJISIET PEIIUTh MPOOJEMYy HCKIIOUEHHMS M3 pa3peliaronieit
CUCTEMBI ypaBHeHMH nepemeniennii KO kak »KecTKOro 1eJI0ro U YCTPaHUTh CBA3aHHYIO
C 3TUM IUIOXYI0 OOYCJIOBJIEHHOCTh Pa3pellatoiel CUCTEMbl YPaBHEHUN U BO3MOKHOCTD
HAKOIUICHHs OLIMOOK MAIIMHHOTO CYeTa.

2. Ilpu pacuere CTEp)KHEBBIX CUCTEM Mo mpeanaraemoit popme MKD, Tounoe
pelleHre Kak 1o mporubam, Tak M MO M3rMOAroIMM MOMEHTaM, MNPOAOJIbHBIM U
NOMEpPEYHBbIM CHUJIaM, TMOJY4YaeTCsi €CIM 3a KOHEYHBIH DJIEMEHT MIPHUHSTh CTEPKEHb
MEXy KOHCTPYKTUBHBIMH y3JIaMU PaMbl WK (PEPMBI.

3. BbInosiHEHHbIE TECTOBBIE MPUMEPHI pacyeTa IMOKa3alu IOJHOE COBHAJCHHUE
PE3yJIbTATOB pacyeTa ¢ pacueTaMHM, BBHITIOJIHEHHBIMU C UCIOJBb30BAHUEM KJIACCUYECKUX
MeTOoA0B. JIOCTOBEPHOCTh PACUYETOB MO METOY KOHEUHBIX AJIEMEHTOB B CMEIIAHHOMN
dbopMe U WX TOJHOE COBMAJEHUE C pacyeTaMHU-TECTaMH IO KIACCHMYECKUM METO/aM
IPEAOINPENETICHbl HCIOJAb30BAaHUEM OJHUX M T€X K€ JOMYLIEHWW, U TOJOKECHUH,
IPUHATHIX B CTPOUTEIIBHON MEXAHUKE.

4. IlpencraBnenue npssMoyroiapHoro KO nsyms tpeyronsasiMu K3, T.€. mepexon
OT OPTOTOHAJIBLHOW CETKU Y3JI0B MPSIMOYToJbHBIX KD K TOM ke ceTke y3JIOB ¢
TpeyroibHbIMU KD, NpUBOAUT K HCKIIOYEHUIO U3 pa3pellalinX YypaBHEHUU
nepememennss KO kak xectkoro nenoro. Ilpu 3TOM KONIMYECTBO paspelnaromumx
YPaBHEHUN OCTAETCS TAKUM XKeE.

5. PaspaGotamnble g 910l mpemraraemort  dopmbel MKD  anroputmer
CTaTUYECKOr0 pacyeTa CTEPKHEBBIX CHCTEM M IUIACTHH, a TaKXKE PEATU3YIOIIUE UX
NpOrpaMMHBIE  CPEICTBA, MPENOCTABISAIOT  BO3MOXKHOCTH  0Oojiee  IIyOOKOTo
CPaBHUTEIBHOIO aHAJIU3a PE3yJIbTATOB pacyeTa, MOJIYyYEHHBIX IPYTMMHU YHCICHHBIMHU

MECTOJaMHM.
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I'nasa 4
MopneanpoBaHue 3a1a4 JTUHAMUKH JUCKPETHBIX U JUCKPETU3UPOBAHHBIX CHCTEM
Ha ocHoBe MKDJ B popMe Ki1accnueckoro CMEeIaHHOr0 MeToa (ajredpandeckas

NMpodJieMa COOCTBEHHBIX 3HAYEHH H COOCTBEHHBIX BEKTOPOB)

B Hacrosimiee Bpemsi HamOoJiee YacTO HCMOIb3YEMBIM UHCIEHHBIM METOJIOM
UCCJICIOBaHUs JUHAMUKH KOHCTPYKIMH U  coopyxkeHuil sBisercs MKD B
nepeMeIeHUsIX.

Jnst hbopMHpoBaHUST MAaTPULIBI MAacC KOHEYHOI'O 3JIEMEHTa MPU JUHAMUYECKOM
pacuete mo MKD wucnons3yrorcss pasnuydbie moaxoasl [127, 176, 193, 227, 250],
NPUBOJISAIIME K COTJIACOBAHHOM WJIM TMAarOHaJbHOM MaTpulle Macc.

B pabotax [92, 147 u nap.] oTMedaercs, 4TO MNPUMEHEHHUE, IJS YIPOLICHUS
pacyeToB CTEPKHEBBIX CHUCTEM, JIMarOHAJILHOM MaTpUIbl Macc Tpedyer s
JOCTIKEHUSI TPUEMJIEMOTO YPOBHS TOYHOCTH, YBEJIMYEHUS YHCIA KOHEYHBIX
AJIEMEHTOB B CHCTEME [0 CPAaBHEHHUIO C HMCIOJIB30BAHHEM COTJIACOBAHHOW MAaTPHIIBI
Macc.

B OGonbummHCTBE Ciy4yaeB NPUMEHEHHE AMArOHAIbHOW MAaTpHIBl Macc JacT
3aHIDKEHHBIE TI0 OTHOIICHHMIO K TOYHBIM PEHICHUSM pPe3yJbTaThl, a COIIACOBAHHBIX
MaTpUIl — K 3aBBIIICHHBIM pe3yjibTaTaM. YTPOIICHHE IOCTPOCHUS MAaTPHIbl Macc
OCHOBAHO Ha TOM, YTO BIUSHUEM MHEPIIMHU BPAIICHHUs] MACC, pacipeIeICHHBIX O JJINHE
KOHEYHOTO JJIEMEHTA-CTepPKHSI WJIM KOHEYHOIO 3JEMEHTA-IUIACTUHKH  OOBIYHO
npeHeOperaroT u3-3a ero MaJoCTH.

TpamuumonHo B nurepatype no MKD wucnons3dyercs, Tak Ha3blBaemas,

JUHAMUYECKas MaTpHIla KECTKOCTH (Marpuma xecTtkoctu KD, oObeamHeHHas cC
9] . 2 o
marpuueit macc) [269]: K, =K-w"M, rne ® — coOCTBeHHas 4acToTa KoJeOaHM

HJIKX 4aCTOTAa BHCIIHCTIO r'apMOHHUYCCKOI'O BOBI[GI\/IICTBI/IH.
HpI/I 9TOM HC YYHUTBIBACTCA, YTO 3JICMCHTLI 3TOM MaTpHIbI 3aBUCAT OT U3MEHCHUMN
KHMHCMATHYCCKUX IIapaMCTPOB B Y3JIOBBIX TOYKAX, TO €CTh YCHIIHMA B Y3JIOBBIX TOYKAX

KOHCYHOIo 3JICMCHTA OIPCACIIAIOTCA IMCPCMCIONCHUAMMN B OTHX KC y3JIaX — (bOpMaMI/I
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coOcTBeHHbIX KojeOaHuii KO M COOTBETCTBYIOIIMMHU MM COOCTBEHHBIMH YacCTOTAMH.
[TonbITkM yuecTh 3TOT (akTOp MJisi YTOUHEHHUs 3HAYCHHUM DJIEMEHTOB JUHAMUYECKOU
MaTPUIIBI )KECTKOCTH MPEANPUHUMAITHCH B psafe padot [30, 42, 147, 269, 311, 312].

[Ipu BBIMOJHEHUN TUHAMUYECKOTO aHAIN3a KOHCTPYKIIUN MOBBIIICHUE TOYHOCTH
pacyeTa MOXET OBbITh JOCTUTHYTO MpH UcCHoib30BaHuM MKD B mepemenieHusx IByMs
crnocobamu: 0oJjiee TOYHBIM ONHCAHUEM JUHAMUYECKOTO IMOBEJAEHUS BBIOpAaHHOW s
pacuera MOJEJIM KOHEUHOTO JIEMEHTA UM YBEIMUYEHHEM YHCIIa KOHEYHBIX 3JIEMEHTOB.

O¢ddextuBHOCTD HyHKIMIA HOPM OMpenensseTcs TOUHOCTHIO OMMCAHMS pealbHbIX
KojeOaTeNbHBIX ()OPM AJIEMEHTOB, 3aBUCSIIUX OT 4acTOThl Kojebanuit [202-208, 217,
273]. B mocnennee Bpemsi ObLI MPEIIONKESH IENbIH Psii HOBBIX (GYHKIMHA (GopM s
peleHus 3aaau quHamuku [176, 193].

[lonydyenne AMHAMUYECKOW MaTpHIIBI Macc, MOJYy4yaeMOM Ha OCHOBE TOYHOTO
UHTETpUpOBaHus AU epeHIINaTbHbIX YPAaBHCHUNW JWHAMHKH Oa3MCHOTO KOHCYHOI'O
AJIIEMEHTa, J1aeT TEOPETUYECKYI0 BO3MOXXHOCTb YBEIHMYECHHUS pPa3MepOB KOHEYHOTO
AJIEMEHTa, TO €CTh YMEHBIIEHHS YHWCIa KOHEYHBIX JJIEMEHTOB M YHCJA CTENeHEe
CBOOOJIBI B KOHEUHO-3JIEMEHTHON MOJENHU KOHCTPYKLIHUHM U CHIKEHUS TPYIOEMKOCTH
pacuera. [lpum wucnonb3oBaHUM TOYHOM (YHKIIMU (GOPMBI PE3yJbTAaThl pacyeTa
MOJIYyYalOTCsl TakXK€ TOYHBIMH, TO €CTh MOTPEIIHOCTb B OIPEICICHUH, HamlpuMep,
COOCTBEHHBIX YacTOT Oy/JET 3aBHCETh TOJBKO OT MCHOJIb3YEMbIX YHCICHHBIX METOJIOB
pEIIeHHUs] YacTOTHOTO YypaBHEHHWS, T.€. OT METOJIOB pEIICHHs anredpandyecKon
po0JIeMbl COOCTBEHHBIX 3HAYECHUM M COOCTBEHHBIX BEKTOPOB, K KOTOPOU CBOAATCS KaK
3a/lauyu OMpEeNIeTICHUs COOCTBEHHBIX YAacCTOT KOJIEOAHWM, TaK M 3aJaydl yCTONYMBOCTH
KOHCTpYKIui. OpHaKo TOJNy4eHHE TaKOW MATPHUIbl CBSI3aHO CO 3HAYUTEIHLHBIMU
MaTeMaTUYeCKUMU TPYAHOCTSIMH U BO3pAaCTaHUEM TPYIOEMKOCTH pacyera. ITO
OOBSICHAETCS TEM, YTO YaCTOTHBIE YpPaBHEHHWA, MOJIy4aeMble TPH MCIOJIb30BaHUU
TUHAMUYECKUX MATpPHUIl MacC, SBISAIOTCS TPAHCICHACHTHHIMA W HEIMHEHHBIMU.
[IpakTruecku 3TOT BapuaHT pacyeTa C UCIIOIH30BAHUEM TUHAMHYECKOW MATPHUIIBI Macc
peanr30BaH TOJIBKO JUIS TNIOCKHUX cTepkHEeBbIX cucteMm [30, 42, 92, 147, 189, 269].

CpaBHUTEIBHBIN aHAIW3 HMCMOJIB30BaHMUS TOYHBIX GyHKIHA Gopm uw MKD co

CTaTWYCCKUMHU (QyHKIMIMH (OpM BBHINOJIHEH B paborax [42, 189]. B Hux
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YTBEP>KIAETCSA, YTO TaKHE annpoKcumupyromue (GyHKuuu (HopM B AUHAMHUKE MEHEE
3¢ (PEeKTUBHBI, UEM B CTATUYECKUX 3aJayax. Takoe ke yTBEp)KIeHue, 0e3 CChUIKM Ha
CpaBHHUTENIBHBIN aHAIIN3, COJCPKHUTCS B padoTe [92].

C poctoM HOMEpa TOHa CBOOOJHBIX KOJICOAHUW YUCIO KOHEYHBIX DJIEMEHTOB,
HEOOXOUMBIX JUIS TOJTYUYEHHUS PelIeHus ¢ TPeOyeMOi CTENEeHbI0 TOYHOCTH BO3PACTaeT.
TpyaoeMKOCTh pacueTa TaKKe BO3PACTAaeT MPONOPLHOHAILHO BEIHMUYHMHE N°, rae N —
YHUCJIO0 KOHEYHBIX AJIEMEHTOB.

Heo0xonumo mpu 3TOM 3aMETHTh, YTO CIOKHOCTh aJrOPUTMOB, UCTIOIb3YIOLIUX
B pacuerax TOYHbIE (TpaHCIEHACHTHbIE) (QYHKUMH (POPMBI, 3aBUCALIME OT YACTOTHI
COOCTBEHHBIX KOJEOaHWM, W YHUCIEHHAas peaju3alus ITHUX AITOPUTMOB JIENAIOT UX
TEOPETHYECKNE MPEUMYILIECTBA 10 TOYHOCTU pacyeTa MUHMUMAIbHBIMU 110 CPABHEHUIO C
oObruHOM auckperuzanueid mo MKD. Tloaromy OOBIYMHO HCHONB3YIOTCS AJITOPUTMBI,
OCHOBAHHBIE HAa NPEABAPUTEIBHOM OINPEIEIECHUH MECTOPACIIOIOKEHUS B YAaCTOTHOM
crekTpe uckomoit yactotsl [30, 42, 147].

B psge ciydaeB ymaeTcss MOCTPOUTH JTOCTATOYHO MPOCTOM U 3 (HEKTUBHBIN
aJITOPUTM YHCICHHOTO PEUIEHUs AMHAMHUYECKUX 3aJad, IPU HCIOJIb30BAaHUU TEX XKE
aNMpPOKCUMHUPYIOIUX GYHKIUNA B TUHAMUYECKUX 3a]]a4aX, YTO U B CTATUYECKUX.

PaccmoTpuM mocTpoeHHe MaTeMaTUYeCKUX MOJENeld JUHAMHYECKOM MaTpHUILbl
oTkiiukoB Ha ocHoBe MKD B (Qopme KiaccHyeckoro CMENIaHHOTO MeToAa s
Pa3JIMYHBIX TUTIOB KOHEYHBIX 3JIEMEHTOB.

OcHOBHBIEC PE3yNIbTATHI, U3IOKEHHBIE B JAaHHOW TJIaBe, paHee OMyOJIMKOBAaHHI B

Hammx padorax [58, 62, 88, 89, 164, 166, 169].
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4.1 ®opmMupoBaHUe TUHAMMYECKUX MATPHUI] OTKJINKOB

CTEPKHEBbLIX KOHCYHBIX 3JICMCHTOB

[Ipu pemieHun 3ama4 AUHAMHUKA 1O METOAY KOHEUHBIX 3JIEMEHTOB B ¢opme
KJIACCUYECKOTO CMENIAaHHOTO MEeTOAa HEOOXOJIUMO BBIMOJHHUThH MPUBEACHUE MacC K
MeCTaM BBEJCHUS JOTOJHUTEIBHBIX CBSI3€M B OCHOBHOM CUCTEME, SIBIIAIOLIUXCS y3JIaMHU
CETKU KOHEYHBIX 3JIEMEHTOB pacCMaTpPUBA€MON KOHCTPYKIIUH.

Uucno creneHei cBOOOABI KaXJTOM W3 MPUBEICHHBIX MAacC 3aBUCUT OT THIA
Macchl (IS TOYEUHOM Macchl M OHO pPaBHO JIBYM, a JUIsi OOBEMHOW MaccChl,
oOJasaroniei mHepIuen BpalieHust, — TpeM).

Ilpu rapmonuueckux Konebanusx mno szakomy Y(t)=Asindt, roe y -

HaIIpaBJICHUC KOHC6aHHﬁ, MaKCHUMAJIbHOC 3HAUYCHUC HHCpHHOHHOﬁ CHIJIBI IJIA TOYCYHOU

Macchl, COBEpIIAMIIeH KojebaTeabHbIe JBI)KCHHUS IO HANpaBlIECHUIO OCH Y,

2 9 o
OIIPCACIISICTCS BBIPAXKCHHUEM MaX Iy =mé Ay , 4 MAKCUMAJIbHBIN MHCPIIUOHHBIX MOMCHT

O6’B€MHOI‘;I MacCcCHhI, COOTBGTCTBYIOHII/Iﬁ €C BpallaTCJIbHOMY IBUIKCHUIO, BBLIPAKCHHUCM
max 1, =1 6°A .

B sTroM ciaydae B MaTpHIly OTKIHMKOB KOHCYHOI'O 3JEMEHTA JOJDKHBI OBIThH
BKJIFOUCHBI OTKJIHNKH OCHOBHOﬁ CUCTEMBbI Ha €IWHUWYHBIC BO3I[€I>1CTBHH I/IHepHI/IOHHBIX
CHIJI.

B0O3MOXHBI ~ pa3jWuYHBIC BapUAHTHl IOJYYCHHS JUHAMUYCCKON MaTPHIIBI

OTKIIMKOB CTCPIKHCBOI'O KOHCYHOI'O 3JICMCHTA, COOTBCTCTBYIOL] en Ppa3’In4YHbIM

BapHaHTaM IIPUBCACHHA MACC K y3JIaM.
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4.1.1 ®PopmMupoBaHue MATPUIIBI Y3JI10BbIX MacC

Haiimem 11 KOHEYHOTO JJIEMEHTa B BHUJAE HM3ruOaeMoil Oaliku MEepEeMEHHOTO
CEUCHUS U C TIEPEMEHHBIMU T10 JJIMHE MOMEHTOM MHEPIIUU CEYCHUS U pacIpeeICHHON
Maccoil JKBUBAJICHTHBIC Y3JIOBbIE TOUYEYHBIE MacCchl M W y310Bble OOBEMHBIE (C
MHepIMel Bpaienus) Maccbl M, (pucyHok 4.1).

B COOTBETCTBMU C W3BECTHBIM aNTOPUTMOM pELICHHUS JTOW 3a1add, (QYHKIIHS
NepeMelIeHnii  KOHEYHOTO  JJIeMEHTa B  Tpolecce CBOOOAHBIX  KojeOaHWi
NPECTAaBIIACTCS B BHJE MPOU3BEACHUSA NBYX (DYHKIMH, OHA W3 KOTOPHIX 3aBHCHT

TOJILKO OT JTUHEHHBIX KOOpPAHHAT S, a Jipyras TOJbKO OT BpEMCHHU t:

u(s,t) =u(s)q(t). (4.1)
m(x)
I T o
2 EJ(x) i X
____;\ _______ ~__{
L |
|
BJO
& Y &
M;; Mp,[ . ‘ Mj’. Mp,j

Pucynok 4.1 — M3arubaemMplii cTepKHEBOW KOHEYHBIN 3JIEMEHT B BUJIC OaIKH
NEPEMEHHOI0 CEUECHUS

JencTByronmass Ha DOJIEMEHTapHyr0 Maccy dm =mds ¢ KOOpAMHATOW S
WHEPIIMOHHAS CHJIa, TaKK€ MOJXKET OBITh MPEJICTAaBICHA B BHUIE IPOU3BEICHHS JIBYX

byHKIHHA:
2 2
dF, = —dm, SUCY _ _56)ds - u(s) L9 (4.2)
dt dt
AHAJOrMYHO Ha SKBHUBAJICHTHBIC COCPEJOTOYCHHBIC MAacChl B y3JIax | M | IO

KOHIIaM KOHCYHOI'O 2JICMCHTA HeﬁCTBYIOT HMHCPOHOHHBIC CHUJIbBI:

d’q(t)
Fj =-Mq ?’ (4.3)
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rae Q;, q; — nepemMerieHus (;muueliHble koopauHaThl) Macc Mi u M;.

Martpuiia npuBeAEHHBIX (3KBUBAJEHTHBIX) Y3JOBBIX MacC HaXOJUTCSA U3 YCIOBUS
pPaBEHCTBA BO3MOXKHBIX pa0OT BHEIIHUX (MHEPUMOHHBIX) M BHYTPEHHUX CHJ OT
pacrpeielIeHHOM MacChl M OT SKBUBAJIECHTHBIX Macc (pUCYHOK 4.1) Ha mepeMeIleHHsIX B
00J1aCTH KOHEYHOT'O AJIEMEHTA.

3a BO3MOXKHBIE MEPEMEIICHUS NPUMEM Te XK€ (QPYHKIUH (OPMBI, YTO U TPHU
pacTsHKEeHUHU-CHKATUU, U3TMOE KOHEYHOT'O 3JIEMEHTA, T.€.:

u(X)| | @y (x)
{U(X)}: U, (X) =] @,(x) {a}:[d)(x)]{a},
U, (X) D, (x)
rae u,(x) = o, + a,x =[@,()]{a}, U,(X) = a +a,X+ X" + X’ = [CDZ(X)]{a} ,
Uy (X) =U,'(X) =0+, + 20X + 30, X* = [CDS(X)]{a} - (QYHKIMM  COOTBETCTBEHHO
NPOJOJIbHBIX, MONEPEUHbIX M YIJIOBBIX IMEPEMEIIEHUN MPOU3BOJIBHOTO IMOMEPEYHOIO

CCUCHHA KOHCYHOT'O JJICMCHTA,

1 x 0 0 O 0
O(x)=|0 0 1 x x* X
0 0 0 1 2x 3x°

_ T
laf=[a, a, o a, a o .
BhlpaxkeHne I TOJHOTO BEKTOpPA CMENIEHHH KOHIEBBIX Y3J10B KOHEYHOTO

3JIEMEHTA UMEET CIICAYIOIINN BU/L:

Y (u. D, ()

! (o) [a

0| Jusi| | PsO)
(a2 =10, o) [l =V (a9

Os Uz j CDZ(XJ.)

Ge) Bl @, (x))
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rae [V ]=

O O Fr O O K
O O — O o o
O r O O Fr o
b — O L, O O
~ O O O o
™ O O O o

2l 317

N3 (4.4) nHaxogum:

-1
{a}=[v] {a}, (4.5)
[Toacrasnss (4.5) B (4.4) BeIpakaeM BO3MOKHBIC MTEPEMEIIICHUS MOJISI KOHEUYHOTO

3JICMCHTA YCPEe3 NMEPEMCIICHHUS €I0 Y3JI0B.

{ueo}=[@]v] {a} =[U, }{a}. (4.6)
rae [P(X)][V ]_1 =[U,].

Haiinem panee BO3MOXHYIO pabOTy pacmnpeeraeHHbIX WHEPIMOHHBIX CHI (C

YUCTOM MHCPIUHU BpaHICHI/IH) 10 BCEH 00JIacTH KOHEYHOI'O 3JIEMCHTA:

A, = deF (¥)uy (x) + deF (X)u,(x) + Ijdl\/l (X)u,(x) = —im(x)ulz(x)dx d ;(:gt) -

()

—Im(x)u (x)dx e

j 1, (x)u, (x)dx

0

3anuiieM 3TU BhIpAKEHUS B MATPUUHOU Qopme:

A =3 Q(t) j[u I [m][U, Jix{a}, (4.7)

P

m(x) O 0
rIie [m]= 0 m(x) 0
0 0 pl,(x

B 5THX BBIpaXeHUAX p — IIIOTHOCTh MaTepHaja KOHeuHoro snementa, |, (X) — MomenT

HHCPHHHU ITOIICPCHHOI'O CCUYCHHUA KOHCYHOI'O 2JICMCHTA.
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Beipaskenue 11t BO3MOXHOW paOOThl 3KBUBAJIEHTHBIX Y3J0BBIX HWHEPIUOHHBIX

CWJI B MATPUYHOU (pOopME UMEET CIIEYIONINN BU/:

A =-4 99 g [m]{a). @8)

[IpupaBuuBas Beipaxkenus (4.7) u (4.8), HaxoaUM,
|
[M]=[[U,] [m][U,]dx (4.9)
0

Marpunia macc (4.9) cuMMeTpudHas U Ha3bIBACTCS «COTJIACOBAHHON», TaK Kak
JUISL €€ BBIUUCICHUSI UCIOIB3YIOTCS T€ XK€ (QYHKIUU (PopMbl (ANMpOKCUMUPYIOIINE
(GyHKIMM), YTO ¥ TIPU BBIYUCICHUU MATPHUIIBI KECTKOCTH.

Marpuna macc (4.9), ¢ yuetom (4.6) U TIpUHATON paHee MOCIEI0BATEILHOCTU

HyMCpalnu HCU3BCCTHLIX, UMCCT CJ'IG,ZIyIOIIII/Iﬁ BUA.

B L <
35 210 70 420
I° 1317 I°

— 0O — — 0
105 420 140

o o !

[M]=pA 3 6 (4.10)

13l 110°

CuMMeTpUYHO — — 0
35 210
|3

— 0
105

!

L 3

[lonyyeHHBId BHJ MATpPUIBl COBMAJAaeT C MATPULIAMHU, MOJYYEHHBIMU
C.N. Tpymunsim [182].

[Ipn Hanmuuuu B mpenesiax KOHEYHOTO SJEMEHTAa TOUYEYHBIX U OOBEMHBIX Macc
COOTBETCTBYIOIINE UHTErpalibl B (4.7) u (4.9) 3aMEeHSAIOTCS CyMMaMH.

Martpuiia Macc KOHEUHOTO »JJIEMEHTa MOXET OBbITh MOJy4eHa MPOCTHIM
CTaTUYECKUM CIIOCOOOM CBEAECHUSI MACChl KOHEYHOTrO AJIEMEHTA K €ro y3iaM. B otinune

OT «COTJIACOBAaHHOW» OHA JWaroHalbHas W Oojee ymoOHAa ayg pacdera, HO U
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OJTHOBPEMEHHO  MEHEEe  TOYHO  OTpakaeT  JUHAMHYCCKHC  XapaKTCPUCTHKH
pacrpeeNieHHO! 10 AJTMHE KOHEYHOTO JIEMEHTA MAaCCHI.
Ota Marpuia Uil paccMaTpUBAaEMOIO CTEPKHEBOTO KOHEYHOTO DIIEMEHTa C

OCHOBHOM CHUCTEMOM, N300paKEHHON Ha PUCYHKE 4.2, UMEET CIIEIYIOMNMN BU/;

N

m 0 0 0 0 0
01, 0 0 0 0
M]0 O m 0 0 0
1o 0 o m 0 o (4.11)
0 0 0 0 I, 0
0 0 0 0 0 my
1 B 1 1 1
311ec1,m1—§mi_1—m3, I, _Elp"‘l’ m, _Em‘ =mg, | 5 _Elp"'
’Fz'-l Fz
N\42 Gy s qs
43 @) ' | N' L
g A N ]

Pucynok 4.2 — M3rubaemMplii cTepKHEBOW KOHEYHBIN 3JIEMEHT C Y3JIOBBIMH MacCaMH

[IpuMeHeHre B TENAX YIPOIICHUs pacueTa MUaroHAIBHON MAaTpHIBI Macc, IS
MOJy4YeHHsI pe3yJsibTaTa ¢ MPUEMIIEMON TOYHOCTHIO, TpeOyeT, KaK 3TO OTMEeYaeTcs B
paborax [92, 147 u ap.], yBEIUYEHHOTO TIO CPABHEHUIO C COTJIACOBAHHOW MaTpHIIEH

MacCC 4ucCJjia KOHCYHBIX 3JICMCHTOB B pacquHoﬁ CXEMC.
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4.1.2 @PopMupoBaHMe JTMHAMUYECKOI MaTPHIbl OTKJINKOB

Marpuna BO3IEUCTBUM HMHEPLUMOHHBIX CUJI OIPEHEIACTCA B COOTBETCTBUHM CO

CTpyKTypoi Matpul Mmacc matpuil (4.10) u (4.11) BelpaxkeHueMm:
(F)) = [M]{a}, (4.12)

rae {q}=|a, gy, .- Gy |

JluHaMHu4ecKass MaTpUIla OTKIMKOB CTPOMTCS Tak)Ke Ha OCHOBE MATPHII Macc
(4.10) u (4.11):
[D]-[D. —2M,..]. (4.13)

§
:| — CTaTHYCCKaA MaTpulia OTKJIUKOB;

rie [Dcm]:|:é[~

M 0 o,
M,..]= 0 | AEaMmeckas MATpULa MaCC; A=w".

Cucrema paspcuiaromunx ypaBHeHI/Iﬁ IIpu HUCIIOJb30BaAHUHU ,Z[HH&MH‘ICCKOﬁ

MaTpuilbl OTKINKOB KO umeeT B 6J104HO-MaTpU4HON (popme ciienyroniuil BUI:
[r=2AM]{a} +[F]{g} =0,
|5 J{a} +[s){a} =0,

rae {q} - BEKTOp AaMIUIMTY/l HCU3BCCTHBIX MCPCMEIICHUI M0 HaNpPaBICHUIM

(4.14)

BBCJACHHBIX B OCHOBHYIO CUCTCMY CBSI3€I>1,

{G} - BEKTOp HCU3BECTHBIX YCUIIUM, 3aMCHSIOIINX YCTPAHCHHBIC B HCXOIHOW CHCTEME

CBSI3H, U T.1.

Bce marpuiipl, BXoasmue B 3TH ypaBHEHUS, OTHOCITCA KO BCEM KOHCTPYKLUH,
T.€. KO BCEMY aHCaMOJt0 KOHEUHBIX DJIEMEHTOB, MPEACTABISIONIEMY €€.

YacToTHOE ypaBHEHHE, COOTBETCTBYIOIIEEe YpaBHEHUIO (4.14), uMeeT BUA
[D]=[D,, — AM,,,]=0.

JIJIS MIUTIOCTpAIMK PACCMOTPHM HECKOJIBKO mpuMepoB u3 [19].
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[Ipumep 4.1. Haiizem 4acTOTbl CBOOOJHBIX HM3TMOHBIX KOJEOAHUI KECTKO
3alEMJIEHHON MO KOHUAM OalIkM MPSMOYTOJIBHOI'O MONEPEYHOT0 CEYEeHMs (PUCYHOK
4.3) c y4eTOM TOJIbKO PAaBHOMEPHO pAaCHpE/IeICHHOW MO JUIMHE Oaiku COOCTBEHHOMU
MaccChl.

[TapameTpb! O6anku:

L =8m,El =const,E =3-10°m [ m*,b=0.15m,h = 0.15m, p = 2.75m | 1°

7] EJ N 7
7 W
- L N /I\//l\/b

Pucynok 4.3 — bajika npsMoyrojabHOro MONepevyHoro CEYeHUs

B tabnune 4.1 npuBeneHbl OTHOCHUTENbHBIE MOrpermHoctd (%) MepBBIX Tpex
COOCTBEHHBIX YaCTOT BBIYMCIICHBIE C MCIOJb30BAHUEM COTJIACOBAHHOM MaTpPHIIbI MacC
(CMM) (4.10), nuaronansHoit Matpuilsl Mmacc (IMM) (4.11) u mo MeTroay KOHEUYHBIX
AJIEMEHTOB B MepeMenieHusix ¢ ucnoib3oBanuem [IK Jlupa, mo oTHOmIEHHIO K HX
TOYHBIM 3HadeHHsM [96], mpu pasTUYHOM 4YHCJIE KOHEUYHBIX JJIEMEHTOB (Bce
pe3ynbTaThl puBeAeHb! B ['11). Pe3ynbTaThl MOKa3bIBAIOT, YTO UCIOIH30BAHUE MATPHUIIBI
Mmacc (4.10) maet pe3ynbTaThl OJM3KHE K TOUHOMY pemnrennto npu 4 KD, maTpuisl Mace
(4.11) - opu 6 KD, mpu pacuere mo MKD B mepememienusx - npu 6 KD, dgro
neMoHcTpupyeT siBHOe mpeBocxonctBo MKD B dopme KCM mepen MKD B

IMNCPCMCHICHUAX 110 TOYHOCTHU PE3YJIbTATOB.

Tabmumna 4.1
4K3 | 6K | 8K | 10KD | 12KD | 14KD | 16KD | Tounoe
A(Dl PCUICHUC
(')
CMM 0.13% | 0.03% | 0.01% | 0.006% | 0.006% | 0.006% | 0.00%
JIMM -0.32% | -0.04% | -0.01% | 0.00% | 0.00% | 0.00% | 0.00% | 15.810
TIK JIMPA -3.6% | -2.4% | -1.87% | -1.48% | -1.35% | -1.22% | -1.09%
Az
CMM 0.92% | 0.20% | 0.06% | 0.025% | 0.013% | 0.01% | 0.004%
JIMM -4.08% | -0.45% | -0.11% | -0.04% | -0.02% | 0.00% | 0.00% | 43.582
MK JJUPA | -13.6% | -8.14% | -6.14% | -4.97% | -4.21% | -3.62% | -3.22%
Am3
CMM 2.13% | 0.71% | 0.23% | 0.09% | 0.04% | 0.02% | 0.01%
KCCD MK3 0, 0 0 0 0 0 0
MM -24.1% | -2.45% | -0.52% | -0.18% | -0.08% | -0.04% | -0.02% | 85.444
K JIUPA | -27.5% | -16.9% | -13.1% | -10.2% | -8.62% | -7.45% | -6.56%
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[Tpumep 4.2. [19] BoinosHUM aHaIU3 BIUSHUS TUIIA MATPULIBI OTKIMKOB U YKCTIA
KOHEYHBIX 3JEMEHTOB B pPACUETHOM MOJENM Ha pE3yJIbTaT BBIYUCIECHUN YaCTOT
CcBOOOJIHBIX KOJIeOaHU.

PaccmoTpuM 3TO Ha mnpuMepe CBOOOJIHBIX KoJeOaHUl pambl C 3JIE€MEHTaMU
MPSIMOYT'OJILHOTO TIOTIEPEYHOro ceueHus: (pUCYHOK 4.4) ¢ y4eTOM TOJIBKO COOCTBEHHOM
Macchl, MPUBEICHHOM K y37aM KOHEYHOro 3JeMEeHTa (MaTpula Macc MpUHATa IO
(4.10)).

[TapameTpsl pamsr:
L =3m,H =3m,EI =const,E =3-10°m | m*,b=0.15m,h =0.15m, p = 2.75m | 1°.

JInst cpaBHEHMS] pAaCCMOTPUM TPHU BapUaHTA CETKU KOHEUHBIX 2JIEMEHTOB: 12, 24 u
36 KOHEYHBIX JIEMEHTOB, T.€. KOKIbIM CTEPKEHb pamMbl MPEJACTABICH OJHUM, IBYMS U

tpemsi KO cooTBETCTBEHHO.

H-3000

L 13000 J L3000 | L3000 I

“ A A A

PucyHok 4.4 — Pama ¢ aneMeHTaMu IPSIMOYTOJIbHOTO MTONEPEYHOT0 CEYEHUS

BenuuuHbel 4YacToT, HalICHHbIE HAa OCHOBE METOJIa KOHEUYHBIX JJIEMEHTOB B
dopme KCM u IIK JIMPA-CAIIP, npuBenensl B cpaBHUTEIbHOU Tabmuie 4.2 (Bce
pe3ynbTaThl IpUBEACHBI B ['11).

[lo pesynapTaTam CpaBHEHHS MOXKHO CJHeNaTh CIEAYIONINE BBIBOJBI: IPHU
crymeHun cetku KD pe3ynapTaThl MO MEPBBIM JBYM BapHaHTaM aCHUMIITOTHYECKHU
commxkatorca, a mno JIMPA-CAIIP norpemHocTs pacdeTa, IO CPaBHEHHUIO C
pe3yNbTaTaMH 1O IEPBOMY BapUaHTY, MPUHUMAEMBIM 32 TOYHOE, HE CHUKACTCS.

JHlpyrue mpuMepsl HaXOXKICHHS YacTOT KOJeOaHWW paM TpPHUBEACHBI B HaIIeH

pabote [89].
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Tabmuna 4.2
12 KD 24 KD 36 KD
CMM 14,605 14,294 14,148
o1 JAMM 14,57 14,16 14,15
TIK JINPA-CAIIP 14,44 14,09 14,08
CMM 29,403 23,217 21,795
Y] JAMM 44,63 20,23 21,36
TIK JINPA-CAIIP 21,69 19,43 20,19
CMM 33,819 26,173 25,090
o3 JAMM 61,83 22,34 24,09
TIK JINPA-CAIIP 22,87 21,62 22,66
CMM 34,909 26,921 26,659
W4 JAMM 78,17 22,60 24,45
TIK JINPA-CAIIP 25,18 21,92 23,05

[Tpumep 4.3. Haiinem yacToThl CBOOOAHBIX KOJIEOAHUI MPSMOYTOJIbHON B IJIaHE
[IAPHUPHO OINEPTON MO KOHTYpPY PETyIspHOW CHCTEMbl TEpPEKPECTHhIX OaloK ¢
TOYEYHBIMH MaccaMu, MPUBEICHHBIMU K y3J7aM (pUCYyHOK 4.5).

Ha pucynke 4.6 n3o0paxeH ¢pparMeHT OCHOBHOM CHCTEMBI J1JIs Hee.

m m

m m m

¥

dl dl | d] d]
L1=111d1

Pucynok 4.5 — IIpsimoyrosibHasi B IJIaHE IIAPHUPHO ONEPTasi IO KOHTYPY peryJsipHas
CUCTEMa MIEPEKPECTHHIX 0AJIOK C TOYCUHBIMU MACCAMHU, MIPUBEIEHHBIMU K y3J1aM

s 9aCTHOI'O Cllydas (F;=F=const=0,05m, d, =d,=1=2n,

m =0,061875m, EI, = El, = EI =126,5625m | m°, A=0,15x0,15=0,0225,

N, =N, =4) nomyyeHsl ClEIYyIONME 3HAYEHMS A1 YacTOT CBOOOJHBIX KOJCOAaHHIA
(pesynbTaThl npuBeaens B ['n): @,,° =0,4074, w,,’ = w,," =1,2049, w,,” =1,7895,
2 2 2 2 2 _
o, =, =2,3912, w,," = w,,"2,8085, w,," =3,282.
Wnpekesl |, j npn o jz COOTBETCTBYIOT HOMEPAM Ir'apMOHHK.

Ot PE3yJIbTaThbl IMOJHOCTBIO COBIIAAAIOT C ITOJYYCHHBIMHU AJIA 3TOI'0 4aCTHOI'O

cirydas B [21].
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Pucynok 4.6 — ®parMeHT OCHOBHOW CHCTEMBI U IPSIMOYTOJIBHOW B TUIAHE
PETYISIPHON CUCTEMBI MEPEKPECTHBIX 0aT0K

4.2 ®opMupoBaHUE TUHAMMYECKOI MATPUIIbI OTKJINKOB

MPOAOJbHO-C/KATOI0O KOHCYHOI'0 3JICMECHTA-CTCPKHA

Kak u B 3aga4ax CTaTUuKH, paCcCMOTPUM JBad OCHOBHBIX THIIA KOHCYHBIX

3JICMCHTOB, HCIIOJIB3YCMbIX JJIA pacdcTa IIJIOCKHUX CTCPIKHCBBIX CHUCTCM.

MPSAMOJIMHENHBIN CTEPKEHb, MIAPHUPHO 3aKPEIUICHHBIN MO KOHIAM (pUCYHOK 4.7, a) u

NPSIMOJIMHEHHBIN CTEP)KEHb, JKECTKO 3aKpeIUICHHBIA 10 KOHIaM (pucyHok 4.7, 0).

Maccsl nojiaraem IMPUBCACHHBIMH K y3JIaM KOHCYHOI'O 3JICMCHTA.

y m; y

PucyHnok 4.7 — IIpsiMonMHENHBIN CTEPKEHb, IAPHUPHO 3aKPEIICHHBIN 110 KOHIIAM U
MPSAMOJIMHENHBIN CTEPKEHD, )KECTKO 3aKPEIJICHHBIN MO0 KOHLIAM
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OCHOBHBIC CHCTEMBI CMEIIAHHOI'O METOA4Aa AJId JTHUX KOHCYHBIX JJICMCHTOB

n300paKeHbl Ha pUCYHKE 4.8.

iy

q>

T
N

Puynox 4.8 — OCHOBHbBIE CUCTEMBI
JUTSL TPSIMOJIMHENHOTO CTEPKHS, IIAPHUPHO 3aKPETUIEHHOTO N0 KOHLAM
U IPSIMOJIMHENHOTO CTEPHKHS, )KECTKO 3aKPETUIEHHOr0 10 KOHIAM

4.2.1 InnamMmnyeckasi MATPULa OTKJIUKOB
MPO/I0JbHO CKATOI0 KOHEYHOTI'0 3JIeMEHTA-CTePKHSA

¢ IIAPHUPHBIM ONMPAHHUEM 10 KOHIAM

PaccmoTrpum mporiecc GopMupoBaHusi 0JIOKOB MAaTPHUIbI OTKIMKOB KOHEYHOTO
AIIEMEHTA.

3aaya HaXOXKJICHUS AJIIEMEHTOB ATHX OJIOKOB HE OTIUYAETCS OT PACCMATPEHHBIX
BBHINIE 3a/1ad CTATUKU U JUHAMHUKH, TTOITOMY, HE TOBTOPSS BBIKIAIKUA, PACCMOTPUM
TOJIbKO BO3ZHUKAIOIINE OCOOCHHOCTH.

PaccmoTpum cHavana ciyyau, KOrja €IMHAYHOE NIEPEMEILEHHUE TI0JIy4aeT CBA3b 4

(pucyHok 4.9, a), a 3areM cBs13b 3 (pucyHOK 4.9, 0).
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N3 reoMeTprueCKUX COOTHOILLIEHUN U YCIIOBUM PABHOBECHS CIIEYET:

N . N ., N .
I’l‘4 = I"4’l :—TS|nC¥ -COSx, r2‘4 = r4’2 :—TS”’] a, r3,4 = |"4’3 :_I_S”’]a.cgsa,
N _ N .
s =T, :TCOS a,h;=10, =—TSIna-cosa,

_ N ) 2 . N 2 2
r,, =——sin’a+mae?’, r,, =——cos’ a + mao’.
' ’ I

a 4]
Pucynok 4.9 — EnuHu4HbBIC IEpeMEIIeHUs CBI3eH

AHaHOFI/I‘{HO, Korga nNepeMCIICHUA IIOJIYYar0T CBA3U lu?2:

_ N 2 2 o N _. _ N _. > 2
[y == C0S @+ M@, b, =1y =-SiNa-Cosa, I, =——=sin“a+m 0"

IIpu orcyrcTBHM Macc, T.€. OTCYTCTBUM CHJ HWHEPLUHUH, BBIPAXKECHUE IS
K03 (HUIIMEHTOB MaTpPUIIbl OTKIMKOB COBIAJAIOT C TPHUBEJACHHBIMUA B TJIaBe 2 IS
CJIy4asi IPOJOJIBHO CKATOI0 KOHEYHOI'O AJIEMEHTA, IIAPHUPHO ONEPTOTO MO KOHLIAM.

[Ipu oTCyTCTBUU MPOMOTHHON CHIIBI BhIpaKeHHE NJIsT KOADPHUITMEHTOB MaTPHIIBI
OTKJIMKOB COOTBETCTBYIOT IIPUBEICHHBIM B I1aBe 2 npu ¢ = 0.

JIng WimrocTpauMu  pacCMOTPUM  KJIACCUYECKYHO 3aJady O JUHAMHAYECKOU
ycroiunBocTd pepMbl Museca (pucyHok 4.10, a), pemreHue KOTOPOH BBHITIOIHSIIOCH

Hamu B pabore [37]. OcHOBHas cHUCTeMa CMEIIAHHOTO METOJa IMOKa3aHa Ha PUCYHKE

4.10, 6.
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X

Pucynok 4.10 — ®epma Museca

Martpuna k03¢p(OUIMEHTOB KaHOHUYECKON CHUCTEMBbl YpPaBHEHUU CMEIIaHHOIO

MCTOAAa (I‘HO63HBH3H MaTrpula OTKIHKOB CI/ICTeMBI) B JAaHHOM CJIyda€ HUMCECT

CIEIYIOIINUMN BU:

LT PR A

]| il (4.15)
Oy O O3 Oy
_541 542 O O |

3II€CI> C YUYCTOM CUMMCTpUU CHUCTCMBI WM TOI'O, YTO B r100aJIbHOM CHCTEME

KOOpAUHAT ¢, =180° — ; , TZI€ &¢; — YT'OJl HAKJIOHA K OCH X JICBOT'O CTCPXKHA,

N .
r,=—2—sina—maw’, r,=r,=0,r, :—2Tc032a— mae?,

£, =-0, =cosa, fy, =5, =sina, f,, =05, =sina, f,, =—05,, =—cosa, (4.16)
I

533 :544 :a

Cuctema KaHOHUYECKHX YpPaBHEHHUM, COOTBETCTBYIOIIAs MATPHUIIE OTKIUKOB

) 043 = 0y = 0.

(4.15) ¢ xoapdurentamu (4.16), IMeeT CIIeTyrOIIHIA BU;

.0 — 0, + f13q3 + I714q4 =0,

50, — L0, + I723,qs + I724(314 = O, (4 17)
531C|1 - 532q2 + 533q3 + 534614 =0, '
541(?{1 - 542q2 + 543q3 + 544q4 =0.
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Haiing u3 mocnennux aByx ypaBHeHu# (, um (, ¥ HOACTaBUB UX B TPEThEe U

YEeTBEPTOE YPAaBHEHMsI, IOJIy4aeM IOCIIe MPeoOpa30BaHM 1Ba HE3aBUCUMBIX YPaBHEHUS

OTHOCUTEIBHO HEU3BECTHBIX (, U (], !

ql |:r11 _ r13531 _ rZI.4541:| — 0’

S S

33 “ (4.18)
, {rﬂ _ r23532 _ r24542 } -0,

533 544

Tak kak ql 151 q2 HC paBHbI HYJIIO, TO

_—2$sin2 a—ma’ + (coszla) =A + (coszla) =A =0,
- - - (4.19)
—2$cosza+ma}2+(sm IO[)EA+(Sln Ia)EA =0

B uactHom cnywae, xorma mM=0, nomyyaem JBa KPUTHYECKUX YCJIOBHI,

COOTBCTCTBYIOIIHUEC IBYM BO3MOXKXHBIM (1)0pMaM IMoTcpu yCTOﬁ‘IHBOCTH:

(—gsin2 a+ 2$c032 aj =0,
2N EA (4.20)
(—I—cos2 a+ ZTsin2 aj =0.

Orcroma moilyyaeM JBa KpPUTHUYECKHUX YCJIOBHUS, COOTBETCTBYIOLIHUE JBYM

BO3MOXKHBIM (pOpMaM MOTepU yCTOUYUBOCTH:

N = EAcos’ _ EAsin*a
Y sina 2% cosa
F
Tak kak N = — , TO
2sinax
2 =~3
= _ 2EAcos” a = _ 2EAsIn o

(4.21)

Lxp 2;kp T

sina cos &
DTOT pe3ysbTaT COBMAJaeT C pelIeHUuEeM, NMpUBEACHHBIM B [41]. MeHss B 3TUX
BBIDAKCHUAX 3HAUYCHHWE Vyria «, MOXHO YCTAaHOBUTH, Kakas u3 (opm mnorepu

YCTOMYMBOCTH OyaeT HanboJjiee ornacHa.
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B npyrom yacTHOM ciiydae, Korja OTCYTCTBYET IpojoJibHas cuia N, momydaem
u3 (4.19) yacToTHBIE ypaBHEHHUS, M3 KOTOPBIX MOTYT OBITb HAWJEHBI YacCTOTHI

CBOOOJHBIX KOJIEOAHMH HJii NPSIMOCUMMETPUYHON M OOpaTHOCUMMETPUUYHON (popMm

KoJIeOaHuit
w’ = EjZCoszoz, w,’ :(E)Zsin2 a. (4.22)
ml ml

3anaBasich B (4.19) omnpeneneHHbiM 3HaueHHeM N MOXXHO HaWTU 3HAYEHUE
4acTOThl CBOOOJHBIX KoyieOaHUW @ (opmbl mpu Takoi Harpyske. Takue rpaduku
3aucumMoctTd @ oT N 1 mepBoit M BTOpoil (opm KkosebaHUM NpUBEACHBI B
BBIMTOJTHEHHOM O/ HAIIUM PYyKOBOACTBOM nucceptanuu B.B. 'abosoii [19].

3amaBasich B (4.19) ompeneneHHON YaCTOTOM BO3MYIIAIONIMX YCTAHOBUBIIUXCS
KosieO0aHUi, MOXKHO HAMTH TO 3HaUeHue Harpy3ku N, mpu KOTOpOH MPOU30MAET MOTEPs

yCTOﬁqHBOCTH. COOTBGTCTBYIOHII/IC 3aBUCUMOCTH TAKKC ITPUBCACHBI B BUIC Fpa(l)I/IKOB B

[19].

4.2.2 JuHaMmuuyecKasi MATPUIIA OTKJIUKOB

KOHEYHOI'0 3JIEMEHTA-CTCPIKHA € JKECTKUM 3aKPEINJICHUEM 110 KOHIIaM

O6001TUM, W3II0KEHHBINA BBIIIE, aJTOPUTM TMOJIYYCHHS JUHAMUYECKON MaTPHIIBI
OTKJIMKOB Ha CJy4all OJHOBPEMEHHOTO ACHUCTBUA MHEPUUOHHBIX CUJ U MPOJIOJIBHOU

cwibl (pucyHok 4.11, a@). OcHOBHas cucTeMa JIJist TOTO CiIydast H300pakeHa Ha PUCYHKE

411, 6.

Q L, EA @ @) ds 7 s )
N N N N ‘1 N N
m;_p, [p,i- 7 m, L,; m; g 1 A

a 4]

Pucynok 4.11 — KoHeuHblid 371IEMEHT-CTEPKEHb C )KECTKUM 3aKPEIUICHUEM 10 KOHIIAM
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[Ipumensis popmyny Mopa nanas NpOAONBHO CKATOTO CTEPKHS M yYUThIBas
cuMMeTpuio aedopmanii J1eBo M NMpaBOW MOJOBHUH KOHEYHOI'O 3JIeMEHTa (PUCYHOK

4.12, a, 6, 8), oJIly4aeMm:

K L

5 = oo 6,(v), 5= 3?[91@% 6,(v)+ eg(v)],

~ 12 |2
Oy = A5 [291(1/)+ 93(v)] ~iE 26,(v)+ (93(1/)] =0,

L [N 3(tgv 3 (tgv 2
rac VZE E’ 01(‘/):1/2(1/— J, HZ(V)zvz(V‘l‘V'th—COSV'l‘lj,
6( 1 tgv

O.(v)=—| — 2" |

() VZ(COSV % j

KOB(i)(I)I/IIII/IeHTLI ManI/IIILI OTKJIUKOB HOJIy‘II/IM 3 yCJ'IOBI/Iﬁ CTAaTHUYCCKOT'O

paBHOBECHS.

Nl
= 1
N

) X
N/‘\ ¢ N/_\ o —
725 N Y26  —

——
b - 7
i I=L/2 74?“ S 1 I=L/2

a 4]

4
=
55,6

F_ 2 2%‘ —_— -
Y T —
1=L/2 745612 %
6

Pucynok 4.12 — Equandnbie BO3eHCTBUS HA JIEBYIO YaCTh
KOHEYHOTO 3JIEMEHTA-CTEPKHS C )KECTKUM 3aKPEIUIEHHEM 10 KOHIIaM
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B oxoHuaTensHOM BUIOC 010K MaTpHIilbl OTKIIMKOB UMCIOT CJ'ICI[YIOIHI/Iﬁ BUA:

-m_,0° 0 0 0 |
0 - Ip’i_la)2 —Ev tgv 0 0
M=l 0 _mao’ 0 ’
0 0 0 —Ip’ia)z—ZEIV tgv
o O _
Lanvaw) 147 (260)+60)
[Fl= 1 0 5 =IrT,
L@ava) —{1+ " @) eg(v))}

0 =406+ 6 )] |

HOJIy‘-IGHHBIG MaTpulibl OTKJIMKOB IIO3BOJIAIOT IIO OIIMCAHHOMY B IIPCABIAYIINUX
pasaciax aJropuTMy BBIIIOJHUTHL pPacdcT CTGp)KHGBOﬁ CHUCTCMBI Ha COBMCCTHOC

BO3,II€I>10TBPI€ I[HHE[MH‘IGCKOIZ BO3MYH.I31-OH.I€I>1 HAarpy3kKu 1 MpoagO0JIbHOT'O CKATHUA.

4.3 Boiny:K/1eHHbIE KOJIeOaHMsI

Pacuer KOHCTPYKIMH Ha BbIHYXJICHHBIC KOJICOAHMST BBIIOJHSAETCS C OCJIbIO

OIIpCACICHUA ﬂeﬁCTBy}OHIHX Ha CHCTCMY IIpH €C KOJICOAHHMSAX MAaKCUMAaJIbHBIX CHII

WHEPIUH.

Paccmotpum cirydaii, Korja Ha CUCTEMY B |-M y3JIe JCHCTBYIOT TOJBKO CHIIOBBIC U

KAHEMATHYEeCKHe BHOPAIIMOHHBIC HATrPy3KH, HU3MEHSIOIIUECS MO OJHOMY H TOMY JK€
rapMOHMYECKOMY 3aKOoHY: F; (t) =F;sinot, M, (t) =M;sindt, A, (t) =Y;sindt, tme

€ - KpyroBas 4acToTa.
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Yepe3 HEKOTOpBIM MPOMEKYTOK BpPEMEHM BHOpalMOHHAs Harpy3ka MOJYHHUT
cebe CHUCTEMYy, U OHAa HAYHET COBEPIIATh YCTAHOBHMBIIMECS KOJEOAHUS IO 3aKOHY
y;(t)=Asin(6t+ 1), rae A - ammmryna KoneGanuii i-ro ysia.

B cnyuae, korna Ha cucteMy I€MCTBYET MPOU3BOJIbHAS IEPUOJUYECKAsl HATPYy3Ka,
pas3noxuB ee B pag Pypre, NeEpEeUieM K MPOCTEUIIUM FTAPMOHUYECKUM HATPY3KaM:
F(t)=FRsin(6t+4)+Fsin(6t+4,)+...+ Fsin(6t+4,).

OnpenenuB, BO3HUKAIOUIME B CHCTEME OT JEHCTBUSA KaKJI0M M3 Harpysox,
MaKCHMaJIbHbIE YCWJIMS, HA OCHOBE MPHUHIMIIA HE3aBUCUMOCTH JIEUCTBUS CUJI HaiJieM
MaKCHMAaJIbHbIE YCUJTUSI TP CYMMAapHOM BO3JIEWCTBUM 3TUX HArpy30K.

PaccmotpuM, Hanpumep, Oajiky ¢ TOYEYHBIMH Maccamu M;,M,,..,M;, M, ....m .
[TycTth Ha Hee AelicTBYeT oHa Harpy3ka FsSinot B j-m y3ne. Kaxnas y3moBast TouedHas
Macca MMeeT B JIaHHOM cllyyae M3THMOHBIX KOJeOaHHWil ofHYy cTeneHb cBoOobl. Toraa
MaKCHMaJIbHbIE MTHEPIIMOHHBIE CHIIbI ONPEAEISIIOTCS BEIPAXKEHUEM::

l, =mo%y,. (4.23)

Cuctema pa3pelaronux ypaBHEHU CMEIIaHHOTO METOJa B Pa3BEPHYTOM BHUJIE C
yaetoM (4.32), uMeeT BUI:

Ri =10+ 16,0, + """(ri,i - miez)qi T lhinlig +-+ 6,0, +

+ Fi,n+1q’n+1 tee Fi,n+mq’n+m - Ri,F = 01 (I :1’---1n)1

~

An+t = 5n+t,1q1 + 5n+t,2q2 et gnth,nqn +
+ 5n+t,n+1qn+1 ot 5n+t,n+mqn+m - An+t,F = O’ (t = 1’ HR m)'
3neck ¢, = Y, - HEU3BECTHBIE aMIUTUTY bl KOJeOaHui Macc m. ;
d,,, - HEU3BECTHBIE YCWIINS B OTOPOILIEHHBIX CBA3SIX OCHOBHOW CUCTEMBI.

B marpuuHoii popme 3Ta cuctema ypaBHEHUN UMEET BU/L:

. R
LR R L s (4.24)
5 sllgf A,

3necy moamarpuna I, gBigeTCs CyMMOM ABYX MaTpuu: r =r-+r,, Tae r, -

nmoaMarpuia OTKJIMKOB Ha BOB,Z[GI?ICTBHG HWHCPIHUOHHBIX CHJI.



137

3HaveHuss KO3(GHUIMEHTOB MATPHIl S5, &, I, I U BEKTOpa BO3ICUCTBHUIA R_, A

aHAJIOTMYHbBI CTATUYECKOMY pacyeTy U NpHUBEACHBI B IJIaBeE 2.
JIns paccmaTpuBaeMoOro ciydas ¢ TOYEUYHBIMM MaccaMU, MaTpulia OTKJIMKOB Ha

BOSI[@IZCTBHG HHCPUOHUOHHBIX CHJI UMCCT BU:

—m,6? 0

[r,]= —m,6? . (4.25)

0 -m,0°

BexkTop peakuuii: {RF } = [0,0,..., Rj,F ,O,...,O]T .

HpI/I HAJIMYUH OOBEMHBIX Macce KaXzaasa H3 HHUX 6y,HGT NMCTh OBC CTCIICHU

CBOOO/IEL.

.
Pemas ypasaenue (4.33), HaxoJuM KOMIIOHEHTHI BEKTOpa HeusBecTHbIX | ([ .

JUist wLTiocTpaliii  TIPEJICTaBICHHOTO BBIIIE aJrOpUTMa pacueTa OMNpeeIuM
MaKCHMAaJIbHbIE HMHEPUMOHHBIE CUJIBI TMPH BBIHYKICHHBIX KOJEOAHUSX CTaTUYECKU
onpenenumon pambl (pucyHok 4.13, a). Ilpunsras nns pacuera OCHOBHAasl cHCTeMa

npejacTaBieHa Ha pucyHke 4.13, 0.

: " : )
F,sin6t . ny, In q3 “’E\

q
@ El i

99
22—
92w l T q4
qs

P

~ 2E] g,

a o
Pucynok 4.13 — a) pama 1oy BO31€ACTBUEM raPMOHMYECKON Harpy3ku Fsin(6t);

6) OCHOBHasI CHCTEMA
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Hcxonaele na”HHbBIE:

1

| =1,5m, h=3m, m=500xe, I = 200k2 - m?, EI =10°H - M2, F, =200H, 6’:105.

Jlnst paccMaTpuBaeMoro cirydast Ko3(GGUIHUEHTH MaTpULl &, 5, r, T aHaJOrHYHBI

CTaTUYECKOMY pacueTy. BekTtop nepemenieHui [AF] HyJIEBOU. BEKTOp peakuuii uMeeT
T
Bug:{R.}=[0 -F, 0 0 0].
Martpuiia OTKJIMKOB Ha BO3JICMCTBHME WHEPIUOHHBIX CHJI UMEET MOpsAnoK (5x5),

2 2
BCe ee KOO PHUIMEHTBI HyJIeBbIe, 3a HCKIIOUeHHeM: [y, , =—M0°, ., =—1 0°.

[Tocne pemenusi cuctembl ypaBHeHuil (4.33) u3 BeipaxkeHus (4.32), nmomydaem

3HAYCHUS MaKCUMAJIBHBIX CWI uHepuuu: |, =-256,75H, |, =-1795H .

DTOT pe3yJsibTaT COBMAACT ¢ MpuBeaeHHBIM B [50].

4.4 ®dopmupoBaHUe TMHAMUYECKOH MATPUIIBI MACC JIJIS1 H3rM0aeMOro KOHEYHOTr 0

3JIEMEHTA - IIJIACTUHKHU

BO3MOXHBI ~ HECKOJIBKO BApUAHTOB JIMHAMHMYECKOW MATPHUIBI  OTKJIMKOB
KOHEYHOT'O dJIEMEHTa. OJTH BapHaHThl Il cTepskHeBoro KD paccMoTpeHbl Bhilie B
pasznenax 4.1-4.2.

PaccMoTpuMm mocTpoeHME NMHAMHYECKOW MaTpPULBI MacC, HCHOJBb3YEMOW IS
bopMynHpOBaHUS TUHAMUYECKOTO YaCTOTHOTO YPAaBHEHUS B pacueTe TOHKHUX TUIACTHH,
Ha TpUMEpEe H3rudaemMoro MNPSIMOYTOJIBHOTO JJIEMEHTa ¢ 12 cTeneHsMU CBOOOBI,
BIICPBBIC M3JIO’KEHHOE B Hamiel padore [52]. OcHoBHas cuctema MKD B dpopme KCD
JUISE HETO W HyMepalusi OCHOBHBIX HEW3BECTHBIX B y3JaX KOHEYHOTO OJJIEMEHTA

MOKa3aHbl Ha pUCyHKe 4.14.
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(1,5,6) (2,7.8) q~6

% 0,0) (a,0) g . (ﬁ\‘
0 (a b qs (0,0)
(4,11,12) T .9,
/,7%7 zt ,7%,7
y ! a ¢ q]

7
a o
Pucynok 4.14 — OcHOBHas cucTeMa CMEIIaHHOTO METOoJ1a JUIsl U3rubaemMoro
OPSIMOYTOJILHOTO 3JIeMEHTa ¢ 12 cTeneHsaMu cBoOOAbl U HyMepalus OCHOBHBIX
HEU3BECTHBIX B y3J1aX KOHEYHOTO 3JIEMEHTA

YacToTHOC YpaBHCHHUC I ATOM paCCManHBaeMOﬁ 3agadynu COCTOUT U3

CTaTUYECKOU MaTpUullbl OTKIINKOB U I[I/IHaMI/I‘IeCKOﬁ MaTpulbl MaccC:

((D.]-4[m]){a} =0, (4.26)

rie D, — cratuyeckas maTpula OTKIHMKOB, [m] - JWHAMHU4YecKas MaTpuila Macc,

{q} - BCKTOP OCHOBHBIX HCHU3BCCTHLIX B ocHOBHOM cucteme KD B Q)opMe CMCIIaHHOTI'O

METO/1A.

OnpenenuTenb 3TOr0 YpaBHCHUS
¢ =[/D - Am]=0.
A=w?, o -4acTOTa CBOOOIHBIX KOJIEOAHHIA.

Oynkius nporn6oB KO-mmacTUHKM anmpokCUMHpYeTCs, Kak W s 3ajaad

CTaTUKH, HETIOJIHBIM OUKYOMYECKUM TTOJTUHOMOM:
WX, Y) = g+ X+ ... + o, Xy =| Di(x,y) [{al, (4.27)

rae |_@1(X!J’)J:L1’ x, v, x°, ¥, xy, Xy, 0% x°, 3%, X%y, xysj,

(ol =|ay, cyp,....c, | .
Tornma
MP =L &y (x,3) {a}, My =L, Dy(x.y) [{a}, (4.28)

82 62 82 62
rae Ll :_Dx(y-'_tunyf I—2 :_Dy(/’lyy*‘yj.



140

B marpuunoii popme Boipaxkenus (4.27) u (4.28) MOKHO OOBEAUHUTH B OJTHO:

w(X,y)
[a(x, y)]=| M, (x,y) =[1, L, '—z’]'[B(X,y)]' la}, (4.29)
(1x1) M y(X’ y) (1x3) (3x1) (12x1
(3x1)
D, (x,)
rxe [B(X,y)]=| @,(x,) |
D, (x,)

[loncraBuB B (4.38) koopauHaThl y3i0B KD, mosyduM BEKTOpP OCHOBHBIX

HCU3BCCTHDBIX:

- @,(0,0) |
L®,(0,0)
L#,0,0)
{qh=| oI {a)= V] -{al, (4.30)
(Dl(O,b) (124) (12412) (12x)
L®,(0,5)
| L,®(0,0) |
(12x12)
Orcroga cenyet {a} =[V ]_1{q}. (4.31)
[ToacTaBuB 3TOT pe3ynbrat B (4.27) u (4.28), momyuum
w(x, y)=| @ (x,») V] {g}.
MP(x,y) = L[ @G0 VT g} MP(xy) = L 2 ) [[V] {a), (432)
My (6 Y) = L @G 0) )7 {a}
roe Ly =-D o

“oxoy
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HeoOxonumble 1151 JaIbHEUIIMX pacyeTOB BBIPAKEHUS 1J11 KPUBU3H KOHEYHOTO

3JIEMEHTA UMEIOT CIEIYIOLIMNA BU:

1Y) =L e ) [V] g},

2,6 =L (x) [V] {g), (4.33)
2y (%, Y) = L6L@1<x,y)J[V]‘1{q},
e L=, =2 7 L o

X0y

Vbl IMOBOPOTAa HOPpMAJIN K IINIOCKOCTU IINIACTHUHBI B TOYKC (X, y) ONIPCACIIAOTCA

o’

BBIPAXKCHUSAMU |

o (x,y) =2 1 T ][V ] )

oM (x, y)_M Lo )] V] {}

Torga BekTOp {(_11} JUHEWHBIX M YIVIOBBIX THepeMenieHuid B y3max KO

(4.34)

OmnpeAensieTcsl B COOTBETCTBUU ¢ (4.43) clienytoluM BbIPaKEHUEM

"w(0,0)] [ #,0,0) ]
¢,(0,0) L.@,(0,0)
9,00 | L®,(0,0)
(G =] o =] e [ IV] o), (4.35)
w(0,b) @,0,6) | #*? Y

®,(0,b) L.&,(0,b)
0,000) | | Lo, (0,5)]

12x1) (12x12)

Takum oOpasom, BekTOp {{,} BBIPAKEH 4Yepe3 BEKTOP {(} OCHOBHBIX

HEHU3BECTHBIX CMEIIAaHHOIO METO/A.
PaccmoTpum  nmanee anroputM  (GOpPMHpPOBAHUS MATPHUIBI MAcC KOHEYHOTO
AJI€MEHTa KakK (PYHKIMU OT BEKTOPA OCHOBHBIX HEM3BECTHBIX CMEIIAHHOT'O METO/IA.

Ha pucynke 4.15 nokasan 35eMeHTapHbIi 00bEM MIIACTHHKHU.
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z ¥ dv=h(dxdy)

%7/(|IN

)

dx

Pucynok 4.15 — DnemeHTapHbli 00bEM IIIACTUHKU

DneMeHTapHash Mmacca 3Toro oObema dm= (m)(dxdy), rIe Im - Macca,

MPUXOAAIIAACS HA SAUHUILY 00beMa.

BBenem crenyromue 0003HaAYCHNUS
1 ") - MOMEHT HHEPLUH TONEPEUHOr0 CEYEHHs ITEMEHTAPHOTO KOHEUHOTO dIIeMeHTa dV
OTHOCHTEILHO ocH Y (puc. 4.16, a),

1Y) - MOMEHT MHEPIIH TOTIEPEYHOr0 CEYEeHHsI OTHOCUTENBHO ocH X (puc. 4.16, 0),

( pliy))dxdy - DJIEMEHTApPHBII MOMEHT MHEPLUHUHM MACChI, CO3JAIOIIHNI MOBOPOT BOKPYT
OCH Y U U3TU0 B MJIOCKOCTH X0Z,

( ol y))dxdy - DJEMEHTapHbIi MOMEHT HWHEpPLUHMH MaccChl, CO3JAlOLIUl IOBOPOT

OTHOCHTEIBHO OCU X ¥ M3TU0 B IJIOCKOCTH yoz,

p - INIOTHOCTh MaTepuaja INIaCTHUHKU.

a

Pucynok 4.16 — MoMeHTBI HHEPITUU TIOTIEPEYHOTO CEUCHHUS
9JIEMEHTapHOTO KOHEYHOTO 3JieMeHTa vV

Benuuunbl y3710BBIX Macc (COTJIACOBAHHYIO MAaTpPHILy MAaccC) MOJYYUM IO TOMY

XK€ aIrOpUTMy, KOTOPBIM HCHOJNB3YETCS TMpPU MPUBEACHUHM PACHPEAECIECHHOW IO
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wiomaan KD Harpy3ku K y370BOM, T.e. TIpHUpPaBHHUBAs BO3MOXHBIE pPabOTHI
pacnpeieIEHHBIX Harpy30K U BO3MOKHBIE pa0OThI y310BBIX HHEPLIMOHHBIX Harpy30K.

PaccmaTtpuBas cBoOOJHBIE KON€OaHUs IMJIACTUHKH, MPEACTAaBUM (PYHKIHIO €€
BO3MOXHBIX BEPTHKAIBHBIX IMEPEMELIEHUN B BUJI€ IPOU3BEACHUS IBYX (DYHKLMH, O1HA
U3 KOTOPBIX 3aBHCHUT TOJBKO OT KOOpPAMHAT X, Y W allpOKCUMHUPYETCS TOH ke
¢yHKIMEH, 4TO U IpU cTaThuyeckoM u3rnoe KO, a npyras 3aBUCUT TOJIBKO OT BPEMEHU:
w(x,y,t) =w(x,y) f (t). (4.36)

B sToMm ciiydae anemeHTapHasi HHEPLUHUOHHAS CUJIa B HAMIPABJICHUH OCH Z

d?f (t)
de?

dF, =—(m-dx-dy)w (x,y) (4.37)

AHAJIIOTUYHO

A, =~(p170xty)ol" (1)) T O,

pX

d?f (t)
dt? -

TOI‘II& BO3MOKHas1 pa60Ta OTHUX JJICMCHTAPHBIX HMHCPHHUOHHBIX CHJI II0 BCEH

dF,, =—(pFdxdy)e{’ (x,y)—5~

IIomaan KOHCYHOI'O 3JICMCHTA:

h o o) d*f (1)
Aoy == [ (dF. -w(x,y) +dF, o +dF, o )dxdy e
00 (4.38)
h YR 00 (0 d*f(t)
” m xy+pl ( )(xy)+pl ( )(xy))dxdy prea
00
[ToxcraBuB B 3T0 BhIpaxkeHUue QyHKIUN w(X,Y), @, (X,Y), @, (X,y), TOTy4InM:
y ap/ ™00 T d’f(t)
Ay =—100} [[| 0 p1, O |[@] [@]{g}dxdy e (4.39)
°0l0 0 pl,



rae[@]=

L@l(xvy)J
0
0 &I_@l(x’J’)J

0

0
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0

0
@chl(x’y)J_

0

[IpeacTaBum coryacoBaHHYIO MaTpHUIly MacC B COOTBETCTBUU C MPUHATOM st

MaTpHUIbL

anemeHnTa (pucyHok 4.17):

m]-

OTKJIMKOB HYMepaHHefI OCHOBHBIX HCHU3BCCTHBIX B Vy3JIaX KOHCYHOTO

my My
My My
My My,

OTHUM MaccaM COOTBCTCTBYIOT JIMHCHHBIC MEPEMCIICHUA

m1,12
m 2,12

Mz 10 |

Y3JI0B KOHCYHOI'O 3JICMCHTA:

O
=
1)

Oi
L G2

12 )
> W (0,0)
k=1

12 )

> #(0,0)
k=1

2
2.#,3(0,0)
k=1

12
2w, (0.b)
k=1

2
Z §0>(<,1)1 (0,b)
k=1

2
2. #y2:(0,b)
k=1

12

k=1

4000

% ap00)

%L@f“(0,0)J

-1

200
2000 |
5
_cDék)(0,0)_ i
20.5) || | %
o0p)| | M
- N & ry
@, (0,b)

(4.40)

U YyIJibl ITOBOPOTA

(4.41)
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0 0
rae @,(x,y) = —{DX v | @i(x,») |+ D, W : L@l(x,y)ﬂ,

0* 0*
Dy(x, y) ={Dﬂ —7 [ ]+ D, '@'L@l(x,y)J ’
3necy uHmekce (K) o3HayaeT HOMEP HEHM3BECTHOIO B OCHOBHOH CHCTEME KOHEYHOI'O
3JIMEHTa, OT BO3LEHCTBUS KOTOPOro BO3HHMKAKOT OTKIMKH W', (p)((k), ¢§k) BO BCEX
y3nax KO.

Bo3moxnas pa60Ta Y3J0BbBIX HHCPHHUOHHBIX CHUI Ha COOTBCTCTBYIOUIUX

Y3JOBBIX ICPCMCIICHUAX OTIPCACIIACTCS BBIPAKCHUCM

5[ A, ]=-[F]-[a] d;‘;@ | (4.42)
rje
[F]=5[a] [m] (4.43)
(O O - - - O |
[q]: Uy G - -+ Oopo -
| Oi2z Oz - - - Ohizao |
31ech
O,; ~ TEpEMEIIEHUE MO HampasBieHUIO 1 (0Chb Z) OT BO3JCHUCTBUI OCHOBHBIX

HEU3BECTHBIX ¢ HOMepoM I 1- w,(0,0), 2- w,(a,0), ..., 5- M,(0,0), 6- My(0,0)

nT.ao.

[ToncraBus B (4.41) Beipakenue (4.43), momydaem:

oA = s[aT [m] [a =12 (4.44)

CpaBHuBas BeipaxxeHus (4.44) u (4.39), Haxoqum:

Lm0 o0
[m]=[]j 0o pt, 0 [[@][®]dxd. (4.45)
°%90 0 pl,
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@opMHUpOBAHUE MATPHILIBI MAacC [m] BCEil KOHCTPYKLHUH BBIMOJIHACTCS IO TOMY
KE arOPUTMY, 9TO U (HOPMUPOBAHKUE MATPHUIIBI OTKIMKOB [ D] BCEH KOHCTPYKIHH.

N3 sroro cienyer, 4ro MOPSAOK CUCTEMBI YPaBHEHUU Uil BCEU KOHCTPYKLUU
3aBUCUT OT 4YMCJIa y3JI0B KOHEYHO-IJIEMEHTHOM CETKHU. llepexonst oT penakon CeTKd K
Ooznee rycroil, MOXKHO IOJIYYUTh PEIICHHE Ha IOCJIEJOBATEIBHOCTH CryIIAOIIUXCS
CETOK C UCIIOJIb30BAHUEM PE3YJIbTATOB HA MPEABIAYLIECH CETKE IS UX UTEPALUOHHOIO

YTOYHEHUS Ha MOCJIEAYIOLICH.

4.5 AJIropuTMbI OCTPOCHUS PeIyIMPOBAHHBIX YACTOTHBIX YPABHeHHH B hopme
HEMOJIHOM ajiredpandeckou nNpoodaeMbl COOCTBEHHBIX 3HAYEHUH U COOCTBEHHBIX

BEKTOPOB H €€ PEHICHUE

YacToTHOE ypaBHEHHME, MOJydyeHHOEe Ha ocHoBe MKD, mMeer s CIIOXKHBIX
KOHCTPYKIIMM, KaK MpaBUJIO, OYEHb BBICOKHM MOPAIOK. ITO OOCTOSTEIBCTBO JIE€TAET
NPAKTUYECKH HEBO3MOXKHBIM €r0 pEIlIeHHEe, KaK IMOJIHOM anreOpandeckoil mpoOiaembl
co0ctBeHHbIX 3HaueHu (C3) u cobctBeHHBIX BeKTOpoB (CB), M3-3a MaTeMaTHYECKUX
TPYJIHOCTEN U 3HAUUTENBHBIX 3aTPaT MAIMHHOI'O BPEMEHHU.

Jlaxke Tpu CTaTUYECKOM PacdyeTe COBPEMEHHBIX COOPYKEHUIM U KOHCTPYKIHH C
UCIIOJIb30BAHUEM MOIIHBIX BBIYMCIUTEIBHBIX KOMIUIEKCOB, peuieHne CIIAY ouenb

BBICOKUX HOPAAKOB (10° —107) cTajkuBaeTcs C ONpeneaeHHbIMU 3aTpyAHeHUsIMU. OHU

BO3PACTAIOT MHOrOKpaTHO B nporopuui = N2, rae N — mopsnox paspemaroreii CJIAY.
B 10 e Bpems B OOJIBIIMHCTBE MPAKTUYECKUX 3a]1a4 JJOCTATOUYHO 3HATHh HE BECh CIIEKTP
C3 u CB, a ToIbKO OTPaHUYCHHOE YKCIIO M3 ATOTO CIEKTPa, KaK MPaBUIIO, HAMMEHBIITUX
C3 u cootBerctByromux uM CB. IlosTomMy TpeacTaBisiii U MPEACTABISIOT OOIBIION
WHTEPEC METONbI, OPHUCHTHPOBAHHBIE HA HAXOXKJICHHE HMEIONUX  OOJBIIOe
MPAKTUYECKOE 3HAYCHHE COOCTBEHHBIX YacTOT W (OpPM HIDKHEW 4YacTHU CIEKTpa

COOCTBEHHBIX 3HAUCHUM YaCTOTHOI'O YPaBHCHUA. Ot MCTOAbI CBA3aHbI C PCHICHUCM
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HETMOJIHOW anreOpanyeckoid mpoOiembl coOocTBeHHbIX 3HaueHUM (C3) U cOOCTBEHHBIX
BekTopoB (CB).

Crnemyer OTMETHTH, YTO H3-3a BBICOKHMX IMOPSIAKOB MATPHIl TPATUIIMOHHBIC
uTepalnmonnbie Metoael [211, 240, 243, 244, 294, 310, 314] nns peiieHuss MpoOIeMbl
C3 oxasbiBatoTcst HeapdekTuBHBIMU. [losTomMy s pemieHus OoOJbIIMX —3a7a4y
WCITOJIB3YFOTCSI METOJIbI, YUYUTHIBAIOIINE PA3PEKEHHOCTh U CHMMETPUYHOCTD MATPHII.

B pa6ore [314] BbimosiHeHa KiIacCUpUKAIMS U TPOBEICH JCTAIBHBIA 0030p
OOJIBIIMHCTBA CYIIECTBYIONIUX METOIOB PEAYIIUPOBAHMS.

Bce 3T METOIBI MONTyUYeHUsT PeIyIIMPOBAHHOTO YaCTOTHOTO YPaBHEHHS M €TI0
pEIICHMS MOXKHO pa3/IeIUTh Ha JBE OCHOBHBIC rpymiibl. K mepBoi U3 HMX OTHOCSITCS Te,
KOTOPBIC OCHOBAHBI Ha MMCIOIIIEMCSI HCXOJTHOM YaCTOTHOM YpaBHCHHH B (pOpMeE MTOTHOU
anredpanueckoit mpodaeMbl C3 u CB 1 uncTo MaTeMaTndeckoM (anredpandeckom) ero
npeoOpa3oBaHUK K PEeAyIUPOBaHHOW (GopMe € MOMOIILI0 MaTpuil mepexoma [272],
cTaThyeckoi kouaeHcaruu [214, 228, 249], nuHamudeckoi KoHaeHcamuu, [38, 272,
298].

Ko BTOpoil rpyIime OTHOCSATCS METOJbl, OCHOBAHHBIE Ha WCIIOJIb30BAHUU
duznueckux Mojelied peAylUpOBAHUS: METOJA CYNEPIIEMEHTOB (TIOJKOHCTPYKIIUN)
[10, 17, 18, 187, 229], uHTepHOISIIMOHHBIE METOABI (METOJ pa3peKEHHBIX CETOK,
crutaiiH-meronsl) [45, 46, 91, 259], Merogq NOKOMIIOHEHTHOTO CHHTE3a (opM
(momansHOTO cuHTe3a) [11, 12, 213, 218, 238, 239, 256, 258, 266-268, 270, 293, 299] u
UX MaTeMaTHYeCKOe MOJCIUPOBAHUE HA MOCIEI0BATEILHOCTH CTYIIAOIINXCS KOHEUHO-
AJIEMEHTHBIX CETOK WJIM Y3JIOB KOHJAEHCAluu. PelieHuio HemojaHo#l anredpandyeckou
npobimempl C3 m CB Ha OCHOBE METO/JOB YaCTOTHO-TWHAMHYECCKONW KOHJCHCAIIUH
MOCBSIIEHBI paboThl [42, 44, 47-49, 163]. bonpmioir 0630p paboT MO 3TUM METOJaM
BBITIOJTHEH B [43].

Takum o0pasom, mpobiema CBOAWTCS K TMOIYYCHUIO PEIyIHMPOBAHHOTO
YaCTOTHOTO YpPaBHEHHS W €r0 PEIICHHWs] KaK HETOJIHOW anreOpandeckoil mpoOIeMbl
COOCTBEHHBIX 3HAYEHUI U COOCTBEHHBIX BEKTOPOB.

PaccMoTprM OCHOBHBIE BapHWaHTHl TIOTYYCHHUS PEAYIHUPOBAHHBIX YaCTOTHBIX

YPaBHEHHM.



148
4.5.1 IlocTpoeHue peAyHUPOBAHHOI0 YACTOTHOI'0 YPABHEHHSI HA OCHOBE CILIAMH -
KOJIJIOKAIMOHHOI'0 AJITOPUTMA

JJIs o0J1acTeH ¢ riiaakoi pyHkuuei nporudos

PaccmoTtpum pazpaboTaHHBI HaMU aJTOPUTM TOJYYEHHUS PEayILIUPOBAHHBIX
YaCTOTHBIX YPaBHEHUM NJI1 CUCTEM C OOJIBIIUM YUCJIOM CTEeNeHeld CBOOOIBI Ha OCHOBE
MKD B dopme Ki1accuueckoro CMEIaHHOTO METO/1a U CIUIAH -allpOKCUMAITUH.

OcHoBHasg 3ajada, pemaemas C IOMOILIBIO PEAYKIHOHHBIX METOIOB,
3aKJIFOYAETCsl B MMOCTPOCHUM MATPUILIBl MEPEX0/Ia OT YaCTOTHOTO YPaBHEHHSI BBICOKOTO
nopsilka Ha HCXOJHOW KOHEYHO-3JIEMEHTHOMW CETKE Y3J0B K PEAYILUPOBAHHOMY
YaCTOTHOMY YpaBHEHHUIO 3aJJaHHOTO TIOpsi/IKAa Ha Pa3peKEHHOM CETKEe Y3JIOB
KOJUIOKAIUH.

[ToHm>xeHre mopsiAka 4YaCTOTHBIX YpPaBHEHUM, T.€. EPEX0] K peAyLIMPOBAHHOMN
CUCTEME ATUX YpPaBHEHUM (KOHIEHCALMs) BBIMOJHSAETCS C MOMOIIBIO aNNpPOKCUMALMHU
JTUCKPETHBIX (YHKIUNA OCHOBHBIX HEHM3BECTHBIX CIUIAWH-(QYHKIHMSIMU B HHTEpBasiax
MEX/1y BEIOpAaHHBIMU Ha KOHEYHO-IJIEMEHTHON CEeTKE y3JIlaMU (TOYKaMH) KOJUIOKAIHH.

I[Ipy >TOM 3HAUUTENBHO YHOPOUIAETCA IOCTPOCHUE MATpHI] IEepexonaa
(mpeoOpa3zoBanusi) B MpoIEeAypax  KOHJEHCAllMM HA  TOCIEJOBATEIIbHOCTU
CTYLIAIOIINXCSI CETOK Y3JI0B KOJIJIOKAalMM (KOHJIEHCAIlMU) U HUCKIIOYAKOTCSA OINepaluu
oOpaleHusi MaTPHUIl BHICOKUX MOPSIKOB.

AJTOpUTM  NOCTPOECHUS  TAKOW  MaTpUIlbl  IEpexoja Ha  OCHOBE
CIUIaliH-anIpoKCcCUManuu (peodpa3zoBaHusi) IPU UCIIONB30BaHUU TpaguuuoHHoro MK9
B IIEpEMEIICHUAX OIucaH B padorax [45, 46, 259].

B  »tux  pabotax  maTpuma ~ mepexoja  CTPOMTCS  Ha  OCHOBE
CIUIaliH-anMpoKCUManuu (PYHKIWU MepEeMEICHUN y3710B KOHEUHO-3JIEMEHTHOU CETKHU.

B nanHOl paboTe i1 TMOCTPOCHUST MATPUIBI TEpPexoja U MOJIYyYEHUS
pEayLIMPOBAHHON JTMHAMUYECKOM MaTPHUIbI MAacC M COOTBETCTBYIOIIETO YAaCTOTHOTO

ypaBHeHHs ucnonb3yercs MKD B popme kiraccnyeckoro cMenmaHHOro METOIa.
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[Ipu ucnonb3zoBanun MKD B Qopme KiIaccMueckoro CMENIaHHOTO METoa
HEU3BECTHHIMM B pa3pellaloNMX YPaBHEHUSX SBISIOTCA KaK IEPEMEIICHHS Y3JI0B
KOHEUHO-AJIEMEHTHOM CETKH, TaK M YCWUJIUS B Y3JOBBIX TOukax ceTku. lloatomy s
nepexoja K pPa3peskeHHOW CETKE Y3JI0B HEOOXOAMMO HCIOJb30BaTh Pa3HbIE THIIBI
CIUIAHOB g mnepemenieHuil u ycunuid. Tak, Hampumep, s Y3JIOBBIX MPOTHOOB
n3rubaeMoil MiacTUHKM Haubosiee OOOCHOBAaHHBIM MPEJCTABISETCS HMCIOJIb30BAHUE,
Kak ¥ B TpaguuuoHHOM MKD, nByMepHBIX KyOWYECKHX CIUIAifHOB, a JJIsl YCWIUM B
y31ax — OwiIMHEHHbIX cruiaiiHoB. [45, 46, 259]. B 3aBUCUMOCTH OT MEpPHOCTH
paccMaTpuBaeMON  KOHCTPYKIIMM OTH  CIUIAiHBI MOTYT OBITh  OJHOMEPHBIMH,
JIBYMEPHBIMU WU TPEXMEPHBIMHU.

AJTOPUTM TIOCTPOCHUS MATPHUIBI Mepexofa OT YaCTOTHOTO YpaBHEHUS
BBICOKOTO TOpsJIKa K PEAYIUPOBAHHOMY YAaCTOTHOMY YpPaBHEHHUIO Ha pPa3peKeHHON
CETKE Y3JIOB KOJIJTOKAIIMU OCTAETCsl TeM Kbl caMbIM, uTo 1 B MKD B mepemerneHusx.

- MOCTPOCHUE MATPHUIIbI OTKJIMKOB CymepajieMeHTa (Moa00JacTi KOHCTPYKIIUH )
Ha Pa3peKEHHOM CETKE y3JI0B pacCMaTPUBAEMOUN KOHCTPYKINUU;

- IOCTPOEHHE MATPHULIBI MAcC CYNEPIJIEMEHTa Ha Pa3peKEHHOW CETKE Y3JIOB U
COOTBETCTBYIOILIEW MaTPUIbl HHEPLIMOHHBIX CUJIOBBIX BO3JEHCTBUM;

- IOCTPOEHUE PEAYLIMPOBAHHOTO BEKTOPA OCHOBHBIX HEU3BECTHBIX.

PaccmoTpum mpensaraeMblii  anropuTMa  peIICHUS 3aJadyd  HAa MPUMEPE
JIBYMEPHOUM KOHCTPYKIMH (pUCYHOK 4.17) ¢ KOHEYHO — 3JIEMEHTHOM ceTkoi y3i10B 1J. 3a
CYNEpAJIEeMEHT TPUMEM  O0JacTh, OTPAHUYCHHYIO KOOPJAWHATHBIMH  JIMHUSIMH,
IPOXOAAIIUMH yepes Y37IBI (1-13)—(1,3), (1 -1, 3-1)—(1,J3-1),
(1-1,3)-(1-1,3-1), (1,3)—(1,3 —1) (pucyHok 4.17 6).

JIns anmpoKCUManuK MepeMEIICHH B 00J1aCTH 3aHUMAEeMOM CYIepAIeMEHTOM
IJ mpumeM IByMepHBIH CIIaliH S (zij )” B BU/JIC HEMOJIHOTO OMKYOHYECKOTro MOJTUHOMA:

Zy = S(Zij)” =+l o)t ai-as)+ o)+
(4.46)

2
+ai’ jragijt tag’ Fagj’+agi’j+ag,id’,
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I-1,J i0 n0
0.0 1J
Z A
J
JE3
y )
J 0 - nj
B4 o i
J-1
1-1,J-1 F
0Om n,m
I-1 I 12y, x I-1,J-1 Lm 1LJ-1 X
a 4]

Pucynok 4.17 — CynepasieMeHT JBYMEPHOI KOHCTPYKLIUU

AHHpOKCI/IMI/IPYIOH_II/Iﬁ CIjlalH H  €ro MCPBLIC TIPOU3BOAHBLIC IMO3BOJIAIOT

X
BbIPAa3UTH BCC IICPCMCIICHUA Zij’ (DS ), ¢i§y), CBA3AaHHBIC C BTOPOCTCIICHHBIMU CTCIICHAMU

CBOOOJIBI, Yepe3 MepeMelleHus Z;, (p,(JX), (p,(Jy) B y3JIaX KOHJIEHCAIIMHU, CBSI3aHHBIX C

TJIABHBIMU CTEIICHSIMU CBOOOIBI.
[IpencraBum nasst [ByMEepHOM 3amadyul BeIpakeHUs (4.46) s nepeMenieHuil u

YIJI0B MOBOPOTA Y3JIOBBIX C€YeHU 3nieMenTa |J B MaTpuuHoi popme:

S(z)y = D.(i.)) {a}, (k=12 ..,12).

M = §0|(JX) = %Ld)l(i’j)J|J {ak}u =L qul(i’j)Ju {ak}u ' (4.47)

M = gV :%L(bl(i,j)J” (o), =L (i) ], (e

31ech
0,0 )) |, =\Loi it i

J ]

0
= L2:8_’ {ak}”=La1,052,...,a12JL.
j
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Jns y3noB B yraax |J — ro cynepanementa u3 (4.47) cinenyer:

_L<D1(i=0, J :O)J .
og=o=0) | [h
L| @,(i=0, j=0)] (D:(;}’j:
| &, (i=n, j=0)] -
L|®(i=n, j=0)] o,
L[ #(i=n, j=0)] i z
o= AT (4.48)
L@l(izn,jzm)J Z1 34 ¢’
th@l(izn,jzm)J (0|(,XJ)-1
LZL(Dl(zzn,jzm)J ¢|%-1
imoj=m) | |Hes
L] #,(i=0,j=m), o
_LZL@l(izo, j:m)J_ P2
N3 (4.48) nonyuaem:
Z [D.(i./)]
tondy =VItah, a7 =| L)) [ V] {ah, <[4l {a) s (4.49)
A, L)

-1
3mech [AJU =[V]U - MaTpuna mepexoga (mpeoOpa3oBaHMil) OT JIMHENHBIX U

YIJIOBBIX TIEpEMENICHU BO BTOpocTeneHHBIX 1] y3max (lJ) - ro cymepaiemeHTa K

JMHEWHBIM U YTJIOBBIM MEPEMEIICHUSIM €r0 TJIaBHBIX y3710B 1J:

_ (%) (%) (y) (%) (y) T
{q}w _Ly(l—l)J’ Pl Pocnar Pacnar Yooy Palisay (D(I—l,J—l)J :
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W3rubaromme u KpyTSIIME MOMEHTHI BO BTOpocTeneHHbIX y3max (1J) — ro

CymnepaJeMeHTa ONPEIENIIOTCS BhIPAXKEHUSIMU:

M
ij
My [=iMP e =—[C]{a}| (i, /) |, {en},, o (4.50)
M &)
I 1J
D, D 0
rie [C] =D, Dy 0 |-wmarpuma ynpyrux cBOiCTB MaTepHana,
0 0 2D,

2 2
{8}2{6?2 . gjz . 6?8]J - Matpuia omeparopoB guddepeHpoBaHus GYHKIHMU

JUCKPETHOTO apryMEeHTa W(i, J)

[ToactaBug B (4.50) BeIpaskeHUE TSI {ak} 1o (4.49), nony4yum:

X,ij

My :[Mij} LCD LJ J[V] i} =[4], 14}, (4.51)

s o° & o’
=-D,| +u,— | L,=-D periser il f =D —.
= X(aiZ #y ajzj ‘ y(“* i’ aﬁ} 5= PG5

O6bequuuB Matpuilsl nepexona (4.49) u (4.51) B enuHyro mMaTpuily mepexoja
mis (IJ) — ro cymepaiieMenTa, a 3aTeM BBIIOJHHB CTBIKOBKY MATpPHII IEPEX0[a BCEX
CYNEpIJIEMEHTOB, MTOTy4aeM 110 TOMY e aJlfTOPUTMY, KaK M JJISI OJTHOMEPHOU CUCTEMBI,
peayIMpPOBaHHBIC MATPHUIIBI OTKIMKOB M Macc.

C uCroiap30BaHUEM TIPEIJIaraeMoro ajJropuTMa CHOBA PEIINM TECTOBYIO 3a/1ady
3 1. 4.1.2 u HaiaeM dYacTOThl CBOOOJHBIX M3THOHBIX KOJeOaHWNW OayKu
MPSMOYTOJBHOTO  TOMEPEYHOIO0  CEUYCHHMS C  y4eTOM  TOJBKO  PaBHOMEPHO
pacrpeeIeHHOM 1o TMHE 0allki COOCTBEHHOM MacCCHI.

Pacuet BhImOJIHUM IIpHX pa3HOM KOJHYCCTBC Y3J10B KOJUIOKAIIUH.
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B Ta6J'H/II_[€ 4.3 IMPHUBCACHBI BBIYUCIICHHBIC C HWCIIOJIb30BAHUCM OIIMCAHHOI'O

AJIropuTMa ICpBBIC TPpHW YaCTOThI IIPpU PaA3JIAYIHOM YHCIC TOYCK KOJ'IJ'IOKaI_II/Iﬁ n HuX

MMOrpC€HOCTL IO OTHOMICHHIO K 3HAYCHUAM, BBIYMCICHHBIMH Ha CCTKEC Y3JIOB I.

Tabnuma 4.3
Yucno Todyek KOJUIOKAITMH Ananutnyeckoe
4 6 8 10 12 14 16 pelieHue

o1 15.760 15.803 15.808 15.809 15.809 15.808 15.808 15.810
-0.32% | -0.044% | -0.013% | 0.006% | 0.006% | 0.013% | 0.013% '

- 41.869 43.379 43.525 43.553 43.559 43.560 43.559 43582
-4.08% | -0.47% | -0.13% | -0.067% | -0.052% | 0.051% | -0.052% '

o3 68.828 83.379 84.952 85.238 85.311 85.330 85.332 85 445
-19.15% | -2.42% | -0.58% | -0.24% | -0.16% | -0.14% | -0.13% '

U3 CpPaBHCHUA IIOJIYYCHHBIX PC3YJIbTATOB CO 3HAYCHUAMU, NPUBCACHHLBIMU B
Ta6JII/IIIC 4.3 BUIHO, UYTO ITOJTHOCTBIO COBIIAAAOT, TAK KaK B JAHHOM CJIy4ac YUCJIO Y3JI0B

KOJIJIOKAaIIUK COBITAAACT C YNCJIOM Y3JIOB KOHEYHO-3JIEMCHTHOMN CETKHU B pasacic 4.1.2.

4.5.2 IlocTpoeHue peayHUPOBAHHOI0 YACTOTHOI0 YPABHEHUSA

HA OCHOBE CTATHYECKOM KOHAEHCALINHU

Crarnueckass KOHACHCAIIUS SIBISETCS CaMbIM YJIOOHBIM M IIPOCTBHIM CIIOCOOOM

peoyLMpOBaHUsl YacCTOTHBIX YypaBHEHUMW, Mojdydyaemblx Ha ocHoBe MKD B

nepemenicausx [214, 228, 249 u np.].

O600muM 3TOT cmoco0 Ha YaCTOTHBIE ypaBHEHHs, MOJydaeMbleé Ha OCHOBE
MKD3 B hopme K1accM4ecKoro CMEIIaHHOTO METO/1a.

Cremyss OCHOBHOM HJE€ 3TOro CIocoba, pa3feiuM BCE CTEIEHH CBOOOABI Ha

OCHOBHBIE - I 1 BTOpPOCTENEHHBIE - S . YacTOTHOE ypaBHEHHE, B COOTBETCTBUM C 3THUM,

IIpUMCT BU:

K. K m
~rr rs ?r —ﬂ, N rr (452)
5sr 555 qS me
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3nech
KI’I’ KFS
o = [ Dcm] - CTaTUYeCKasi MaTpUIla OTKJIMKOB,
L 55r 555
m rr m rs
N - coIJlacoBaHHas MaTpHIla Macc,
_msr mss

- BCKTOP OCHOBHBIX HCU3BCCTHLIX.

n

3anuiieM ypaBHeHue (4.61) B pa3BepHYyTOM BHJIE:

) K q+K.g-A(m g +m_g.)=0,
) ~rrqr quS ( rrqr rsqs) (453)
2) 5srqr + 5ssqs _/’L(msrqf + mssqs): 0.

BBO}IH HOPEAIIOJIOKCHHE O TOM, 4YTO CHJIBI HMHEpHUM MacC m v m, T.C.

OTHOCAIIHUCCA BTOPOCTCIICHHBIM CTCIICHAM CBO60}II)I S, HpCHC6p€}KI/IT€J'IBHO MaJIbl 110

CpaBHCHUIO C CHJIBI MHCpLIHMHM MacC M U M OTHOCAIINMCS OCHOBHBIM CTCIICHAM

rs?

cBOOOIBI I, moiyyaeM U3 BTOporo ypaBHeHus B (4.53) craruueckoe ypaBHEHHE

COBMECTHOCTH Jiehopmaruit

040, + 040, =0, (4.54)

U3 KOTOPOTO CJIEAYET CBA3b MEXIY OCHOBHBIMH U BTOPOCTETICHHBIMU HEU3BECTHBIMH:

~ 18

g, = _555 5srqr’ (455)
C yderoM 3TOr0 M 3aBUcUMOCTH (4.55) nepBoe ypaBHeHue (4.53) mpuBoAUTCS K

BUITY

(K, =4m,”)q, =0, (4.56)

* ~ _1"'
rie K, =K, -K 0, 0, - cTraTuueckun KOHICHCHUPOBAHHAsI K OCHOBHBIM CTEHECHSAM

CBO6OI[I>I MaTpHulia OTKIIMKOB, HMCIOIITaA (I)I/ISI/I‘-IGCKI/Iﬁ CMBICJI MaTpHUlbl ) KECTKOCTH,

mrr* =m, — mrs5ss_lgsr - KOH/ICHCUPOBAaHHAsI K OCHOBHBIM CTETICHSIM CBOOOJIBI MaTpHIla
Macc.

OCHOBHBIM HEIOCTATKOM CTaTHYECKOW KOHICHCAIIUU SIBISIETCS IMOTPENTHOCTH
pacdera, BBITCKAIONAsi W3 TMPUHATOTO BBINIE JOMYMEHWS O MaJoOM BIUSHUU

HHCPHHUOHHBIX CHJI BO BTOPOCTCIICHHBIX CTCIICHAX CBO6OI[BI. OI[HaKO CPaBHUTCIBbHO


https://www.google.ru/search?newwindow=1&safe=off&q=%D0%92%D0%B2%D0%BE%D0%B4%D1%8F+%D0%BF%D1%80%D0%B5%D0%B4%D0%BF%D0%BE%D0%BB%D0%BE%D0%B6%D0%B5%D0%BD%D0%B8%D0%B5+%D0%BE+%D1%82%D0%BE%D0%BC,&spell=1&sa=X&ved=0ahUKEwjRnsL5-MLdAhVKposKHehcBZMQkeECCCUoAA
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BBICOKAasi TOYHOCTb ONpPEAENICHUsS HHU3LIEH YacTOThl KOJIEOaHWA KOMIEHCUPYET 3TOT
HEJ0CTaTOK.
VBenuuuBas Ha CIEAYIOIIEM JTale TaKOrO pacdeTa YUCIO IJIaBHBIX CTEIEHEH
cB0o0oabpl W ucnoasdys C3 u CB mpenpiaymiero sramna B KadecTBE MPUONMKEHUN B
UTEPALIMOHHOM UX YTOYHEHUH, MOKHO MOJIYYUTh YTOUYHEHHBIH U PACIIUPEHHBIN CIIEKTP

C3u CB.

4.5.3 IlocTpoeHue peAyHUPOBAHHOI0 YACTOTHOI 0 YPABHEHUS

Ha OCHOBE€ aJIropurmMa YACTOTHO-IUHAMHUYECKOH KOHJAEHCALIUH

Opgnum u3 Haunbonee 3(Q(PEKTUBHBIX METOMIOB, MPUMEHSEMBIX JI PEIICHUS
HernoHoi mpobsiembl C3 u CB BBICOKOTO TIOPSI/IKA SIBJIIETCS METO]T TIOCIICI0BATEIbHON
4acTOTHO-IUHamMu4eckor koHaeHcanuu (YJIK) uznoxennsii B [42, 47-49, 163 u np.],
NOJIYYUBIINKA pa3BUTUE W NPUMEHEHHE B psje myOnukanmii. Bo Bcex aTux paboTax
YaCTOTHO-IMHAMHUUYECKasi KOHJIEHCALMs MCTIONIB3YETCs sl peAylIUPOBaHUS YACTOTHBIX
ypaBHEHH, oaydeHHbIX Ha ocHoBe MKD B dhopme meTo1a nmepeMenieHnii uiu MeToia
CHIL

B nanHoli pabGore wm3iaraeTcsi pa3paOOTaHHBIM HAMH W OIYyOJIMKOBAaHHBIA B
pabotax [53, 59] anroputm UJIK 1151 4aCTOTHOTO ypaBHCHHS, IOJYYECHHOTO Ha OCHOBE
MKD B ¢dopMe KIaccHUeCKOro CMEMIaHHOTO METO/Aa, ITO3BOJISIONIUN TOJYYUTh HE
TOJIKO CIEKTP HHU3MIUX YacTOT KojeOaHWii, HO M COOTBETCTBYIOIMUE UM (HOPMBI

KoJIeOaHM U HaMPSKEHHO-1e(OPMUPOBAHHOE COCTOSTHHE KOHCTPYKIIUU.
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4.5.3.1 llpeaBapurejibHAsl CTATUYECKAS] KOH/IEHCALIUS

C yueToM TOro, 4To COIIacOBaHHAs MaTpPUIla MACC, KaK ObLJIO ITOKA3aHO BBIIIE, HE
MMEET IPEUMYILECTB 110 CPABHEHUIO C HECOTJIACOBAHHOM MAaTpHUIIEW Macc B OTHOLIEHUHU
TOYHOCTH PE3yJIbTaTOB pacyera, yacToTHoe ypaBHeHue MKD B popme KCM moxer

OBITH 3aIIMCAHO B BUIIE:

[D,-m,, J{a}=0, (4.57)
D 1= he T
race [ CT] = 5 S - CTaTUYECKas MaTpuiia OTKJIIMKOB,
f k f,f
m, O
[mm] = - JuaroHajibHas MaTpula Macc,
0 m;

q
{q} = kLo BCKTOP OCHOBHBIX HCHU3BCCTHBIX (KI/IHeMaTI/ILIeCKI/IX u CI/IJIOBBIX),

of
k=12,...,n; f=n+Ln+2,...,n+m.
[IpencraBum ypaBHeHue (4.57) B BUJI€ CUCTEMbI MAaTPUYHBIX YpaBHEHUN
(rk,k _ﬂ‘mk)qk +1h Gy =0,

3 N (4.58)
O Gk +(5f,f _ﬂ’mf)qf =0.

Kak moka3zaHo B HEKOTOPBIX HcciieoBaHusAX, Harpumep [40], BnusHrue 00beMHBIX
MAacc, MOJIYYCHHBIM CBEJICHUEM K HUM PACIPEICICHHBIX MO IUIOMAId MacC KOHEUYHBIX
AJIEMEHTOB, HE3HAYUTENHbHO. [l09TOMYy MM MOXXHO mMpeHeOpedb, TO €CTh MOJIOKHUTHh

m, = 0. Torna Bropoe ypasHenue B (4.58) npuHIMaeT BUI

5f,qu +0; G, =0. (4.59)
U3 Hero cnenyer

qf :_5;,11‘ gf,k 0y - (4.60)
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[ToacraBus (4.60) B mepBoe ypaBHeHue B (4.58), MoaydyuM 4aCTOTHOE ypaBHEHHUE

BUIA
[D..o—Am, J{a,}=0, (4.61)
rie D, = (I‘kyk —fy Or 5f,k) - mpeobpa3oBaHHAs C TIOMOIIBIO CTATHYECKOH

KOHJICHCAIINH MaTpuIa oTKIukoB D_ u3 (4.57).

4.5.3.2 IlocsienoBaTeIbHAS YACTOTHO-AMHAMUAYCCKAA KOHICHCAIIUA

Bbinenum tenepb U3 N y3710B KOHEUHO-3JIEMEHTHON CETKU C PaCIOIOKEHHBIMU

B HUX TOYE€YHbIMH MaccamMu M, N y3/10B KOHJEHCAllMM, B KOTOpPbIE JOJKHBI OBITH

IMPUBCIACHBI 3T MACCHI.

Toraa ypaBuenue (4.70) MOXKHO MPEACTABUTH B BUJIE

(rbab o j'mb)qb + rb,sqs =0,
rS,bqb +(r5‘5 - ims)qs - 0, (4.62)
rne b=12,...,N - ocHoBHble cTenmenu cBobomel, S=N+1L,N+2,..,n -

BTOPOCTCIICHHBIC CTCIICHU CBO6OI[I)I.
BrimmotHUB BHOBB CTaTHUYCCKYIO KOHACHCAIINIO K OCHOBHBIM CTCIICHAM CB060I[I>I,

MOJIYYUM HOBOE PEIyIIUPOBAHHOE YaCTOTHOE YPaBHCHHUE:
[DCT(b) _ﬂ“mb]{qb}:Q (4.63)
rie Dy, =(Tp = os o Fep )

Pa3menmuM Temeph BCE MacChl HE HaxOJAIIUECs B y3/IaX KOHJCHCAIIUH,

Ha3bIBACMBIX BTOPOCTCIICHHBIMH, HAa OTACJIbHBIC I'PYIIIIBI, BKIIFOYArOIINC Mi CTEIICHEH

CBO6OIH>I, 110 CTENICHU NX OJIM30CTH K y3J1aM KOHJACHCAIH.

JInst ka0l U3 3TOM TPYIII, COCTABISAETCS MaplUUaibHas CUCTEMa BUA:
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(4.64)

rieb=12..,N,N+LN+2,....,N+M,, s=N+M,+L,N+M,+2,...,n
JIm kaxXaou mapuyalibHOM CUCTEMBbI BBINIOJIHUM CTAaTUYECKYIO KOHIAEHCALHUIO U

MOJYYUM PACIIUPEHHOE PEAYIIMPOBAHHOE YACTOTHOE YPAaBHEHUE:
[D..s —Am; [{g5} =0, (4.65)
rae D (I’—I’ o I’).

er(b) b,b b,s 'S5 'sh

PemuB 510 ypaBHEeHWe, HaWaeM Ui 3TOM  NAapUUAIBHOM  CHCTEMBI
cootBercTBytomue C3 u CB.

BosBpaiasch cHOBa K 4aCTOTHOMY ypaBHeHHIO (4.63), HailneMm Takyro MaTpHILy
Macc m, , Ipyu KOTOPOH Bce N coGcTBeHHBIX 3HAYEHHE M COOCTBEHHBIX BEKTOPOB ITOTO
ypaBHeHHs: coBmafand Obl ¢ N HHM3IMMH COOCTBEHHBIMM YacTOTaMH M (QOpPMAMH

KOJIeOaHHH, HalICHHBIMU JIJIs1 ypaBHEeHUS (4.65).

Jlist 9TOTO, MCXOAs M3 (PU3UYECKOrO CMbICHA 3a/ayuH, 3aMCHUM MaTpHIly M, B
(4.63) maTpuneii
m, =m, +Am!, (4.66)
e Amﬁ,‘) - KOHICHCAIMOHHBIC M00ABKM K HMEIommMcs B y3iax 0 maccam oT i-oif

TPYIIITBI BTOPOCTEIIEHHBIX Macc, obecreunparone paBeHcTB0 N cO6CTBEHHBIX YacTOT
1 Gopm Kosebanuii ypaBaenuii (4.63) u (4.65).
[ToncraBuB B (4.72) BMecTo M, Marpuily M, W HalaeHHsle aust (4.65) N

COOCTBCHHBIX 3HAYCHHHM ﬂk (k 1,2,. N) U COOCTBEHHBIX BEKTOPOB VEL), MOJTyYUM

CeAyIOlllee ypaBHEHUE:

[[ D, | —Mi)][mbﬂ[v(”] -0, (4.67)
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rae
i w
[ ik(i)] B iz(i) - nmuaroHansHas Martpuma n3 N coGCTBeHHBIX
3HauYeHUI ypaBHeHus (4.74),
| A
vy vl Vi,
vy v v,
i o s oo o | o varpuna u3 N coOTBETCTBYIOIMX COOCTBEHHBIX
[V()] I ENO N0 (i)
Vij V2 V\'j | BexTOpOB.
i Vl(,IIZJ Vg)N ee V#\RN |

Pemiast ypaBuenue (4.67), HaxoauMm:

[0 ]=[ 4] [ Duw | (4.68)
ManI/IHa KOHACHCAIIUOHHBIX I[06aBOK oT i'Oﬁ I'pYIIIIbI BTOPOCTCIICHHBIX MACC

Am =m0 —m, (4.69)
CYMMI/IPYH I[O63BKI/I JJIA BCEX mapunuajibHBIX CHUCTCM, IMOJIYy4YUM

KOHZeHCHpoBaHHYI0 K BbiopanasiM N ysmam D penymmposannyro martpuiy macc

paccMaTpUBAEMON KOHCTPYKIIUH:
(pen) PG
pen) _ [
my™ =m, + > Amy’, (4.70)
i=1
rac T - 49uCiIo0 HapHI/IaHBHBIX CUCTCM.
(per

IloncraBu B (4.76) BMecTo M, Marpumy macc My ) no (4.70), pemm

MOJYYEHHOE PEAYLUPOBAHHOE YACTOTHOE YPABHEHHUE

(Do - [A[ M ] [{a} =0. (4.71)

B pesynbrare Haiinem pemylupOBaHHBIA K BBIOPAaHHBIM y3JIaM KOHJICHCAIIUU b

cnekTp coocTBeHHbIX 3HaueHn C3 u coOcTBeHHBIX BekTOpoB CB, TO ecth A, , Vj,k, rae

k=12,...,N, j=12,....,N.
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4.5.4 Ananu3 3(ppeKTUBHOCTH BAPUAHTOB MO/ICJTHPOBAHNS PeAy HHPOBAHHBIX

YACTOTHBIX YPABHEHHUH

BeimosiHMM  pacdeT IPSAMOYIOJBHOM JKECTKO 3alllEMJIEHHOW 110 KOHTYPY

IUTACTUHKKA  pasmepoM 8x12  m, tommmuoit h=0,06 m, Hecymed paBHOMEPHO
- 2

pacrnipeneneHnyto maccy M=1 ke/cm®. B tabnuue 4.4 mnpuBEenCeHBI Pe3yJbTaThl

HECKOJIBKUX BapHaHTOB pacuera npu pa3zdoueHun ruiactuHku KD3-cetkoit 8x12: ¢

UCTOJIb30BAHUEM  TOJHOHW  CHUCTeMbl  ypaBHeHmit  (“TouHOe  pemieHue”), ¢

HCIIOJb30BAaHUEM CTaTHUYECKON KOHJEHCAIIMHU, U YACTOTHO-TMHAMUYECKOW KOHIEHCAlUH

IpH JIBYyX BapraHTaX KOJIMYECTBA MOACUCTEM (PUCYHOK 4.18).

Tabnuna 4.4
C3 | KD-cerxa CK A, % YK A, % YK A, %
8x12, n=231 n=15 t=4 =6
A 2,512 2,66 6 2,372 -5 2,370 -5
A, 1,030 1,49 30 1,060 -2 1,051 -2
A, 0,423 0,479 13 0,426 0,7 0,429 1
A, 0,412 0,432 45 0,395 4 0,398 4
As 0,306 0,390 27,4 0,295 -3 0,291 -4
Ag 0,190 0,212 11,6 0,192 1 0,188 -1
A, 0,182 0,197 8,2 0,178 -2 0,174 -4
Ag 0,116 0,181 56,0 0,109 -6 0,112 -3
Ag 0,110 0,154 40,0 0,104 -6 0,101 -8
Ao 0,101 0,132 20,8 0,101 0 0,093 -8
A, 0,087 0,119 34,2 0,081 -7 0,085 -2,6
A, 0,080 0,103 26,3 0,074 -7 0,081 -1
A 0,062 0,089 43,5 0,058 -7 0,058 -7
A 0,058 0,081 40,0 0,046 -20 0,045 -21
s 0,045 0,063 40,0 0,031 -32 0,029 -34
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t = 4 (4 noacuctembl) t = 6 (6 noacucTem)

a 4]

Pucynok 4.18 — /IBa BapuaHTa JieJeHUs HA MMOJICUCTEMbI

[To cpaBHEHMIO C METOJOM CTaTHYECKOW KOHJIEHCAIMH, KOTOpas 00ecleunBacT
MOJIy4YeHHUE TPUEMIIEMOTO pe3yibTaTa TOJBKO JUIi MHUHHMaJIbHOM COOCTBEHHOM
9acTOThl, METOJI YaCTOTHO-AMHAMUYECKON KOHJICHCAIIMU TIO3BOJISET TOJIYYUTh
pe3yibTaThl OJU3KKWE K TOYHBIM (C aOCOJIOTHOM MOTPEIIHOCThIO He Oosiee 7%) s
13-t mepBBIX COOCTBEHHBIX YACTOT.

CpaBHeHUE pe3yabTaTOB, MOJYYEHHBIX IIPU PA3HOM KOJIMYECTBE MOJICUCTEM, HO C
OJIMHAKOBBIM YHCIIOM PAaCUETHBIX Y3JIOB (OCHOBHBIX CTENEHEW CBOOOJbI) MOKA3bIBAECT,
YTO OHHM O4YEeHb OJM3KH. OTO KOCBEHHO TMOJTBEPKIAET BBICKa3aHHOE BBIIIE
YTBEPKJEHUE, YTO TOYHOCTh YACTOTHO-IUHAMHUYECKOW KOHIEHCAIMU OIpeesieTCs
otHomieHrueM N/N, a He KOJTMYECTBOM MOJICHUCTEM.

ComnocTaBiieHHE TOTPEUIHOCTEM TMEPBBIX JBYX BApPUAHTOB C «TOYHBIM»
HEKOHJICHCUPOBAHHBIM PEIICHUEM CBUJETEIBCTBYET 00 HMX MPAKTUUYECKH TOJTHOM
COBMAJICHUH. DTO MOATBEPKIAET BHICKA3aHHBIN BBIIIE TE3UC O MPOU3BOIHLHOCTH BHIOOPA
(WM MOCTPOEHUS) MATPUILL OTKJIMKOB IMOJCUCTEM MPU PEIICHUH YaCTOTHOTO YPABHEHUS.

Mertop cTaTUYecKOW KOHJEHCALMU B JIAHHOM CJIy4Yae 3HAYUTEIbHO YCTYHaeT IO

TOYHOCTH 000MM BapHaHTaM MCTOOa I[HH&MPI‘-IGCKOﬁ KOHACHCALINHU.
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[Ipy mocTpoeHUM peayUUpOBAHHBIX MOACUCTEM MO HU3JO0KEHHOMY aITrOPUTMY
HE0OXOIMMO, KaK M IPH UCHOJBb30BaHUU I ux noctpoeHuss MKD B nmepemenieHusx
[42], cobmonaTh caeayIonyro MmocieI0BaTeIbHOCTD OTIepaIlii:

- Haiitu nosiHbId cnekTp u3 N nmap C3 u CB noxacucreMsl;

- YCTaHOBHUTH HEOOXOAMMOE YHUCJIO OCHOBHBIX CTemeHedl cBoOoAbl N s
pPEeAYLIMPOBAHHON MTOJACUCTEMBI;

- Ha OCHOBE aHaiu3a nojgHoro cmnektpa N CcOOCTBEHHBIX BEKTOPOB ((hopm
COOCTBEHHBIX KOJIEOAHMI) PACIONIOKUTh N TOYeK (Y3JIOB KOHJIEHCAIIMU) KaK MOXKHO
OJIMKe K aMIUTMTYAHBIM TOYKaM COOTBETCTBYIOIIMX COOCTBEHHBIX opM KosieOaHUN U3
uX nojaHoro uncia N;

- BBIITIOJTHCHUTh KOHJCHCAIUIO ITOJACHUCTEMBI K 3TUM NN y3JI1aM.
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4.6 BuiBoanbI o riase 4

1. UsnoxxeHHble B JaHHOW paboTe METOAbI W aJITOPUTMbI PEIYyLHHUPOBAHUS
nmoiydyeHHbIX Ha ocHoBe MKD B (opMe cMmemaHHOro Meroja 4acTOTHBIX YpPaBHEHUU
BBICOKOT'O TOpsJIKa SIBISIOTCS OOOOIIEHMEM U Pa3BUTUEM M3BECTHBIX METOJOB Ha
ocHoBe MKD B mepemenieHusax (cTraTUdeckas KOHACHCAIUs, YaCTOTHO-AMHAMUYECKas
KOHJICHCAIIHS ).

2. CpaBHEHHE pe3yJIbTAaTOB YaCTOTHO-TUHAMUYECKON KOHJICHCAIIUU C YCIOBHBIM
«TOYHBIM» Ha HMCXOJHOHW KOHEYHO-DJIEMEHTHOM CETKE IOKa3bIBaeT MX MNPAKTUYECKHU
noyiHoe coBmnajaeHue g 60% HuxkHel yactu nosiHoro criekrpa C3.

3. Meroa craTuyeckoW KOHACHCAIUM JAeT MPUEMJIEMBIA IO TOYHOCTH JIJIst
MPaKTUYECKUX IeJIeH pe3ysIbTaT JIMIIb J1JIT MUHUMaJIbHOW COOCTBEHHOM YaCTOTHI.

4. AITOPUTM TIOCTPOEHHUS PEAYLHMPOBAHHOTO YACTOTHOTO YPaBHEHHS Ha OCHOBE
CIUIaH-KOJUIOKAlIMOHHOM  annpOKCHMAIIMM TOJIEW Y3JOBBIX NEPEMELIECHUN s
oOnacTeil ¢ rmagkon QyHKIMEeH MPOTruOOB 3HAYUTENHHO YIIPOIIAET MOCTPOCHHUE MATPHUI]
npeoOpa3oBaHus B MpoIleaypax KOHJEHCALMK Ha IMOCJEI0BATEIbHOCTH CTYIIAIOIIUXCS
CETOK Y3JI0B KOJUIOKAIIMM M UCKIIOYAeT oOIepaluy oOpalleHuss MaTpull BBICOKHX
HOPSIIKOB.

5. JloctaroyHasi TOYHOCTh BBIYMCICHUS HUKHEW dacth cnekrpa C3 Ha OCHOBE
CIUIaH-KOJUIOKAllMOHHOI'O ~ ajJropuTMa JOCTUTaeTcs YXKE TPH YEThIpEX TOYKaX
KOJUTOKAITMH Ha KaXKJI0M M3 MOJIYBOJIH COOTBETCTBYIONUX (hopM Kosiebanuii (CB).

6. Ilpu onMHAKOBOW CETKE KOHEUYHBIX JJIEMEHTOB NPUMEHEHHE CMEIIaHHOM
(dbopMBI METO/Ia KOHEYHBIX IJIEMEHTOB 00€CIIeUNBACT JTYUIIYIO CXOJAUMOCTh K TOYHOMY
pPELIEHUIO TI0 CPAaBHEHUIO C METOAOM KOHEUYHBIX 3JIEMEHTOB B NEPEMELICHUSX MpPHU
CTYLIEHUH CETKA KOHEUHBIX JIEMEHTOB.

/. PacueTt cTep>KHEBBIX CUCTEM IO METOJly KOHEUHBIX 3J1IeMeHTOB B (hopme KCM ¢
HCIIOJIb30BAaHUEM HECOTJACOBAHHOW MAaTPUIbl MacC [JlaeT JOCTaTOYHO TOYHBIE
pe3yabTaThl Jake MNpU TpyOOMl ceTke, KOorja 3a KOHEUYHBIH 3JIEMEHT MPUHUMAETCS

CTEPHKEHb MEXKY y3JIaMHU.
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8. MHcnonb3zoBaHue JAMHAMUYECKOM MAaTpULbl OTKIMKOB C  IOJHOCTBHIO
3aMOJHEHHOW MaTpuled Macc mnpu pacyere Oajkh MPSMOYTOJIBHOTO IMONEPEHYHOIO
CEUYCHMsI HE JaeT MPEUMYIIECTB M0 TOYHOCTH OINPEAENICHHUS YacTOT MO CPAaBHEHHIO C
JTAHAMUYECKOM MATPHULIEM OTKJIMUKOB, UMEIOMIEW B CBOEM COCTABE JIMArOHAJIBbHYIO
MaTpHILy Macc.

9. Tak kak B MaTEeMaTHYECKOM IUIaHE TMpoOJieMa HAXOXKACHHUS CIEKTpa
cooctBeHHbIX YacToT (C3) m cobctBeHHbIX (opm kojnedanuit (CB) um mpobiema
HaXOXJCHUS CHEKTpa KPUTUYECKUX Harpy30K M COOTBETCTBYIOIIMX (OpM MOTEpH
YCTOWYMBOCTH SIBJISIIOTCS, IO CYTH, OJMHAKOBBIMHU, TO pPa3pabOTaHHBIE aNTOPUTMBI

IMPUMCHHUMBI KaK OJIA pCIICHUA 3aaa9 JUHAMUKHU, TaK U OJIA 3a4a4 YCTOIZQHBOCTH.
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I'maBa 5
ITocTpoeHne MaTeMaTHYeCKUX MOjIesIel 3a1a4 yCTOHYMBOCTH YIIPYT UX CHCTEM

Ha ocHoBe MKDJ B popme Ki1accnueckoro CMEmaHHOro0 MeToAa

Jlo HegaBHEro MpoLUIOro, 3aJayd CTaTUYECKOM YCTOMYMBOCTHU JIIOOOW YyNpyrou
KOHCTPYKIMU CBOJWIUCH B MHXKEHEPHON TPaKTOBKE B OCHOBHOM K JIBYM CLICHAPUSIM:
noTepsi yCTOWYUBOCTH “‘B MaJioM™ U MOTEPS] YCTOMUYUBOCTH ‘B OOJIBIIOM”.

[Ipu motepe ycToMUMBOCTH “‘B MajoM’ MOBEAEHUE CHUCTEMbI ‘“‘00paTUMO”, T.€. €€
MO>KHO BEPHYTh Ha3aJl B JOKPUTHUYECKOE PABHOBECHOE COCTOSIHHE.

B orouume oT mnoTtepu YCTOMYMBOCTH B MajioM™, MPOMUCXOASUIEH MpHU
OECKOHEYHO MaJIoM BO3MYIIEHMHM COCTOSIHHSI PABHOBECHS CHCTEMbI, TOTEps
YCTOWYMBOCTH “‘B OOJIBIIOM™ MPOUCXOAMUT MPHU BO3ACHCTBUU HAa PABHOBECHYIO CUCTEMY
BO3MYIIICHHS, TIO3BOJISIONIETO TMPEOJ0JIETh JHEPreTuYeckuit Oappep KOHEUHOU
BEJIMYHHBI.

HccnenoBanue ycTOMYMBOCTH CHCTEMBI “B OOJBIIOM™ MpEANONaraeT Hajaudue
3aKpUTHYECKUX (HOPM paBHOBECHBIX COCTOSHMH ympyrux cucreM. VccnenoBaHue 3Tux
(opM BO3MOXKHO JIUIIb B TEOMETPUYECKH HEIMHEWHON TOCTAHOBKE C yU4ETOM OOJIBIINX
MIEPEMEILICHUM.

OTcyTcTBHE YETKOrO MaTeMaTH4YECKOrO ONMCAHMS COJEPKAHMS IOHSATHM
“YyCTOMYMBOCTh B MaJIoM” M ‘“yCTOWYHMBOCTH B OOJIBIIIOM™ BBI3BIBACT 3aTPYJAHCHUS B
MOCTPOEHUM MAaTEeMaTUUYECKUX MOJICNICH 3a/1ad YCTOMUYHUBOCTH CUCTEM (KOHCTPYKIIUH).

K mHacrosdmemy BpeMeHM B HAay4yHOM JUTEpaType B TEOPUHU YCTOWYHMBOCTH
YIOPYTUX CUCTEM CIIOXKHIAch Oojiee 00OCHOBaHHas B MAaTEMaTHUYECKOM OTHOIICHHUH
tepmuHojorus [199, 275, 305].

Ilepexonq K D3TOM TEPMUHOJOTHM, CBA3aHHOM C pPAa3JCI€HUEM TEOPUHU
YCTOWYMBOCTM CHCTEM HAa TEOPHHM IE€PBOrO, BTOPOIO M TPETHEro IMOPSAKOB, B
3aBUCUMOCTH  OT CTENEHM TOYHOCTH  MaTEeMaTHYECKOrO0  OMNHMCAHMUS  IOTEPH
YCTOWYMBOCTH, TMO3BOJIIET MOCTPOUTH MATEMATHYECKUE MOJENH, COOTBETCTBYIOIINE

9THUM TCOPHUAM.
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5.1 MaremaTnuyeckue MOJeJIM 32124 YCTONYMBOCTH CTEPKHEBBIX CHCTEM

B nanHOM pa3znene pacCMOTPEHBI TEOMETPUUECKN HEJTMHEWHBIE TEOPUU UACATBHO
MPSAMBIX CTEPKHEN MPU CTATUYECKOM HArPYKECHHM.

Ve »9Ta TMOCTaHOBKAa TMOKa3bIBA€T, 4YTO HEOOXOAMMBI W HMEIOT CMBICI
YOPOILIAIOIINE JOMYIICHUSI W THUIOTE3bl, YTOOBI JOCTHYHL OOO3PUMOCTH YpPaBHEHUH.
Hecmotpss Ha 9TO, pemieHue 3TUX YpaBHEHUN B 3aMKHYTOM aHAIMTHYECKOH (opme
BO3MOXHO JIMIIb B OTACJIBHBIX CIIydasXx W IOTOMY IIOKa3bIBAIOTCA Ha OTHAEJIbHBIX
HEMHOTOUYHMCIICHHBIX TPUMeEpax.

Pemienne ypaBHEHUN MJisi CIOKHBIX KOHCTPYKIMWA BBIMOJHSIETCA MO3TOMY
NpUOJIKEHHO ¢ TOMOIIBI0 METOJa KOHEUHBIX DJJIEMEHTOB, Kak Haubojee
dbopMaTM30BaHHOTO YHCJICHHOTO METO/A.

JInsi mpaBUWJIBHOTO MPUMEHEHUSI TEOMETPUUECKH HETMHEUHBIX TEOPUN CTEP>KHS
HEOOXOMMO HX  yHOpSAJOYMBAHME B  aAKTyaIbHOW  HWHKEHEPHO-CTPOUTEITHHOMN
TEPMHUHOJOTUU. B 3TON CBSA3M ymoTpeOsstoTCS TaKhe MOHSATHS, KaK Malble, CpeaHHe,
OOJbIIME WM KOHEYHBIE VYIJbl TOBOPOTA, MPOJIOJIBbHBIE CMEIIECHUS, CHABUTH U
nedopManuu Tak e 4dacto, kak u teopuu I, II u IlI-ro mopsakoB mo TepMUHOIOTUH
UCIIOJIb3yEMOM HEMELIKUMHU U JpyruMu uccienonarensamu [199, 275, 305 u ap.]

I[lo Teopun mepBOro TMOpsiAKAa YCIOBUS PABHOBECHUS COCTaBISIIOTCS IS
HeZ1leOPMUPOBAHHON CHCTEMBI, T.€. JUIS UCXOJHOW HEHArpY>KEHHOW, TeéOMETPUUYECKHU
HEU3MEHSIEMON KOHpUTypanuu. BrnusHueM HW3MEHEHHS HCXOTHOW KOH(PUTYpaIuu
CUCTEMBI Ha COCTOsIHHME €€ paBHOBecus TmpeHeOperaetcs. [lpu pacdere yriaoBbIX

IIEPEMEICHUM HapsAay C IapaMeTpPOM HECOBEPUICHCTBA (), YYUTBIBAIOTCSA TOJBKO
YWICHBI PsAa, B KOTOPBIE (9, BXOAUT TOJBKO JIMHEMHO. IIpu nmpumMenenun 3akoHa ['yka

3Ta TeOpHs MOJHOCTHIO JIUHEWHA.

[Io Teopum BTOPOro mNOpsSAKA YCIOBUS PABHOBECUS 3aNUCHIBAIOTCS A
neOpMHUPOBAHHON CHCTEMBI, T.€. IS TEKylled (MTHOBEHHOW) KOH(MHUTypaIwm.
Bnusaue nedopmanuii Ha COCTOSIHHE PaBHOBECHUS MOKET MPU 3TOM yuHUThIBaThCA. C

IIOMOIIBIO 3TOM TCOPHUHN CTAHOBHUTCA BO3SMOIKHBIM OIIMCAHUC HEJIMHEHHBIX COOTHOILICHUM
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Harpy3ka-nepeMmeiieHie. B ocTagibHOM OCTalOTCS B CHJIE 3allMCaHHBIC BBIIIE
JOMYIIEHUsI (TUIIOTE3bI).

B Teopuu TpeThero mopsiika YCIOBUS PaBHOBECHsS, KaK U B TEOPUU BTOPOTO
MOPsIIKA, COCTABISAIOTCS MU Je(OPMUPOBAHHON CUCTEMBI. Teopusi TPEThEro mopsiaKa
MOXET OBITh Pa3HOYPOBHEBOM B 3aBUCUMOCTH OT BEJIHWYUMHBI TapaMeTpOB
neOpPMUPOBAHHOCTU. YYET CpPEIHMX T[OBOPOTOB, TMPU KOTOPOM Hapsay ¢

HCCOBCPHICHCTBOM ¢, YYUTBIBAIOTCA BCC WICHBI psiAla 0 TpeTbefI CTCIICHU ¢, WIIN

OOJIBIIMX ITOBOPOTOB C BKJIIOUEHHUEM B PacydeT BCEX YICHHOW psijia JO MATOH CTENEHU
@, TIO3BOJIIET BBHIBECTH COOTHOIIEHUS Harpy3Ka-lepeMelleHnss B 3aKPUTHYECKOM
00J1aCTH.

Ecnmu nipu ompeneneHny GyHKIHMA yrjoB MOBOPOTA YYHTHIBACTCS OCCKOHECYHO
OOJIBIIIOE YHCIIO WICHOB PsiJia, TO PEHICHUE IT0 TEOPUH TPETHEro MOPSIKa IS OOJIBITNX
TIOBOPOTOB MEPEXOJIUT B TOYHOE PEIICHUE JUIsl TOBOPOTOB KOHCYHOM BEIIMUMHBI.

C wMaTeMaTHYeCKUX TIO3MIIMH 3Ta TEPMHHOJOTHS TIOHATHA, €CIU JUJIS  ee

000CHOBaHMS IPUMEHHUTH PA3JI0OKEHUE TPUTOHOMETPUUECKUX yHKIUMN B psif Teitnopa:

3

2
Sin(g0+¢)o)=Sin(g00)-|-(p-Cos(goo)—%-Sin(goo)—%-cos((po)+...=
; 2\ 2 SN ) (5.1)
_o P, 1P| P, P P 1 %
=0 T I o e T
. (02 (03 .
COS(go+g00):COS(gDO)—go-sm(goo)—;-COS(¢O)+§-SIH(%)+...:
) N2 N ' (5.2)
1% _ |\, % | P |1 % | P |, _P
IR T TR T R Ky
B 5TuX BBIPAXKEHHUAX @, - MAaKCUMaJbHbIE YMEPEHHBIE YIJNIBI IOBOpoTa. B

HOCJIENYIONUX Pa3eiiaX COOTBETCTBYIOIINE 0003HAYEHHS YITIOB IIOBOPOTA IIPHUBSI3aHEI
K [IOHSATHAM TEOPHii. YCTaHOBIIEHA ClIENyIOIas rPagamus yriioB:

- MaJjible TOBOPOTHI ¢ <1°,

- cpeaume moBopotsl 1°< ¢ <10°,

- 6osprre moBopotsl 10° < ¢ <30°.
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B 9T10i1 CcBs3M yKa3bIBaeTCAd HAa TO, YTO KOJIMYECTBEHHOE ONMUCAHUE U3MEHEHMS
(OpMBI COIEPKUT HE TOJBKO BBI3BIBAEMYIO HAIpsDKEHUsIMU €€ 4acTh. l3MeHeHue
(opMBI packiaAbIBACTCI Ha MEPEMEIICHUs] MKECTKOro Tena U jaepopmanuu  OT
HanpspkeHus. [Ipy 3ToM yuuThIBaeTcs pa3ioxkeHue B psiabl o aHaioruu ¢ (5.1) u (5.2).
B cooTBeTcTBUM C NPUHATHIMU JTONYLIEHUSMH, AJI BbI3BAHHON HANpPsDKEHUSIMU YacCTH
nedopmaluii mpeanonaraeTcs JMHEWHas B3aUMO3aBUCUMOCTh MEXAY HANPSIKEHUSIMU U
nedopManusIMu.

B vH>XeHepHO-CTPOUTENILHOM JIeJIe NPU pacyeTe MPOCTPAHCTBEHHBIX CTEPKHEBBIX
CUCTEM IPUMEHSIOTCS TPEUMYILIECTBEHHO TEOPUHU MEPBOTO U BTOPOTO MOPSIIKOB.

OTu Teopuu TpeOYIOT BBEACHUS AalibHEHIIUX fomyuieHui. [lenaercs paznuuue
MEXIy HarpyXeHHbIMH MPEUMYIIECTBEHHO MPOJOJbHBIMU CUJIAMHU CTEPXKHSIMH, T.€.
CTEP>KHSAMHU (PepM, U MMPEUMYIIECTBEHHO U3THOHO-HATPYKEHHBIMU CTEPIKHIMH PaM.

HccnenoBanrie HECOBEPIIEHHBIX CUCTEM C YYETOM, IO MEHBIIEH Mepe, CpeTHUX
OBOPOTOB HEOOXOMMO B MEPBYIO OUEpeab ISl IPABMIBHON OLEHKH YPOBHS Harpy3Ku
[0 OTHOIIEHWIO K BO3MOXXHBIM KPUTHUECKUM Harpyskam. Eciu moBeneHue cucTembl
BOJIM3U KPUTHYECKON 00JACTH MPENCTABIAET HHTEPEC, HY’KHO MPOBEPUTD, SBISETCS JIU
BO3HUKAIONIME  KOHPUTYpanuu  AePOpPMUPOBAHHON  CHCTEMBbl  yOeIUTEIbHO
BO3MOXHBIMH U MPEACTABUMBIMH JIJIsl IPUMEHEHHOTO B CUCTEME MaTepHalia.

[Ipy moCTpoeHMHM MaTEeMaTUYECKOM MOJEIU 3aJ1a4 YCTOMYMBOCTH YIPYTHX

CUCTEM HEOOXOUMO YYUTHIBATH MOJIOKEHUS U IOMYIIEHUS TEOPUd YCTOMYNBOCTH.
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5.2 Pemienue 3a/1a4 yCTOMYMBOCTH CTEP;KHEBBIX CHCTEM 110 Teopuu |-ro mopsiaka
5.2.1 Pemienue 3a1a4 yCTOMYHUBOCTH IIAPHUPHO-CTEPKHEBBIX CHCTEM

B mameit pabore [58] mompoOHO paccMOTpeHO (OPMHPOBAHUE MATPHIIBI
OTKIIUKOB KOHEYHOTO JJIEMEHTAa B BHJE HAKIOHHOTO MIAPHUPHO 3aKPEIUICHHOTO II0
KOHIIaM CTEpXkHS, cxkaToro npojaonbHor cuiioit N (pucyHok 5.1, a). OcHOBHas cuctema

CMENIaHHOTO METOJia AJI HETO NMpUBEeHa Ha pUCYHKe 5.1, 0.

N
VA Va —>

E/}// 12

@ ' g
Tf];

a 0

94

Pucynok 5.1 — KoHeuHbIH 3JIEMEHT B BHJI€ HAKJIOHHOTO MIAPHUPHO 3aKPEIJIEHHOT O
110 KOHIIAM CTEPKHS, CKATOTO MPOIOJIBbHON CUIION

dopmupoBaHue OI0KOB [J], [5] [F] u He oTmuaercs or GopmupoBaHHs ITHX

OJIOKOB B 3aJadax CTaTHKH. HOBTOMy PaCCMOTPCHO TOJIBKO HAXOXACHHC 3JICMCHTOB

0JI0Ka [r]-

B ciydae, korma emMHUYHOE TIEpEMEIICHHUE MOJTydaeT CBs3b 4 (PUCYHOK 5.2, a),

Ag =Q,sina =sina.
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NAs Nsina
o

U y JAIOT BEJIMYHMHBI PEAKIIUH B CBA3SX 3 U 4 OCHOBHON CUCTEMBI:

[Ipu 5TOM BO3HMKAET peakuus I = , IPOEKLIUU KOTOPOM Ha OCH X

. N . N .
My :—r5|na:—Tsm2a, I, =rcosa =--sinacosa. (5.3)
COOTBETCTBEHHO B CBS34X | M 2 BO3HUKHYT pEakLUH

I :$sin2a, I, :—Iﬁsinacosa. (5.4)

Pucynok 5.2 — EAuHUYHOE CMEIIeHUE OAHOM M3 CBSI3€M KOHEUHOTO AJIEMEHTA B BUJIE
HAKJIOHHOTO CTEP>KHS, IAPHUPHO 3aKPEIJIEHHOTO 10 KOHIIAM U CKaTOTO MPO0IbHON
CHJION

[Ipn enuHUYHOM CMEIICHUU CBS3M 3 (PUCYHOK 5.2, 6) moydyaeM aHAJIOTHYHO:

NA; Ncosa

Ay =Q,C0S =C0Scx, I = | |

CrnenoBarteiabHO,

N . N 2
r,=—sSIhacosa, I,;=——CO0S" «,
I I

(5.9)
N . N 9
s =—7sinacosa, f,=--C0s"a.
[Ipy eqMHUYHOM CMENICHUH CBA3€H | M 2 10 aHAJIOTUU MOJTyJaeM:
N . N .,
I, =Tsmacosa, r, = —Tsm Ay Ty =Ty, T,=l,,
(5.6)

N
'11:_|_COS a, Iy=lhy, I3="0hs =10
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Takum 00pazom, Mmatpuiia oTkIMKOB st KO, nzoOpaxkeHHoro Ha pucyHke 5.1, a,

C YYETOM BIIMSHMS IPOAOJIbHOM criibl N UMeeT crneayromui BU:

rll r21.2 rl3 r-14 r]:S
r21 r22 I‘-23 r24 r’25
[d] =l T P Ty |l (5.7)
I‘-41 r-4_2_ L _r:453_ - r-44 F4§_
L 551 é‘52 553 554 555 |
31ech:
I x L. % N
Ogs =——, Og=—l=SINa, 0o, =-F=C0S,
EA
553:_'735:_3"10" 554:—f45:—COSa,
r11:r33—Tcosza, I, =r21:|—sinaCOSa,
N N (5.8)
Gy =Ty ="C0S'@, h,=f,=—"sinacosa,
j— — 2 o = N i 2
fp =Ty =—SINa, =T, =—""sinacos’a,

N . N .
by =Ty =7 SiN"a, 1 =f; =—sinacose.

Jnst  TpoBepKd MPaBUIBHOCTH  TIOMYYEHHBIX PE3yJbTaTOB  PacCMOTpPEHa
KJIaccuyeckasl 3ajgada o0 yctoiuuBocTd gepmbl Museca (pucynok 5.3, a). OcHoBHas

CHUCTEeMa CMEIIaHHOTO METO/Ia /U1 Hee n300pakeHa Ha pUCYHKe 5.3, 0.

a 4]

Pucynok 5.3 — 3agava 06 ycroitunBoctu pepmbr Muzeca
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Jlns oTol hepMbl U3 pelieHus CTaTUYECKOM 3ajlaud CeAyeT, YTO MPOOJIbHbIE

ycunus B cTepkHAX oguHakoBel: N, =N, =N =

Martpuia k03pPUINEeHTOB KAHOHUYECKON CUCTEMBI YPABHEHUN CMELIAHHOTO

MeToza (TiiobanbHas MaTpulla OTKIIMKOB CUCTEMbI) UMEET B JaHHOM CJIy4yae BU:

=
=
=
N
w
~

(5.9)

N

,_‘
N
!

N

13
1}

wa)z Rp
)
S
N
S0 &Q’) EIROTR
th RNy B!
S

w
N
L

3;[ec5 C Yy4€TOM CHUMMCTPUU CUCTCMbI U TOT'O, YTO B O6H.[Cﬁ CUCTCMC KOOpAWHAT

IJIs TIPABOT'O CTEPIKHSA «, =180° — ¢, TJI€ ¢, - YTOJI HAKJIOHA JIEBOTO CTEPKHSA:

8y =0y :é, P, =—0,=-sina, F,=-05,=-sina,
f;=—0y =C0sa, F,=-0,=—Co0sa, (5.10)
r11:—2¥cosza, Iy, :—2$sin2a, r,=r,=0.

Cucrema KaHOHHNYECCKUX ypaBHeHHﬁ, COOTBCTCTBYIOIIAA MaTpuIe

ko3 uireHToB (5.9), MoKeT OBITH IIPECTaBICHA BHJIC:

4 + 1,0, + F13q3 + Iﬁ14q4 =0,

0, + 10, + F23(’13 + I724q4 =0,

S N ~ ~ (5.11)
531(?]1 + 532% + 533% + 534C|4 =0,

541C|1 + 542% + 543q3 + 544q4 =0.

OTCIOI[a IIOJIYYCHBI JBa KPHTHYCCKHUX YCJIOBHA, COOTBCTCTBYIOINIHUC JIIBYM

BO3MOXHBIM (hOpMaM MOTEPH YCTOMUUBOCTH:

1. 2%0032 a— 2$sin2a =0,
(5.12)

2. Zﬁsinza — 2$cosza =0.
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N3 HuX HaxoauM JBa 3HAYEHHS] KPUTHUYECKOM HArpy3Kd F € y4eTOM TOro, 4TO

MpOJ0JIbHOE ycuiinue B cTepkHiIX N = F )
2sina
2EAsiIn® o
Pl = cos’a
(5.13)
_ 2EAcos’ a
2 sineg

DTH pe3ybTaThl COBINAIAIOT C PEIICHUIMHU, IpuBeAecHHBIMU B [107].

5.2.2 PemieHue 3a1a4 yCTOHYMBOCTH CTEPKHEBBIX CHCTEM C KECTKMMH y3JIaMu

B stux 3ala4ax B MATPHUIIC OTKIIMKOB H€O6XOJII/IMO YUCCTh BJIIMAHUC HpOJIOJIBHOﬁ

CUJIBI Ha M3ruOHbIe Aedopmanuu KO.

JIJisi KOHEYHOTO AJIEMEHTa B BUJE CTEP)KHS, JKECTKO 3aIIEeMJICHHOTO MO KOHIIaM
(pucyHOK 5.4, @), MaTpHIly OTKIIMKOB MOXKHO IMOJYYHTh, UCIIOJIb3Ysl YPaBHEHUE U3rH0Oa
CKaTO-U30THYTOTrO cTepkHA. OCHOBHAsg CHCTEMa CMEIIAHHOTO MeTona ayig storo KO

IpUBeJIeHa Ha pUCYHKe 5.4, 0.

C ydeToMm JeWCTBUS MPOAOJIBHON CHUIIBI MOJYYEHBI CIECAYIONIUE BhIPAXKEHUS s

K02()PUITMEHTOB MaTPHIIHI OTKIIMKOB KOHEYHOT'O AJICMEHTA!

N L
O55 = 91(‘/)’566 =—[6,(v)+6,(v)+ 0, )1,
12El 3El
o . 519
Oss = Ogs = Ogg + Ogg = S4E] [26,(v)+6,(v)] - 24E| [26,(v) + 6,(v)] =0,
s _ . L 1 L L
fs=—Tp =1, =05= _E_ N 5555 = _E_E‘/Zgl(v)i
N N ~ 1, ~ 2El
Fos = —Fis =1+ N556 :1""6‘/ [2‘91(‘/) + ‘93(‘/)]’ N =Ty = _N556 :_TVth’ (5.15)

5=



I=L/2

I=L/2
!

Zv

a 4]

PucyHok 5.4 — KoHe4HBI 3JIEMEHT B BUJI€ CTEPHKHS,
YKECTKO 3aIIEMJICHHOTO 110 KOHLIAM

JIns mpoBEpKM MPaBUIIBHOCTU IOJYYEHHBIX PE3YJIbTATOB PACCMOTpEHa 3ajaya
ONpENENICHUs] KPUTUUYECKOM HArpy3Kd IUIsl CTEP)KHS: C JBYMS KECTKO 3aJeIaHHBIMHU
KOHIIAaMHU U JUIsS CTEP)KHS C IIAPHUPHBIM ONMHPAaHHUEM IO KOHIAM (PUCYHOK 5.5, a, 0).
Bechb cTepkeHb NpUHAT 3a OJWH KOHEYHBIN 3JICMEHT.

JInst cTepKHA € 3alIEMJIEHHBIMU KOHUAMHM HAaXOJHWM TOJbKO JBa HEU3BECTHBIX
ycwiusi, Kak U B Meroae cwil. C(CucreMa KaHOHMYECKUX YpaBHEHUM 3a/lauu
YCTOMYMBOCTU MUMEET HETPUBUAIBLHOE PEIIEHUE TOJIBKO IMPHU YCIOBUHM PAaBEHCTBA HYJIIO
ee ompenenuTens, Kod(pPUIUEHTH KOTOPOTO ONMpeaestoTcs: Beipakenuem (5.14). Ilpu

HaXO0XIACHHHU KPUTHYCCKOI'O IIapaMcTpa MCTOAOM IIOCJICIOBATCIbHBIX Hp06, [IoJay4dacm

2
7°El
pelleHue, COBMAAaloIIee C TOYHBIM, T. €. FKP = W
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#
: "
x EI o EI
| &
a o

Pucynok 5.5 — PacueTHas cxemMa — OIMH KOHEUYHBIN 3JIEMEHT.
a) JKeCTKOE 3aKperieHre Mo KOHIaM 0) MIapHUPHOE 3aKpeIyIeHUE M0 KOHIIAM

JIJisi apHUPHO OMEPTOTO IO KOHIIAM CTEP:KHS HAXOAMM YEThIPE CMEIIAaHHBIX
HEU3BECTHBIX: JIBAa YCWIMS U ABa mnepemeiienus (yriasl moBopota). Koadduiments B

Ookax MaTpHulibl OTKIIMKOB UMCIOT CJI@,IIYIOHII/Iﬁ BUJI:

E 7 [ 2El T
6,(v) 0 ———vigv 0
]| 12E! GE - |
L
_ 0 E[el(v)wz(v)wa(v)]_ i 0 L thV_
L L, L L, |
|:5~:|: E+EV 01(1/) E‘l‘gv 91(1/)
_1—%v2[26’1(v)+6?3(v)] 1+%v2[2¢91(v)+93(v)] |

. T__—%—%fel(v) 1+%v2[26?1(v)+93(v)]_
M=) ]

55 0w 1o %VZ[ZQ(VH%(V)]_'
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Kak u B mpenpiaymieM ciiydae W3 YCJIOBUS PABEHCTBA HYJIO ONPEACIUTENS
r r
|D| — 5 5

, COCTaBJIEHHOTO U3 KOA(PPUIMEHTOB KaHOHWYECKUX ypaBHEHUU (OJIOKOB

K]

MaTpHIIbl OTKJIMKOB), HAli/IeM 3HAYEHUE KPUTHYECKOro napamerpa F .

[ToxcTtaBuB B 3TOT ONPENCIUTEND U3BECTHOE TOYHOE PELICHUE FKp =

2
Kp

E

V= =m,tgr=0,sin7 =0, yOexmaeMcs, 4TO B ITOM Cjyd4ae |D|:O. 910

TIOJITBEPIK/TACT MPABHIBHOCTh BBIPAKCHHUH I KO3(PPUIIMEHTOB MATPHIIBI OTKIUKOB U
JIOCTOBEPHOCTh TOJIYYCHHBIX Ha €€ OCHOBE TOYHBIX pE3yJbTaTOB pacuera Ha
YCTOWYUBOCTH TI0 TeopuH | mmopsijika.

W3 3TuX mpuMepoB BUAHO, YTO MPH TOYHOM pacCyeTe CTEPKHEBBIX CHUCTEM C
OOJIBIIIMM YKCIIOM CTEIeHEeH CBOOOABI HA YCTOHYMBOCTH, KOI(P(GUIIMCHTHI MATPHUIIBI
OTKJIMKOB KD SBJISIOTCS TPAHCIEHICHTHBIMU (YHKIIUSAMHU OT KPUTHYECKOT'O TTapaMeTpa
v . Kak crnencrBue 3Toro cuctema pa3pemaroinyx ypaBHEHUH YCTOMUYHUBOCTHU JIs BCei
CUCTEMBI Oy/leT HEJIMHEHHOM, MOATOMY OHa OOBIYHO pPEIIaeTCid WU C NMPUMEHEHHUEM,
TaK Ha3bIBaeMbIX, ‘“‘KadeCTBEHHbIX wMmeTogoB” [116, 121, 125], wm mnyrem
UCIIONB30BaHUS psAnoB ycroWuuBoctH A. Ilyanmkape [116, 121]. Ilpumenenwue
anroputMa [lyankape moapoOHO paccMOTpeHO Hamu B pabote [58].

I[Ipu »TOM oOCTaeTcst OTKPBITHIM BOMPOC O HAXOXKICHUU HAYaIBHOTO
NpUOTMKEHHOTO PEIICHMSI, 3a1aTbCs KOTOPBIM JKENaTeIbHO B JOCTATOYHOW OJIM30CTH
OT MCKOMOT'O 3HAYEHUS] KpUTUUYECKOro napamerpa. Hanbomnee 3¢phekTHBHBIM sBIsSETCA
MOJIYYCHHE TTPUOIMIKEHHOTO PEIICHHS ¢ UCTIOJIB30BAaHIUEM COOTBETCTBYIOIICH MaTPHUIIBI

OTKIIMKOB U UTCPAITMOHHBIM YTOUHCHHUCM O3TOI'O PCIICHUA.
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5.2.3 IIpubnkeHHOe BEIYHMCICHUE KOI(P(PUIHEHTOB MATPHUIILI OTKJINKOB

NPOa0JIBbHO c:xaTOro KJ9-cTep:kusi nepsoro tuna

ANropuT™M NpUOJIMKEHHOTO BbIUUCIEHUS KOA(P(UIIMEHTOB MATPHUIBl OTKIMKOB

paccMOTpUM Ha MOpUMEpPE MPOAOJIbHO-CxkaToro KD-cTepkHs mepBoro Tuma

(pucyHok 5.6).

¥y
R, ) R,
N\ 92 \ M=q, s
F 2 EI N /(« N BT F x
R NH i
" qi 0=q, Rs
I=L72 | I=L/2
L

Pucynok 5.6 — KO B Bujie IpoJ0JIbHO CKATOTO CTEPHKHS

be3 yuera BnusiHUA, BRI3BAHHOM BO3JIelicTBHEM Harpy3ku F, mpogonbHoi cuibl N

(dopma u3ruba, COOTBETCTBYIOIAS €UHUYHOMY 3HaUEHHUIO HEU3BECTHOIO (], (PUCYHOK

5.7, a), onpeaensaeTcs: BhIpaXXCHUEM

y_i(LXz_EXSj (5.16)
EIl2 6 ) |

st mo6o0il M3 TOJIOBUH OCHOBHOM CHCTEMBI COCTaBHM YpaBHEHHE MPUHIUIIA
BO3MOKHBIX MEpPEMENICHUN (C y4eTOM AEHCTBUS MPOAOJIBHON CKUMAIOIIEe cuibl F u
BBI3BAHHOW 3TUM BO3CHCTBHEM MPOIAOIBHBIM ycrueM N):
72
Mydx | 0
El ’

|
% 1.6} +Nay -2|
0

I ! 2 I n
wn 1- 8 + N!(y)zdx—aj(Ely ) dx=0.

0
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Ortcrona ¢ yuetom (5.16) cienyet

21°(, 2FI 2 FI?
Sp=-—|1l-2— =8| 1-2—|, 5.17
77 3EI( 5Elj 77( 5Elj 617

3 2 2
WK )y = = P =5, |1- FL)
12E1{~ 10El 10El

]
'7[\' a
b % | ls
- ——09
> 022 J LTI
~ \T 1> "% 5=l 1/
,“ . - k‘\_
ﬂ(—ﬂé ———————— }N L I, @’T
~ o ~ <
T’T‘:z T’jﬂ
' 7]

Pucynok 5.7 — ®opmbl uzruda, COOTBETCTBYIOIINE €AUHUYHBIM 3HAUCHUSIM
HEU3BECTHBIX YCHIINN

AHaJlOTM4HO, paccMaTpuBas BO3JEUCTBHE EIUHUYHOIO HEU3BECTHOrO  (

X2

(pucyHok 5.7, 6) M HCHONB3ysd COOTBETCTBYIOIIYIO €My (opMmy usruda y:E,

1 MZdx | 1 2 | ,,
nomysaeM 7 [58'; FOgs — ZJ J > [58'; FI dX - E'([ Ely") dx) =
Ortcrona crienyet

2 2
g2l FR_Lf FL (5.18)
EI" 3EI) EI 12El

N3 ycnoBuii npsiMoil 1 0OpaTHON CUMMETPHH CIIETYET

| =
5 21 jM
0




179

PaccmarpuBasg enuHuU4HOE BO3AcHcTBUE (, (PUCYHOK 5.8, a), HaxoAMM U3

CTaTUYCCKUX N TCOMETPUICCKUX YCHOBHﬁZ

I’11=0, r21:O’ 571:1:_ﬁ7’ 581=O:_ﬁ8'

AHaNOTMYHO JUIA €IMHUYHOTO BO3ACHCTBHA (, (PUCYHOK 5.8, ) HaXOIUM:

a 4]

Pucynok 5.8 — EnuHu4YHbBIE BO3/IEUCTBHS 110 HAPABICHUIO HEU3BECTHBIX MEPEMEIICHUIN

PaCCManI/IBaSI MMpaByr0 IIOJIOBUHY K3, HaxXoaAuM TaKXC HC HYJICBBIC

~

ko3 dunmentsr: r, =—Fl, o, =1=-1,, 6,,=1=-T,;.
3anuiieM Bce He HyJIeBbIe KOAQ(PHUIUEHTHI OJIOKOB MaTPHIbI OTKIMKOB KO:

NN FL .\ L FL? n L NL?

rL,=r,=——, = 1- y 5 =—(1- ’
22 ad 2 " 12El ( 10EI ) s El ( 12EI )
57N1 _'71’\; =1, 57N2 = _|72N7 = %' 57,\,13 = _r3’\; =-1 57,\,14 = _ﬁll,\; = %’ (519)

OTMeTUM OYEeHb Ba)KHOE CBOMCTBO MOJYYEHHOW MaTpHIbl OTKIUMKOB. U3 (5.19)
BHUJIHO, YTO OHa HE BBIPOXKIAETCA U B ciiyyae OeckoHeyHO xecTkoro KO, T.e., mpu
El =.

JIns1 OLEHKM TOYHOCTH PEIICHHM, MOJYy4YaeMbIX C HCIOJIb30BAaHUEM MAaTPHULIbI
oTKIIUKOB cTepkHeBoro KD ¢ kosddummentamu (5.19), paccMmoTpena 3amaua
YCTOMYMBOCTU CTEP’KHSA, M300paKEHHOTO Ha PUCYHKE 5.9, s KOTOPOTO HM3BECTHO

TOYHOE 3HAYCHHUE KPUTHYECKOW HATPY3KH IS TIEPBOW (POPMBI MOTEPU YCTONYHBOCTH:

_ 7°El El
Kp (O,5L)2 ! L2'
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El
F 4 J bk, F
S =L/2 | I=L/2 ——¥
L

Pucynok 5.9 — IlepBas popma norepu yCTOMUMBOCTH CTEPHKHS

B ClIydac, Koraga CTCpKCHb MPCACTABICH OAHUM KOHCYHBIM 3JICMCHTOM, HaﬁHeHO

12ElI _ 48El

Kp I 2 - L2

, 4TO OOJbIIIE TOYHOTO 3HaueHUs Ha 22%.

Paz0Ouenue storo crepxxHsa Ha Oonbiee yncio KO, nmpu pacuére B paspaboTaHHOM
HaMu TporpaMMHOM cpearBe [167], nmaer 3HaueHuss Fp1 M UX OTHOCHTENBHYIO
MOTPEIIHOCTh 110 CPABHEHHUIO C TOYHBIM 3HAYEHHMEM, MOKa3aHHyI0 B Tabmuue 5.1. J{ns

CTCPIKHA, IIAPHUPHO OIICPTOI'0 IIO KOHIAM, IIOJYYCHBI PE3YJIbTaTbl, IIPUBCACHHLIC B

tadure 5.2.
Tabmumna 5.1
Uucno KO Fipt A%
4 40,57437 2,52
5 39,83987 0,92%
6 39,63674 0,4%
Tabmuma 5.2
Uwucno KD Fipt A%
2 10,1436 2,79
3 9,9092 0,401
4 9,8696 0,12%
5 9,8741 0,046
6 9,8718 0,0218%

Pe3ynbTaThl cpaBHEHUN MPUONIMKEHHBIX PELICHUN, MPUBEICHHbIE B Tabuumax 5.1

1 5.2 TOKa3bIBAIOT X OBICTPYIO CXOAMMOCTh K TOUHOMY PEIICHHUIO.
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5.2.4 ®opmupoBaHue pa3pelIaloIIed CHCTEMbl YPABHCHU

AJIA 3aJaYU yCTOﬁqHBOCTH H €€ PpEelIcHue

Jlns pemieHus 3ajladyd  YCTOMYMBOCTH MATpPHILy OTKJIMKOB CHUCTEMbl HYXKHO
MPEJCTAaBUTh B BUJEC PA3HOCTU JABYX MATPHI] — MATPHUIIbI, TOJy4aeMOM B CTATUYECKHUX
3a/ladax (craTuueckass MaTpuia OTKIUKOB Ds) W MaTpuiibl, cocTosimeid u3 100aBOK OT
ydeTa MpoAoJIbHO-TIONEPEYHOTo u3ruda (Marpuia J00aBOYHBIX OTKIMKOB Ha JIEUCTBUE

nponossHoro cxatusg Dg): D=D.—-D.. B cinyuyae npuOIMXeHHBIX BBIPAKECHUN IS
S F

MaTpHUIIbl OTKIUKOB (T.e. 0€3 TpaHCIEHACHTHbIX (YHKUHMN) pa3penaronue ypaBHEeHUs

OPUMYT BU:

([DS]_F[DF]) g =0, (5.20)
WIn
q
[C—ZE] q =0, (5.21)
1 1
rne[C]:[DF][DS] , /IzE.
VYpaBuenue (5.21) umeeT HETPUBUAIIBHOE PELLICHUE €CIIN:

|C—/1E|:O. (5.22)

Bripaxenue (5.22) sBIeTCS CTaHAAPTHOM 3aMKCBIO alTreOpandecKoi mpoOaeMbl
COOCTBEHHBIX BEKTOPOB M COOCTBEHHBIX 3HaueHWU. Haims mro0bIM W3 HM3BECTHBIX

1

MeT010B Aa , TOTy UM F o min = I

max

JI71s1 WUTIOCTpaluy alropuT™Ma pacuéra pacCMOTPUM HECKOJIBKO IIPUMEPOB.
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5.2.5 Ilpumepsl pelieHus 3a/1a4 YCTONYUBOCTH CTEPKHEBBIX CHCTEM

no reopuu | nopsiaka

[TIpumep 5.1. Omnpenenum KpuTHUECKOe 3HadYeHue cwuibl F, neiicTByromiedt Ha
mwiockyo (epmy, mzoOpaxennyro Ha puc. 5.10 a. OcHOBHasg cucTeMa CMEIIAHHOTO

Merona I Hee u3oOpaxeHa Ha puc. 5.106. Ycunus B CTEpKHAX ITOU (pepmbl
HaXOATCA U3 yCI0BHUH cratnyeckoro pasHosecusa: N, =0, N,=F.
F 1F IR/
‘J
> 9 —R,

9

I
h, EA/' /

Pucynok 5.10 — Ilnockas hepma

Henynesble kodhUIMEHTH CUCTEMBbl KaHOHWYECKUX YPAaBHEHUU CMENIaHHOTO

MCTOAA U B 9TOM CJIy4aC UMCHOT CJICAYIOIINC 3HAYCHHA:

~

Op=——, Oy=—, Oy=h;=-sina, o,=-,=-Cosq,

[IpeoGpa3oBbIBasi CUCTEMY YpaBHEHUH C JaHHBIMH 3HAUYCHUSIMHU KO3PPUIIMEHTOB
K OTHOMY YPaBHEHHIO OTHOCHUTEIHLHO HEM3BECTHOTO (2, MTOTyYaeM:
N
p
g, ) +
|-cosa EA, EA

‘tga-sina —cosa [=0,
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| 1 sin®
Tak kak (2#0, T0 F( : 4

. + —cosa =0.
|-cosa EAP EACOSaj

_EA
EA,

EAcos? & -sin
Orcrona F,= @ @ roe K

K+siner

DTOT pe3ysbTaT COBIAJAACT C MPUBEICHHBIM B [161].

[Ipumep 5.2. OnpenenuM KpUTHYECKOE 3HAYeHUE cuibl F, nelicTByromield Ha
INIOCKYI0 peryisipaylo  ¢epMy C TpeyroyibHOW pemieTkod (pucyHok 5.11, a).
@®parMeHThl OCHOBHOM CHCTEMBI JUIsl Hee MOoKa3aHbl Ha pucyHke 5.11, 6.

Ucnonb3yst k03pPuumeHTsl MaTpuibl OTKIMKOB (5.8) A1 MIApHUPHO ONEPTOro

10 KOHIIaM CTCPIKHA, 3allMIIICM B pa3B€pHYTOﬁ (1)OpM€ YpPpaBHCHHUA CMCIIAHHOT'O MCTO/1ad

JUISL IBYX THITOBBIX Y3JIOB | U (i + E) 3TOM (pepMbI:

I
2.A =Yy y j+—N . =0,
|+%|—1 ( —% i % EA |+%,|——
I
3.A . =(y, +—N.., =0,
i+l (yl yH—l) EA ii+1
|
4'Ai,i—l_(yl yi—1)+ EANII—l_O’
. |
5A = —V.. |sSiIna+| X , =X, |cCOSax +—N =0,
i+%,i+1 (yi+; yHl) ( i+% Hl] EA i+%,i+1

: I
6.A , =|Y,=-Y ,|SIna+]| X —X , cosw+aNi . =0,

7T.A | =y =Y [siha+| X | =X c05a+LN_1_:0,
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8.R™ =(—c05a)[N. N 1)+|£(x_ s —2X [ +X 1):o,
|+§,|+ I+§,I |+E

i+=
2

d Ri(erl) :(Nilnl a Ni+1i+3) +(Ni+1i B Ni+1i+1}5ina =0
2 ’ 2

"2 2" 2

11. Ri(y):(N..l—Ni’i+l)+(N . —N 1_jsina:0.

i 1.
i—=i i+
2 2

F F .1"

a o
Pucynok 5.11 — Perynspnas epma ¢ TpeyroiabHOM penieTkon

Boipaxas B nepBbIx ceMH ypaBHEHUSIX Yculusl Ni+t uepe3 y3JI0Bble NepeMeleHus
Xi+p, Yi+p, IPUXOJHMM TOCHE€ MPeoOpa30BaHMM K YETBIPEM YpPaBHEHHUS OTHOCHUTEIBHO
MEPEMENICHUI Y3JI0B JIEBOTO U MPABOTO MOSCOB (hepMbI (T. €. ¢ TPOOHBIMU U TEIBIMH

WHJIEKCaMHu):
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EA
8.R™ :I—’[sinacosa(yi - ym)—coszo{xi —2X , + xmﬂ+

|+E » i+E

+|E(Xi+3 2xi+1 + XH] =0,
2 2 2

(y) EAp i in2
9.RY) =—2L|sinacosa (X — X, )—sina| y, =2y ; + Vi, ||+

|+E |p |+E

EA
+|_(yi+3 — Zy”l + yil} = O,
2 2 2

10.R™ _EA sina Cosa — —cos’a| X . —2X + X +
) VoY R Pt
2 2 2 2

p

+ITI—(Xi+1 — 2% +%_,) =0,

EA
11.RY =|—’[sinacosa(x =X 1}—8"120!()’, — 2yt 1J}f
FE I+—

i+= i-=
p 2 2 2

EA
+I_(Yi+1 _2yi + yi—l) =0.

AHATOTrMYHO MOTYT OBITH MOJYYEHBI YPABHEHUS ISl KPAaHHUX Y3JI0B.

Matpuiia K03 HUIHEHTOB CUCTEMBI YPaBHEHUH AJI BCEX Y3JI0B Oy/IeT MaTpuIei
OTKIMKOB (B JaHHOM cjydae TJ00albHOM MaTpHIlell) paccMaTpuBaeMo ¢epMEl.
Onpenenutens STOM  MaTpPULbl, IPUPABHEHHBIM HYJIO, SBIAETCS KPUTUYECKUM
yCIIOBUEM, U3 KOTOPOTO HAXOJUTCSA CIEKTP KPUTUUYECKUX HArpy30K (COOCTBEHHBIX
3HAYEHUN ).

Jlns gacTHOTO ciydas TuX ypaBHeHuii B [161], xorma a =45°; A =0,2A; n=5,

nonyueno F  =0,00945EA.

K
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[Tpumep 5.3. Onpenenum nepBbie NATh KPUTUUECKUX 3HAYEHUM HArpy3ku F mis

MHOTOITPOJIETHOM OJJTHO3TAaKHOM paMbl, IPEICTABIEHHON Ha pucyHke 5.12.

F 2F 2F F
?—; / 1,51 31 1,51 / ;‘* |
0,751 1,51 1,51 0,751 6M
»r »r 7 beca F
4 M 6MmM | 6Mm | OM L 4 m

Pucynok 5.12 — MHoronposeTHasi 0IHOATaKHasi pama

[IpencraBum cucremy ancambiem u3 KD Broporo Tuma. Pemas cucremy
YPaBHEHU CMELIAHHOI'O METO/1a, HAXOIUM:
F,.=0428El, F_,=0,439El, F ,=0,475El, F, ,=0,489El,

xp,l Kp,2 xp,3
F._:=0515EIl.

xp,5

[TomyueHHble pe3ynbTaThl COBMAAAIOT C MOpuBeAcHHbIMH B [161] wm
CBUJICTENILCTBYIOT O BBICOKOM CTENEHH TOYHOCTH pacyetoB no MKD B dopme
KJIACCUYECKOTO CMEIIAHHOTO METO/A.

B KoHEYHO-371€eMEHTHOW MOJENM CTEP>KHEBBIX CHUCTEM C MPOAOJIBHO CKATHIMU
CTEP>KHSMH KOHEUYHBIE 3JIEMEHThl MOTYT UMETh Pa3IMYHbIC KECTKOCTH, B TOM UYHUCIE U
abcomoTHo sxkectkue BcraBku [31, 34]. Mx yuer, kak 310 ciexyer u3 (5.19), mpu
pacuere mo MKD B ¢opme KCM BoimonHseTCsT aBTOMaTH4YeCKU. B pacdeTHOU
duznueckor MOJEIN MOXKET ObITh YUTEH Kak coOCTBeHHBIM Bec KD, Tak u paznmuunas
MPOJIOJbHAS HAarpy3ka B y3/1ax KOHEYHO-3JIeMeHTHoW ceTku [188], Tak m Harpyska,
cnenpsamias 3a momocom [129]. B pabore H. 1O. Jloporosa [34] wuccimemoBanach
YCTOMYUBOCTh CTEPXKHS MPH CMEMIAIONICHCS, BCIACACTBUE M3TH0A, TOUKE MPHIOKCHUS
Harpy3ku, a B [33] paccmaTpuBasiach YCTOMYMBOCTh TOPH3OHTAIBHOTO CTEPIKHSA,
JIeKAIEeT0 Ha >KECTKOM OCHOBAaHMHM M HAXOMSIIETOCS TOJ| JEUCTBHEM COOCTBEHHOTO
Beca. 3amgadya 00 YCTOMYMBOCTH BEPTUKAIBHOTO CTEPIKHS, HAXOASMIETOCS O]
JelCcTBHEM COOCTBEHHOrO Beca, wHccienoBamach B [188]. B [32] mnpemioxen
NpUOTMKEHHBIM WTEPAlMOHHBI METOJl pacueTa CTEpKHEW Ha yCTOWYUBOCTH,

HO3BOJI5HOIHHI>1 CPAaBHHUTCJIBHO IIPOCTO, XOTA U C HEBBICOKO TOYHOCTBIO, OIIPCACIIATH
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BEJIIMYMHY KPUTUYECKOM Harpy3kd. Bce »5TW 3amaum  pemaroTrcss € MEHbIIUMU
BBIYUCIIUTEIBHBIMU 3aTpaTaMu U C OOJIbIIIEH CTENEHbIO TOYHOCTU MPHU UCIOIb30BaHUU

KOHEUHO-3JIEMEHTHBIX MaTeMaThuueckux mozeneit Ha ocHoBe MKD B popme KCM.

5.3 MaTpuubl OTKJIHKOB NPOA0JBHO ¢KaTOro KJ-crep:kHs BTOpOro tumna u

CKATO-U30rHyTOro K9-miacTuHku

B nanHom pasznene uznaraercs 0osee 3pGeKTUBHBIA BApUAHT aIropuT™Ma pacuera
Ha YCTOWYMBOCTb CTEPKHEW M CTEPIKHEBBIX CUCTEM C HCIIOJIb30BAHUEM CTEPKHEBOTO
KOHEYHOTO 7JJIEMEHTAa BTOPOrO THUIIA W BKIKYAEMON B MaTpUlly OTKIMKOB B
cootBercTBUM ¢ (5.20) MaTpuibl MOTEHIMANa MPOJOJIbHBIX HArpy30K. OTOT Ke
QITOPUTM HCIIOJIB3YEeTCS M I pacueTa Ha YCTOMYMBOCTH IJIACTUHOK 1O Teopuu |

ImopsAaKa.

5.3.1 MaTpuua oTKJINKOB MPOJ0JbHO C:KATOI0 KOHEYHOI0 3JIeMEeHTA-CTeP KHS
BTOPOI0 THNA. AJITOPUTM pacyeTa CTep:KHel U CTep:KHEeBbIX CHCTEM Ha

YCTOMYHBOCTH

OcHOBHas cucTemMa CMEUIaHHOTro Merozaa s Takoro KO moka3zaHa Ha puUCyHKe
5.13. Ona nony4aercs HAIOKEHUEM JKECTKUX CBSI3€H Ha y3J0BbIe (KOHEUHBIE) CEUCHUS,
T.C. CBA3CH MO HAMpaBJICHUAM JUHEWHBIX cMemieHu 1, 2, 4, 5 u nmoBopotoB 3, 6 u
YCTPAaHEHUEM CBA3€H MyTEM BBEICHUS IIAPHUPOB U 3aMEHOW CBS3EH YCWIHUSIMU B HUX.
PacctosiHue oT onop 10 MecTa yCTaHOBKH IIAPHUPOB OECKOHEUHO Majo MO CPABHEHUIO
C JUIMHOM CTEPKHSI.

3a HEeU3BECTHbIC MPUHATHI MEPEMEIICHUSI BBEJICHHBIX B KOHIIEBBIX Y3JIaX CBsI3ei

0, d,,0; ¥ q,, qs, 0y, ¥ ycuus (MOMEHTHI) (,, (;, 3aMEHAIOIHUE YCTPAHEHHBIE IIyTEM
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BBCACHUA IIAPHUPOB CBA3H.

%(% l q,
S

8/“]: y
El

N

ol
e q3 qu; q2
SR ——
q,

X

4

Pucynok 5.13 — OcHoBHas cuctema cMmenanHoro merona K3 Broporo tumna

OT Heus3BEeCTHBIX BO BBEJCHHBIX CBS3SX BO3HUKAIOT pEAKIUU, a II0
HaIPaBJICHUSM YCTPAHEHHBIX CBSI3EH — CMEIICHUSI.

Haiinem 3aBUCUMOCTH BO3HUKAIOUIUX pEAKIMH W CMENIEHUN OT €IMHUYHBIX
3HAUYEHUW HEM3BECTHBIX C YYETOM BIMSHUS NpoAoibHON cuibl N, T.e. chopmupyem
MaTpHIly OTKIMKOB [0] KoHeuHOro 3neMenTa — CTEpHKHS.

[TpuHIIMNIHATBHO 3TO MOXKET OBITH BBIMOJIHEHO HA OCHOBE MPUHIIUIIA BO3MOKHBIX

MIepEMEIICHUM
A+ Wy =151+ Flj(y{y',-)dx —IIEI (yiy;)dx=0. (5.23)
0 0
Ortcrona crnenyet
= If El(yy;)dx - Flj(y; y;)dx. (5.24)
0 0

3nech y,(x), y;(x) — QYHKUMH COOTBETCTBYIOIIEH CTATHIECKON JepopManuu ot

I-TO M J-TO €TUHUYHBIX BO3JICHCTBUI OCHOBHBIX HEU3BECTHBIX.

Kak mokaspIBaeT ONbIT pacyeToOB, 3aMEHA TOYHBIX PELUICHUN C UCIIOJIb30BaHUEM
TPAHCUEHJICHTHBIX (YHKIUNA NPUONMKEHHBIMU JAaeT XOPOIIHE pe3yJbTaThl B TeX
ClyyasiXx, KOTJa KpUTHYecKas cuiia JJisi JII00OT0 KOHEYHOI'O JJIEMEHTa OCHOBHOM

CHUCTCMbI 3HAYNUTCIIBHO BBIIIC KpHTH‘IGCKOﬁ CHJIBI IJIA BCEH CHCTEMBI B OcJaI0oM.
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paccCMOTpUM  MOJIETIbHYIO

3amaqy o

HaXOXIACHUHU

KPUTUYECKON Harpy3KH JJisl MPOJOJIBHO CKATOro cTepkHs (pucyHok 5.14, a). OcHoBHas

cUcTeMa IoKa3zaHa Ha pucyHke 5.14, 6.

—

El

e

Pucynok 5.14 — [IpoionbHO cxaThlid cTepKeHb U ocHOBHas cucteMa MKD B popme

KCM

OYHKIMIO, aNMpOKCUMUPYIONIYI0 MPOTHOBl B OCHOBHOW CHCTEME, MPUHUMAEM,

KaK 1 B 3aJa4€ CTaTHYCCKOI'O I/I3TI/I6a, B BUJC

Y(X) =y + X+ X2 + o, X, (5.25)
Pe3ynbTaThl pacuera npuBeneHHBI B Tabauie 5.3.
Tabmuma 5.3
Yucmo KD F., A, %
4 40,57437 2,52
5 39,83987 0,92
6 39,63674 0,4
AHaNOTMYHO [Ji1 I[IAPHUPHO OMNEPTOTO MO KOHUAM CTEpPKHS IOJYYEHbI

pe3yIbTaThl, IPUBEACHHBIC B TabuIe 5.4,

Tabnuna 5.4
Yucno KD F, A, %
2 10,1436 2,79
3 9,9092 0,401
4 9,8696 0,12
5 90,8741 0,046
6 90,8718 0,0218
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Pe3ynbpTaThl cpaBHEHMI NPUOIMKEHHBIX PEIICHU, IPUBEECHHbIE B TabiuLax 5.3
1 5.4, OKa3bIBAIOT XOPOLIYIO CXOAUMOCTb K TOUHBIM PELIECHUSM.

N3noxeHHble BapUaHThI PELICHU 3a1a4 YCTOMYMBOCTU CTEPIKHEU U CTEPIKHEBBIX
KoHCTpyKIuii Ha ocHoBe MKD B popme KCM, kak 310 mokazaHo Bblie B 1. 5.2.3, qator
BO3MOXHOCTh PEIINTh OTMEUAaeMyI0 BO MHOIMX paldoTax mnpoOiieMy Halu4yus B
pacyeTHOM KOHEYHO-DJIEMEHTHOM CXEME OYEHb JKECTKUX HIIM OECKOHEUHO KECTKHUX
anemeHToB. [Ipu pacuerax mo MKD B TpaauunoHHO#N GopMe MX HAIUYME TPUBOJUT K
YXYALIEHUIO OOYCJOBJICHHOCTH MATPUIbl JKECTKOCTH U, Kak CIEJICTBUE, K
CYILIECTBEHHBIM MTOTPEIIHOCTAM PELICHUS, @ UHOT/1a U K HEBEPHBIM PE3YJIbTaTaM.

[Ipu wucnons3oBanuu MKD B dopme KCM yxynmienuss oOycCIOBIEHHOCTH
MaTpullbl OTKIMKOB KD He mpoucxoaut. B 3ToM He TpyaHo yOeauThCs, MOACTABUB
OeckoHeuHyo kecTkocTh KD B Onok ¢ Matpuiel otkiaukoB (5.20). B pesynbrate
MoJlydyaeM HYJIEBble 3HAUYEHHUS DJIEMEHTOB JTOro 0OJioka. OTO 03HA4YaeT, uTo
MareMaThudeckas MOJAENb NpoAoJibHO cxaToro KO, nucnons3yemoro B pacuete mo MKO
B (popme KCM, ocrtaeTcs HEM3MEHHONM M TpPH €ro OECKOHEYHOW >KECTKOCTH, YTO
H03BOJIsIeT O€3 3aTpyJHEHUI pelmaTh 3aaui, OTMEYaeMble B HEKOTOPBIX paboTax Kak
npobnemusie [31, 34, 36, 134, 137]: 3amaun, cBS3aHHBIE C MEPEMEHHOCTHIO CEUCHUS
CTEpKHEH; BO3AEMCTBHE CHJI, CIHEASIIUX 3a IMOJIOCOM; Y4YeT COOCTBEHHOTO Beca U

AOITIOJJTHUTCIIBHBIX IIPOAOJUJIBHBIX HAI'PY30K B y3J1aX; U T.M.

5.3.2 MaTtpuua OTKJIMKOB MPOA0JIbHO C:KATOr0-U3THYTOI 0

KOHCYHOI'0 3JICMCHTA—IIJIACTUHKH

Ha ocHOBe H310K€HHOI0 BBIIE AJTOPUTMA, PACCMOTPUM IOJYYEHUE MATPHULIBI
OTKJIMKOB MPOJOJBHO CXAaTOr0 H3ru0aeMoro KOHEYHOrO 3JIEMEHTa—TJIACTUHKU
(pucyHok 5.15).

Ydyer BAMSHUS MTPOAOIBHO-TIONIEpedHOro u3rnba KD B BHIe mpsMOyroibHOU

IINTaCTUHKH Ha BCJIMYMHBI K03(1)(1)I/IHI/ICHTOB MaTpulibl OTKINKOB IIPOU3BOAUTCA, KaAK U B
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cinydae KDO-crepkHs, Ha OCHOBE MPUHIIMIIA BO3MOKHBIX MEPEMEIICHUM.

F
PANES ) A A Ay -
® )

X

Pucynok 5.15 — IIpogosibHO Cc3KaThIit M3rUOAEMBbIN KOHEUHBIN 3JIeMEHT—TIIaCTUHKA

PaccmoTpuMm 11Ba  1e(hOpMHUPOBAHHBIX COCTOSIHUS MPOJOJbHO cxaroro KO:
coctosiHie S U coctosgHue t (pucyHok 5.16), COOTBETCTBYIOIIMM JBYM pPa3HbIM

CAUHUYHBIM BOSﬂGﬁCTBHHM B OCHOBHOM CHUCTEME CMEIIaHHOTO METOoAAa.

Pucynok 5.16 — JIBa necdopMHpOBaHHBIX COCTOSTHHSI TIPOJAOIBHO CIKATOTO
K3-nnactunku

Bynem cumTath, 4T0 MOBEPXHOCTH W, (X,Y) M W, (X,Y), MONy4eHHbIC paHee Ul

m3rubaemoro KO 0e3 ydera MNpOAOIBHBIX CHJI H COOTBETCTBYIOIIUE €IUHUYHBIM

Bo3zeicTBusAM (, =1 u Q, =1, ocTaroTcs TakuMU K€ U TIPU ACWCTBUM MPOJOIBHBIX CHIIL.
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B sToM, kak u B cimydae crepaxkHeBoro KD, paccMOTpEHHOro paHee, W 3aKIHOYacTCs
NpUOIMAKEHHOCTh o1Xo1a. OUeBHUIHO, YTO, KaK U B CITy4ae CTEp:KHs, pe3ysbTar OyaeT
TE€M TOYHEE, YeM MeHbIle pazmepnl KO, 1.e. ueM rymie cetka KO s paccmarpuBaeMoit
IJJACTUHKMU.
OcHoBHas cuctema u pyHKuusa Gopmsl g KO-ninacTUHKY NpUHUMAIOTCS B TOM
xe Buae, uro u ansa usrubaemoro KD 0e3 mpomonbHOro cxartusa. Qs KD ¢ 12

CTEP>KHSIMU CBOOO/IBI
W(X,Y) =+ X+ ...+ appXy . W(X,) = + @ X +...+ Xy (5.26)
[ToaTomy ocTaroTcst 6€3 M3MEHEHHH BCE BBIPAKEHUS IS MOMEHTOB, KPUBU3H H
sl KOO PUIUEHTOB «; B (5.26).
IIpu Beruncnennu kodpduuenton 5ij B MaTpuiie oTKInKOB KD HeoOx0oaumMo

ydyecTh cOmmkeHnne KpoMok KO oT BO3ACHCTBUS NPUIIOKEHHBIX 10 KpOMKaM
COKMMAIOIIKX NMPONOIbHBIX cul F u F, .

2

a (i)
L[,
27 dx
- (5.27)
(i) _1 e | dw !
Ay o 2 9 dy dy’
x=0

r7e | — HOMEp €AMHUYHOIO BO3ICHCTBUSA, T.C. HOMEP COOTBETCTBYIOMIETO HEU3BECTHOIO

B OCHOBHOM CHCTEME KOHEYHOI'O DJIEMEHTA.

C yuerom (5.27) BelpaxkeHue Ui onpeneneHus koddpduuuentos [l Oyner umers

CIEIYIOIIWMN BU:

= 1M 0y (0 y)+ MY (xy)ld () +
"o ' )G (5.28)
2M ) (x y) &y (x, y)}dxdy — AU Al

[Tpu BeIUKCIEHUH KOG PUIIMECHTOB O; B BeIpakeHuu (5.28) Bepxuuii uHACKC (])

npu AE() u A(y) 3aMensieTcs Ha uHaekc (i).

Anroput™m GoOpMUPOBaHUS TJI00AJIBHOM MATpPHULIBI OTKIUKOB M J100aBOYHOM
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MaTpULbl OTKJIUKOB Ha JEUCTBUE MPOJOJIBHOTO CXATUS U COOTBETCTBYIOLIEH
pa3pelaroe CUCTEMbl YPAaBHEHUM YCTOWYMBOCTH MPUHIUIIMATIBHO HE OTIIMYAKOTCS OT
aJropuTMa JJIsl CTEPKHEBBIX CUCTEM.
Pemienne 3amau ycToM4uBOCTU MO Teopuu |-ro mopsjika MOTYT UCIIOJIb30BAaThCS
KaK TEepBO€ MPUOIMKEHHWE B pacuérax Ha YCTOMYMBOCTh MO HEIUHEUHBIM TEOPUSIM,

paccMaTpUBaeMBbIM B CIIEYIONIEH IaBe.
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5.4 BuiBoabI IO rJ1aBe 5

1. PazpaGoranHpie B [aHHOM IJIaB€ MAaTeMAaTUYECKHE MOJENU 3aaad
YCTOMYHMBOCTH CTEP>KHEBBIX U IUIACTUHYATBIX CUCTEM IO TEOPHUH MEPBOTO MOPSAKA HA
ocioBe MKD B ¢opme KCM naroT BO3MOKHOCTh pPEUINTh OTMEYAEMYIO BO MHOTHX
paborax mpobiemMy HalIU4uus B pacyeTHON KOHEYHO-3JIEMEHTHOM CXeMe OYEHb MKECTKUX
Wi OECKOHEYHO >KeCTKHX 3iemMeHTOoB. Ilpu pacduerax mo MKD B mepemelieHusx ux
HaJIMYME NPUBOJUT K YXYALIEHUIO OOYCIOBICHHOCTH MAaTpPHIIbl >KECTKOCTH H, Kak
CJIECTBUE, K CYUIECTBEHHBIM IOIPEIIHOCTSIM PEIIEHUS, @ B HEKOTOPBIX CIIydasix M K
HEBEPHBIM PE3yJIbTaTaM.

2. llpu wucnons3oBanuu pacumpenoro MKD B ¢opme KCM  yxyamienus
00yCIIOBIEHHOCTH MaTpuIlsl OTKINKOB KD He nmpoucxoaut. B atom MoxHO yOoenurtbes,
MOJICTAaBUB OECKOHEYHYIO XeCTKOCTh KO B OJIOK MaTpuilbl OTKIMKOB. B pe3ynbrare
NoJly4aeM HyJIeBble 3HaYEHUS 3JIEMEHTOB 3TOro 010ka. OOpalaeTcsi B HOJIb PU 3TOM U
no0aBoYHasi MaTpUlla OTKIMKOB Ha JIEWCTBHE MPOAOIBHBIX HArPY30K M3-32 OTCYTCTBHS
nedopmanuii 6eckoHedHo xkectkoro K3. DTo o3Hauaer, 4To MaTemMaThueckas MOJEIb
npoJloibHO cxkaroro KO ocrtaercs, Kak U B 3ajadyax CTaTUKW, HEU3MEHHOW W NPU €ro
OCCKOHEUYHO OOJIBIIION YKECTKOCTH, YTO IMO3BOJISET 0€3 3aTpyJAHCHUU pemniaTh 3ajadd,
OTMEYaeMbIe B HEKOTOPBIX paboTax Kak MpoOIeMHEIE.

3. Pacuersl ynpyrux cucreM Ha “yCTOMYMBOCTH B MajioM”, COOTBETCTBYIOIIHE
pacyeTraM II0 TEOpPUU IIEPBOrO IOPSAKA, IIO3BOJSAIOT HAWTH, TaK HAa3bIBAEMYIO,
“BEpXHIOI” KPUTHUYECKYIO HArpy3Ky, HPEICTABIAIONIYI0 HE TOJbKO MNPAKTUYECKUU
WHXEHEPHBIN UHTEPEC, HO U MCIIOJIb30BATh €€ KaK NEPBOE NMPUOIMKEHHUE B pacyeTax 1o
teopusim |l u 11l mopsiakos.

4. Hcnomp3oBaHWE BMECTO ‘‘“TOYHON’ MATPHUIIBI OTKIWKOB, KOX(GOHUIIMEHTHI
KOTOPOW BBIpa)KalOTCA 4Yepe3 TPAHCLUEHICHTHbIE (DYHKIUH, TPUOIMKEHHOW MaTpHUIIbI
OTKJIMKOB CYIIECTBEHHO YMPOILAET pacyeT, HO TpeOyeT A AOCTHXKEHHs TpeOyemoi

CTCIICHHU TOYHOCTH pPaCucTa CrymicHHA KOHEUHO-3JICMEHTHOM CETKM HE MEHEE 4YeM B
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YeTbIpe pa3a. ITO YCJIOBHE OTHOCUTCA M K CHCTEMaM, MPEJCTaBICHHBIM aHCcaMOJeM

miacTuHYaThiX KDO.
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I'1aBa 6
duznyeckue U MaTeMaTHYECKUE MOJIeJIM TeOMEeTPUYECKH U KOHCTPYKTHBHO

HeJIMHEHHBIX 33124

6.1 HesqmHeliHas cucTeMa pa3spelialoiuX yPaBHEHUH MET01a KOHEYHbIX
3J1eMEHTOB B (hopMe KJIACCHYECKOr0 CMEIIaHHOI0 MeTo/1a.

AJITOPUTM pelIeHus

HcnonpzoBanue MKD B Qopme KIacCHYECKOro CMELIAHHOrO MeToda JJis
JTUCKPETHBIX WM JUCKPETU3UPOBAHHBIX PACUETHBIX CXeM ((U3MYECKUX MOJENei)
OPUBOJUT K TIOJYYEHHIO pa3pellarolield CUCTEMbl HETUHEHHBIX anredpandyecKux
ypaBaennii (CHAY) oTHOcuTEenbHO ompenensieMblX HEM3BECTHBIX MapaMeTpoB. OTa

CHCTEMa MOXKET OBITh MpcacTaBJICHA B (1)OpM€ MAaTpHUYHOT'O YPpAaBHCHUA
[O(a){a}-{F} =0, (6.1)

rjae {Q}‘ = qu, (o PR o RN IURo FPRRURRRN o JT - BEKTOp KHHeMaTuueckux (()

cuIOBbIX () HEM3BECTHBIX B OCHOBHOM CHCTEME CMEIIaHHOTO METO/1a,

F

|:n+1’ n+2' ***1 7 n+m

{(F}=|F.F ... F

T
i J - BCKTOP, 3JICMCHTAMH KOTOPOI'O ABJIAIOTCA

BHeIIHUE Bo3jelcTBus ( F - kuHemMaTnyeckue, F - cunoBble),

[D (q)] - MAaTpHuLa OTKIMKOB KOHCTPYKLMH pasmepoM (N+m)x(n+m), smemeHTsl

KOTOPOM 3aBHUCST HE TOJIBKO OT CBOMCTB MaTepuasa U TeOMETPUN KOHCTPYKIIMH, HO U OT

e€ HanpPsSHKEHHO-1e(OPMUPOBAHHOTO COCTOSIHUSA, BRIPAXKAEMOT0 Yepe3 BEKTOP {q} .

Cuctema ypaBHeHH# (6.1) siBiIsieTcs CUCTEMOW HENMHEHHBIX anreOpanyecKux
ypaBHeHuit (CHAY) 0THOCHUTENbHO HCKOMBIX MEPEMEIICHUI U YCUIIHIA.

Pemienrie €€  BBINOJIHSETCS  MHKPEMEHTAJbHBIM  METOJAOM  (TIOIIaroBOe
Harpy>keHHe) ¢ YTOUHEHHEM PEIICHUsl MOCJe KaXJOro Iara HarpyXeHusi 1o MeToay

Herorona-Padcona.
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HpeI[HOJIO)KI/IM, YTO IIOCJI€ BBINOJHEHHS K-ro miara AOIrpyKCHUA, T.C. IIPH

YPOBHE  HArpy3ku F®, HaliICHbl ~ 3HAYEHHUS  HCKOMBIX  HEHU3BECTHBIX:

(k) (k) (k) K gk (k)
N 2 4o+ Oy - KuHeMaTH4eCKUX U (.1, 05,5 +- -+ Oy, - CHIIOBBIX.

OTu 3HaYeHHS HEU3BeCTHBHIX ynoBieTrBopsitor CHAY (6.1) mpu Takom ypoBHE

Harpysox, T.e.

L[a®, .., q®,q%, ..., 4%, F©]=0. 6.2)

n+l1? n+m?

Ipu no6asnennn Ha (K +1)-om ware narpyskun AF** nonyuaem CHAY
L, [(ql(") + Aql(k*l)), (qrﬁ") + Aq,ﬁ"*l)), (qgﬂ+ Aq,ﬁ'_‘f)),

(09, +AQER), (F9 + AR )]0

n+m

(6.3)

Boruts u3 oneparopa (6.3) onepatop (6.2), monyuum CHAY B mpupaiieHusx

napamerpos AqH, AFED

LZ[(q(")+Aq"‘+1)), (F“HAF“*”)]— L(q®, F®)=

_ L3|:Aq(k+l)’ AF(k+l):':0.

(6.4)

Beimonnus nuneapuzaimuio CHAY (6.4), ocTaBisisi B HEMl TOJBKO BEJIUYHHBI
NEPBOTO TMOpsAKa MajoCcTH, M pemuB nodydeHHyro CJIAY, Haiinem 3Ha4YeHHS
IpUPALICHUH MCKOMBIX MapaMeTpoB Ag*“™ ¥ 10 HUM 3HAYeHUs IapaMeTpoB
q®? =q® +Aq*™® mocne (k +1)-ro mara J0OrpyKeHus.

YTouHEeHHE 3TOro peuieHus BbINONHAETCS, Kak 1 B MKD B nepeMenieHusx, mno

merony Hetotona — Padcona wiu ero Mmogudukamm.

B COOTBETCTBMM C AITrOPUTMOM JTOI0 METOJAa HAMJEHHOE DELIEHHE II0CIE
(k +1)-ro mara gorpyxenus ¢ :(q(") +Aq("+1)) noacrasisercs B CHAY (6.3).
Tak Kak 3TO pEIIEHHE SABIAETCS JUIIb HYJIEBHIM (JIMHEWHBIM) NPUOIMKEHUEM, TO B

npaBoi uvactu 3toi CHAY mnonydyuM He Hy/nHM, a BEKTOP HEBSI30K B YpPaBHEHUSIX

paBHOBECHS U COBMECTHOCTH Jiepopmariuii (iepeMereHnii)

LZ((O)q(k+l)’ F(k+1)): P((O) R(k“’) ’ 5((°)A(k+1) )JT . (6.5)
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Jlist mosiydeHHsl TepBOro MpuoOInkeHHs (YTOUHEHHs])) K TOYHOMY PELICHUIO
nojcraBuM B (6.5) BMecTto @ g+ Benuunny g =@ gD 4O Aq*D y BEIIOTHUM
nuHeapu3anuio noiaydeHsoro CHAY.

LZ((O)q(k+1) + OAqlD, F"‘”)):O. (6.6)

PemmiB monyuennoe wu3 (6.6) JIMHEApU30BaAaHHOE YypaBHEHHUE OTHOCHUTEIHHO

nonpaBok ®Aq*Y, momyuum yrouHeHHoe perienue &gk =@ qib LM AqteD

IloncraBus 3TO peurenne B (6.6), I1OJIy4UM BEKTOP HEBS30K
Lg((l) R(k+1)) ’ 5((1)A(k+1) )JT |

[Huknel  uTepanuii  MOBTOPAIOTCS 10  JOCTHDKCHHUSI HY)XHOM  CTENeHU
NpUOIIDKEHUST K HYJIIO Pa3HUIBI HEBSI30K MEXIY JBYMS IOCJIEI0BATCILHBIMU
npUOTMKEHUSIMU.

N3naraemplii anropuT™ sIBISETCS 0000IICHHEM aJIfTOPUTMA, UCTIOIB30BAaHHOTO B
raBe 3 Uil pacuera JIMHEHHO — Ae)OpPMUPYEMBIX CTEP)KHEBBIX cCUCTeM. B0O3MOXKHOCTH
ydeTa pa3lIndHbIX BHJOB HEJIMHEWMHOCTEN B MaTEMaTUYECKUX MOJEIAX YIPYTHUX
CTEp>KHEBBIX CHCTEM, OCHOBaHHbIX Ha MKD B ¢opMe KilaccMuecKOro CMEIIaHHOTO
METO/1a, CYIIECTBEHHO PaCIIUPSAET 00JACTh €ro MPUMEHEHUSI.

Cnenyer OTMETUTH TAaKXKe, YTO B paspeliaronieid cucreme ypaBHenuit (6.1), He
MEHSISI €€ CTPYKTYpPY, MOKHO MEHSATh MECTAMU 4YacTh UCKOMBIX IapaMETpOB U YacThb
3aIaHHBIX apaMeTpoB, 4TO 0COOEHHO Ba)KHO npu pacuere
KOHCTPYKTUBHO-HEJIMHENHBIX CUCTEM M IPHU UCCIEAOBAHUU MOJIENIEd I€OMETPUYECKHU
WM (GU3NIECKHU HEITMHEHHOTO MMOBEICHHUS KOHCTPYKITHIA.

Cmeny mapaMeTpoB B XOJ€ TaKOro MCCIEIOBAHUS MPUHSATO HA3bIBATh CMEHOU
(OKECTKOTO» HATrpyKeHHSI Ha «MsTKoe» Wik HaobopoT. Takoil mpueM mO3BOJISET
MPOCTIEANTH «BETBICHHUE) PEIICHUN B 3aKPUTHIECKOMN 00IaCTH.

PeBYJIBTaTBI, IMOJTYYCHHBIC C HCIIOJBb30BAHHUCM H3JI0KCHHOI'O aJIr'OPUTMA pPAaHCC

onmyOJIMKOBaHbI B HaIKX pabotax [54, 55, 68, 69, 72, 76, 77, 80, 124].
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6.2 AHa/1M3 reoOMeTPUYECKH HEJMHEHHbIX 32/1a4 YCTOMYHUBOCTH IHAPHHUPHO-

CTEPKHEBBIX CUCTEM

[Ipu pemieHUM reOMETPUYECKH HEIMHEHWHBIX 3a7a4 OJHOMY YPOBHIO BHEITHUX
CUJIOBBIX WJIM KHHEMAaTUYECKUX BO3JECUCTBUH MOTYT COOTBETCTBOBATH pa3IUYHbIC
KoHurypauuu aehopMUPOBAHHON KOHCTPYKIUU. «JlepeBo» HETMHEHWHBIX peIIeHUuN
MOXET OBITh OYEHb CIOXKHBIM M COJepkKaTh o0cCoOble TOYKH (TIpejeibHBIE,
OudypKalMOHHbIE), KOTOpPbIE HEOOX0nUMO OOHapyxkuThb. I[loaToMy HeoOXoAMMO
JeTaTbHOE UCCIIEA0OBaHUE TPACKTOPUHU Je(POpMUPOBAHUS KOHCTPYKIIUH.

[IpobGremMa JOCTOBEPHOCTH YHMCICHHOTO PEIICHUS T€OMETPUUECKH HEJIMHEWHBIX
3a1a4 AeOpPMUPOBAHUS CTEPKHEBBIX KOHCTPYKIHH (OOJBIINE MEPEMEIICHHS) 10 CUX
1Op BBI3BIBAET OOJIBIION MHTEpec. B wacTHOCTH, B psae nmybnukanuii [122, 123 u ap.]
BBICKA3bIBAJIOCh M 0OOCHOBBIBAJIOCH HA PsZIe TPUMEPOB pacueTa YTBEP)KJICHHE O TOM,
YTO CYUIECTBYIOIIME MPOTPaMMbl KOHEUHO-3JIEMEHTHOTO aHallu3a HECOBEPIICHHBI B
pEIIeHNH TEeOMETPUYECKH HETUMHEHHBIX 3a7ad. XOTd B MyOJIMKAIUSIX OINIMOHEHTOB,
Harpumep, B [35, 110-112, 126, 180], m Obula mokazaHa HEKOPPEKTHOCTh B
MaTEMaTUYECKUX BBIKJIAJIKaX B HCXOJHBIX MYOJUKAIMIX, MOJHYIO JOCTOBEPHOCTD
pEIIeHHS] MO>KHO TMOJATBEPAUTH TOJIBKO COBIAJICHUEM PE3YJIHTATOB, MOJYUYEHHBIX ABYMS
Pa3TUYHBIMU CIIOCOOAMHU UJTU C DKCIIEPUMEHTOM.

OmHUM U3 TaKUX METOJIOB SIBJISIETCS PACIIMPEHHBIM METO/I KOHEYHBIX PJIEMEHTOB
B (popMe KJIacCHYECKOTO CMEIaHHOTO METO/1a, C UCIIOJIb30BAaHMEM KOTOPOTO, HA OCHOBE
M3JI0)KEHHOTO BBINIE aJrOpUTMa, HaMH ObLIa pellieHa, Kak 3ajiada, ¢ KOTOPOW Hayanach

yInoMsiHyTas Tuckyccus [69], Tak u psig Ipyrux 3aaad.
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6.2.1 CraTn4eckoe reoMeTpru4eCcKU HeJIMHeiTHOe 1e()OpMUPOBAHME IIJIOCKOM

IIAPHUPHO-CTEPKHEBOM CUCTEMbI M3 JINHEHHO-YIIPYTUX CTePKHEH

B nameit pa6ote [68] monydeHo penieHrne reoMeTpUYeCKr HEJTUHEWHON 3a/1a4u O
neOpMUPOBAHUU TPOCTON IMIAPHUPHO-CTEPKHEBOM CHUCTEMBbl M3 TISATH JIMHEWHO-

yIPYTruX cTep:kHEH (pUCyHOK 6.1), BbI3BaBIIEH AUCKYCCHUIO, YIIOMSHYTYIO BBIIIIE.

a=10am.b=95nm

EF, =1000000H, EF, =1000H

Pucynok 6.1 — [IlapaupHO-CTEpKHEBAS CUCTEMA U3 MSATU JIUHEHHO-YIIPYTUX CTEPKHEU

KunemMatnueckuil aHamn3 3TOM KOHCTPYKIHUHM KOHCTPYKIHMH, KAaK CHCTEMBI W3
KECTKUX CTEP>KHEH T[OKa3blBA€T, 4YTO B MCXOAHOM COCTOSSHUM OHa SABJISIETCS
F€OMETPUUYECKH HEU3MEHSIEMOMN U CTATUYECKHU OIPEICITUMOM.

Pacuer BBINOJIHEH Ha OCHOBE AJITOPUTMA YUCIECHHOI'O PEIICHUS T€OMETPUUYECKHU
HEJMHEHHBIX 3a/1a4 e(OpMUPOBaHUS MIAPHUPHO-CTEPKHEBBIX CUCTEM, U3JI0KEHHOTO B
m. 6.1, ¢ UCIIOJIB30BAaHUEM TIPOIICIYPHI TOMIArOBOTO JOTpYyKeHus: cuctemsl [138, 139].
BoluncneHust BBINOJNHSUINTh B PEKUME TaK HA3bIBAEMOTO «MSTKOr0» HArpyXeHus,
KOrJa BEKTOp BHENIHUX cuil wu3BecTeH. (OCHOBHass cuUCTEMa U CUCTEMa B

neOopMHUPOBAHHOM COCTOSTHUHM TMOKa3aHbI HA PUCYHKE 6.2.



Pucynok 6.2 — OcHOBHasl cucTeMa U cucteMa B 1€(pOPMUPOBAHHOM COCTOSIHUU

Ha pucynke 6.3 mpencraBieH rpaduk 3aBUCUMOCTH  BEPTUKAIBHOTO
nepeMenieHust (; BepxHed omopsl A cTepkHEBOM cuctembl (pucyHok 6.1) ot
BEJIMUMHBI Harpy3ku F (Ha pucyHke 6.3 s HarjasiIHOCTH  TPaeKTOpUSs
nedopMUpOBaHUS TIOKa3aHa JJIsl BCEX JTAllOB HArpyXeHus). 3asBICHHOMY YpPOBHIO
Harpy3ku 300 H cooTBETCTBYIOT Tpu BO3MOKHBIX KOHPUTYpAIUH, Kaxaas U3 KOTOPhIX
ABJIIETCS paBHOBEeCHOW. [Ipu 3TOM BHIHO, YTO CMEHAa KOH(UTypaluil MmapHUPHO-
CTEp>KHEBOW CHUCTEMBI 0€3 «IPOUIEIKUBAHUI» BO3MOXHA TOJIBKO MPU TMPHUIOKEHUU
KOMIIEHCUPYIOIIEH (OTpHUIIATEIbHON MO HAIpaBJICHUIO) HArpy3kH, oOecreyuBaroen
pasrpyeHUE CUCTEMBI.

[lo mnpemiokeHHOMY aJIrOpUTMy HAWJACHBI BCE BO3MOXKHBIE PAaBHOBECHBIC
COCTOSIHUSL CUCTEMBI.

Ha pucynke 6.4 npuseneH rpaduk 3aBUCUMOCTH TOPU30HTAILHOTO CMEILEeHus J,
omop A m C crepXHEBOW cHCTeMbl OT BeIMYMHBI Harpy3ku F. Ha pucynke 6.5

npuBelieH TrpapuK 3aBUCHMOCTH BEPTHKAIbHOIO CMelleHus 0y 1mapHupa D

CTEPKHEBOM CUCTEMBI OT BEJIMYHUHBI HATPY3KU F .
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Pucynok 6.5 — I'paduk 3aBUCUMOCTH BEPTUKATBHOTO CMEILIEHUS apHUPa
CTEP>KHEBOM CUCTEMBI OT BEJIMYMHBI HArPY3KU F

[IpaBWJIBHOCTh MOJYYEHHOTO PEMIEHUS MOKHO IMPOBEPUTH, HCIIOIB3YS BMECTO
CUJIOBOTO «MSITKOTO» BO3JEHUCTBUS, GKECTKOE» KUHEMATHUECKOE BO3ICHCTBHE B BUIE
yIpaBisieMoro rnepeMeienus ysna. [Ipu 3ToM 3amaroTcss NpHUpalleHUs MU CMELICHHM
HEKOTOPBIX Y3JIOB U HAaXOHSTCS COOTBETCTBYIOIIME IIOJYy4aeMOM TakuM o00pa3oMm
KOH(UTypaluu CUCTEMBI 3HAUYCHHs BHEIIHEW Harpy3ku. AnroputMm pacuera mo MKDO B
dbopme KCM mno3BosiseT Aenarh 3TO Ha JIt0OOM IlIare Harpy>KeHus W3MEHEHHEM BHUA
rapaMeTpa Harpy>KeHusl (CUJIIOBOrO Ha KHUHEMAaTHUYECKUN UM HA000POT).

Hannume wmamoro uwmcna cremeHed CBOOONBI paccMaTpUBAEMOW CHCTEMBI
MO3BOJISIET 3allicaTh [JJIs HEE AHAIIMUTHUYECKOE PELUICHWE U IOCTPOUTHh BCE BETBU
PaBHOBECHBIX COCTOSIHUN KOHUTypanuu. Ha mepBoM sTame «KECTKOTO» 3arpy>KeHHS

(pucyHOK 6.6) ycuusi BOZHUKAIOT TOJIbKO B cTepxkHsAx AB, BC, AC.
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PucyHok 6.6 — IlepBrlii 3Tan «GKECTKOTO» HArPYKEHHUS

HpeI[eJIBHBIC 3HA4YCHUA BCIIMYNHBI Harpys3kKu F Hu BCIIMYHNHBI ql y

COOTBETCTBYIOLLIME JOCTUTHYTOM KOH(QUIypaluH SBISIOTCS, OCOOBIMM TOYKaMHM Ha
TPAEKTOPUU HArPYKEHHUS.

BTopoii 3TaIn «GKeCTKOro» Harpy»KEHus: HAYMHAETCS OT NPEACIIBHOrO 3Ha4eHUs
NEPBOro ATara HArpy>KeHUs M 3aKaHuMBaeTcs AocTkeHueM crepxHsmu AB u BC

TOPU30HTAIBHOIO MOJIOKEHHUs (PUCYHOK 6.7).
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Pucynok 6.7 — BTopoii 3Tan «GKeCTKOro» Harpy>KeHus

[Tociie 3TOrO CHOBA MPOU30UAET UBMEHEHHE PACUECTHOM CXEMBbI, TAK KaK CUCTEMA
CTaHOBHUTCS MTHOBEHHO M3MCHSICMOIA.

[To HalieHHBIM B MpEEIbHBIX KOHPUTYpaMsIX JIMHAX CTEPKHEH MOTYT OBITh
HaWICHbI YIJIMHEHUS CTEPKHEW M YCWIMS B HUX M CPaBHEHBI C pe3yJbTaTaMU pacueTa
CHCTEMBI TTOJTyYCHHBIMU T10 CIICHAPHIO «MSATKOT0)» HArpyKEHHUS.

BrinosiHeHHBIE pacyeThl MAPHUPHO-CTEPIKHEBBIX CUCTEM MOKA3bIBAIOT BBICOKYIO
s pexkrnBHOCTE MKD B (popMe KITACCMYIECKOT0 CMEIIAaHHOTO METOJIa U BO3MOXKHOCTH
HCTIOJIb30BAaHUS €T0 MPU aHAIU3€ PE3YIbTaTOB, MOTYUYEHHBIX C UCIOJb30BaHueM MKD B

MIEPEMENICHHUSIX.
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6.2.2 UccneqoBaHue yCTOMYMBOCTH U 3AKPUTHYECKOI0 MOBEICHUSI

¢pepmbl Mu3eca (MogebHas 3a1a4a)

PaccmoTpuM mocTpoeHne MareMaTHYEeCKOM MOJENU 3aJayd YCTOMYMBOCTH M
3aKPUTUYECKOTO TMOBEACHUS IMPOCTEUIIEN CUMMETPUYHOM JBYX-CTEPKHEBOU ILJIOCKOU
IAPHUPHO-CTEPKHEBON CUCTEMBI, Ha3biBaeMoil ¢epmoil Muszeca, Mo UMEHU NEPBOTrO
UCCleloBaTeNs,  OMyOJMKOBaBUIETO  (yHIaMEHTalibHble  pabOThl MO  TEOpUHU
YCTOWUYHUBOCTH.

Ora 3aja4a pemaiach no3xe MHorumu aBropamu [114, 137 u ap.] B pa3nuyHbIX
NOCTAaHOBKAaX M pa3InyHbIMU MeTonamu. Kak MozaenbHas U TECTOBAs OHA UCIIOIb3YETCs
U B HacTosllee BpeMs I aHalu3a, OTJIAJKM W TECTUPOBAHUS aIrOPUTMOB H
IPOrpaMMHOTr0 00eCleYeHusl pelieHus] FTeOMETPUUECKH HeuHEeHHbIX 3a1a4 [129, 137 u
np.] B nanHoMm cnyyae 3ajaya pemiaeTcsi METOJIOM KOHEYHBIX 3JIEMEHTOB B (opMme
KJIACCUYECKOT0 CMEIIAHHOTO METO/1a B TEOMETPUUECKU HEJTMHEUHOW MOCTAHOBKE.

Kak mokazano B pabortax B.B.I'amuminukoBoit [22, 23], anroput™M H3BECTHOTO
IPOrpaMMHOI0 KOMILJIEKCA, OCHOBaHHBIM Ha peanuzanuu MKD B mepemenieHusix, He
MO3BOJISIET  BBIABUTH KPUTHYECKYI0 KOH(MUrypaluio, COOTBETCTBYIOUIYIO TOYKE
Oudypkanum, U MpoJ0JDKACT CIIeI0BaTh KPUBOH PaBHOBECHBIX COCTOSHUM 3a TOYKOM
Oudypkanuy TMpu MPOAOHKEHUH Bo3pacTanust Harpy3ku. Cosmaercs JIOXKHOE
BIIEYATIICHHE, 4YTO (epMa ycTOWYMBA, OJHAKO, HA CAMOM Jeje Harpys3ka Iocie
MIPOXOKJEHUSI TOUKU OmdypKanuu cHuxaeTcs (dpepma Tepser ycToiunBocTs). [loreps
YCTOHYMBOCTU BCJeACTBUE Ou(ypKalud aaropuTMoM He BbIABIsieTcs. g perieHus
3TOM MPOOIEMBI MOKET ObITh UcTioNb30BaH MKD B (hopme kimaccuueckoro cMenanHoro
METO/a.

B rnaBe 5 mokazaHo, 4TO mpocTelas MapHUPHO-CTEPKHEBAsA CUCTEMA B BUJIE
depmbl Mmuzeca MOXET TepATh YCTOWYMBOCTH (NP pacyeTe €€ IO TEOpUHU
YCTOWYMBOCTU MEPBOr0 MOPsAJKa) KaK MO MPIMOCUMMETPUYHON (opMme, Tak U IO

KOCOCUMMETPUYHOM.
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PaccMoTpyM MaTeMaTHyecKHe MOJENU 3aJauyd HEJIMHEWHOro pacyera (hepMbl
Muzeca 1O HEIMHEHHOM TEOpUM I JBYX BO3MOXHBIX (OpM MOTEpH €€

YCTOMYUBOCTH - IPAMOCUMMETPUYHON U KOCOCUMMETPUYHOM.

1. [IpsmocummeTpuuHast popMa MoTepu yCTOUYUBOCTH
Ucxonnass xoHdurypanuss ¢epmMbl ¢ TEOMETPUYECKUMH U (PU3UYECKUMU
napamMeTpaMu Moka3aHa Ha pucyHke 6.8 a. Ilpu nannoit popme nmorepu ycTOMYUBOCTH

dbepMa coxpaHseT CHMMETPHUIO U B 1e(DOPMUPOBAHHOM COCTOSIHUM.

Pucynok 6.8 — Mcxonnas koHurypanus GpepMbl C TeOMETPHUECKUMH U
du3MUecKUMH MapaMeTpaMu U OCHOBHAsI CUCTEMa CMEIIAHHOTO METO/a Mpu
IPSAMOCHMMETPUYHON (popMe MOTEepH YCTOMIMBOCTH

OcHOBHasi cuUCTeMa CMEIIAaHHOTO MeTojAa IloKa3aHa Ha pUcyHKe 6.8 6. [lns

UCCJIEAOBAaHUs TOBEJCHHUSI CHCTEMBbl IMPU BO3pPACTAHUM HArpy3KH HCIOJIb3yEeM
F

mpoleaypy nomaroBoro gorpyskenus. llar narpysku AF=—, rae N - gucio maros. B
n

CJIy4ae HEOOXOJUMOCTH IIIar JOTPYKEHHUS MOXKET ObITh BHIOpaH MEPEMEHHBIM.
PaccMoTprM 4uMCIEHHBIM NpUMEP aHAIM3a TEOMETPUYECKH HEJIMHEUHOTO
noBencHus (epmel Museca. [lapamerpbl cuctemsl: BbicoTa (Gepmbl h=1m, yron
HaKJIOHA TIEPEMEHHBIN, IPOAO0bHAS KeCcTKOCTh cTepkaeir EA=1000m .
YTOYHEHHE pEeUICHUsI CUCTEMbl HEIIMHEHMHBIX YPABHEHHMU IOCIE Ka)KJIOro Iuara
Harpy>k€HHUs BBIIIOJHAETCS WUTEpallMOHHO. Ha HavanmpHOM 3Tare pacuera nmapaMeTpom

[IaroBOT'0 Harpy»eHus siBjsieTcs Harpyska F.
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[Ipu wucciaegoBaHWM TIOBEIECHHUS CHUCTEMBl TIOJ HArpy3koW, OJHM3KOM K
KPUTUYECKOM, HEOOXOIMMO MEHSITh MapaMeTp MIAroBOr0 JIOTPYXKEHUS, T.€. MEPEXOAUTh
K TIOIIaroBOMY HW3MEHEHHMIO BeAyIlero Jae(OopMalMOHHOTO KOMIIOHEHTa BEKTOpa

Y3JIOBBIX [IEPEMEILICHUM.

Yroa 55,6rpan
3aBHCUMOCTH BeJIMYMHBI HATPY3KH OT BEPTHKAJILHOTO NepeMeleHust

500 E
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200 /

100 +—; siia Siia

1 >

o
®
@
®

-100
-200
-300

-400 — |
BepTukanbHoe nepemMelieHne BepxXHero y3jia (pepmMbl, M

>
N
>

BepTukajibHasi HATPY3Ka, T

o

Pucynok 6.9 — KpuBas paBHOBECHBIX COCTOSIHUI TTPU MIPSIMOCUMMETPUYHOM
dbopmMe nmoTepu yCTOMUUBOCTH

Ha pucynke 6.9 mpuBeneHna kpuBas TEKyIIMX Ie()OPMUPOBAHHBIX COCTOSHUN
paBHOBecus (epMbl C HadalbHBIM YIJIOM HakjidoHa o =55.6°. PaccmarpuBas
nehOpMHPOBAHUE CUCTEMBI B 3aBUCUMOCTH OT BEJIMYMHBI HATPY3KH MOXKHO TOJYYUTh
TOJNbKO 4YacTh KpuBoW nedopmupoBanuss O0—A—E—F, wa koropoit B Touke A
MPOUCXOJIUT «IEPEeCcKOK» a0 Touku E, T.e. nepopmupoBanme mnpoucxonutr 0e3
M3MEHEeHUs Harpy3ku. [lo3Tomy uTepauOHHBIN OpOLECC MO 3aJaHHOM BEJIIMYMHE I1ara
Harpy3kd BBIIOJIHSIETCS TOJBKO N0 JOCTHXeHus Touku A. Bcioo kpuByro
nehopMHUpOBaHUs, HEOOXOIUMYIO /I aHAIW3a TOBEICHUS CHUCTEMBI IMOJ HArpy3KOu
MOJIy4aeM, MEHSISl CHUJIOBOM TMapameTp Ilara HarpyXeHuss Ha aedOpMaIMOHHBIN.
YTOYHEHHE PEIICHUS Ha KaXKJIOM IIIare BBITOTHACTCS HTEPAIMOHHO [124].

Ha pucynke 6.10 npencrasnena 3aBuCMMOCTb Harpy3ku F, oT HaganbHOrO yria

HakJI0OHa (hepMbl TP IPSIMOCUMMETpUYIHOH ee nedopmaruu. [TyHKTHpOM TIOKa3aHa 3Ta

K€ 3aBUCUMOCTh IIPH pacyeTe 1Mo HeaehOpMHUPOBAHHON CXEME.
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Pucynok 6.10 — 3aBUCHMOCTB HArpy3KU F_ = OT Ha4aJIbHOTO yIiia HAaKJIOHA (hepMbI

IpU MPSMOCUMMETPUYHON (hOopMe MOTEPH YCTONUMBOCTH

B nepexomHoit 30He 62°<a<70° mar Harpy)XeHus IpPUHUMAETCA

YMEHBIIEHHBIM B 2 pasa.

2. O0paTHOCUMMeETpUYHAs (hopMa OTEPU YCTOWIMBOCTH (hEPMBI.
Teopetnuecku 3Ta GopMa MOTEPH YCTONUMBOCTH BO3MOJKHA JIMIIb MPU MaJOM
BO3MYIIEHUM HArpy3kold B TOpPHU30HTAJIbHOM HAINpABJICHUM WIM HAyaJlbHOM

HECOBEPIIICHCTBE.
HNcxonnass xoHdurypanus ¢epMbl ¢ TeOMETPUYSCKUMH H  (PU3UICCKUMHU

napamMeTpaMu Mmoka3aHa Ha pucyHke 6.11, a. B HauanbHOM MOJIOKEHUH TIPU OTCYTCTBUHU
HAT A [ (O R C) R O
py3ku oHa cummerpuuHa: | =L" =1, o' =a,’ = .
OcHOBHasi cucTeMa CMEINIAaHHOTO METOAa ToKa3zaHa Ha pucyHke 6.11, 6. Jlnsa

WCCJIEIOBAaHUSI TIOBEJACHUS CHUCTEMBbI IIPU BO3PACTAHWMM HArpy3KH HCIOJb3YEeM
F

mporeaypy nomarooro gorpykerus. Illar narpy3ku AF=—, rme N - gucio maros. B
n

Cllyyae HeOOXOJMMOCTH IIar JOTPYKEHUSI MOXKET OBbITh BEIOpaH MEPEMEHHBIM.
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Pucynok 6.11 — Ucxonnas koH@urypaius GpepMbl C TeOMETPUYECKUMHU U
(u3MUeCKUMH MapaMeTpaMu U OCHOBHAsI CCTEMa CMEIIAHHOTO METo/a Mpu
00paTHOCUMMETPUYHOU (popMe MOTepU YCTOMUYUBOCTH

Bosmymatomas Harpy3ka Q mpHHHMMaeTCs OYEHb MO IO OTHOIIECHUIO K

BepTHKaIbHOI Harpyske F . Hampumep, Q =kF, rae k =107°.

Jliist mpuMepa paccMOTpuM GepMy ¢ HadallbHBIM YTIIOM HakJIoHa 75° (C TeMu ke
napaMeTpaMH, 9TO ¥ B MPEABIAYIIEM clTydae).

Tpaekropusi BEpTUKAIBLHOTO IEPEMEINEHUsI €€ BEepPXHEro y3ja IOKa3aHa Ha
pucynke 6.12 (kpuBasi paBHOBECHBIX COCTOSIHHH).

Ha pucynkax 6.13 wu 6.14 mnpeacrtaBieHbl 3aBUCHUMOCTH BEPTHKAIHLHOTO
TIepEeMENICHHSI BEPXHETO y3J1a OT Harpy3Kd U TOPH30HTAIBHOTO IMIEPEMEIICHUST BEPXHETO
y3Jia OT Harpy3Ku cOOTBETCTBeHHO. Ha rpadmukax mpemcraBieHsl pe3yiabTaThl pacuera
JUIS  HECKOJBKUX HAa4YaJIbHBIX YIJIOB HaKJIOHA CTepXKHEH. XapaKTepHbIE TOUYKH

0003HaueHbl Ha TpaduKe, COOTBETCTBYIOIIEM HAYaJIbHOMY Iy HAKJIOHA CTEPKHEH

75°.
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Pucynok 6.12 — TpaekTopusi BEpTUKAJIBHOTO MEpEMEIICHUS] BEPXHETO y37a
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PucyHok 6.13 — 3aBUCUMOCTh BEpPTUKAIBHOTO MEPEMEIICHUSI BEPXHETO y3Jia
OT Harpy3Ku
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PucyHnok 6.14 — 3aBUCUMOCTh TOPU30HTAIBHOTO NIEPEMEILIEHNS] BEPXHETO
y3J1a OT Harpy3Ku

Nrepanmonsblii mpolecc MO 3aJaHHOM BEJIWYMHE BEPTUKAIBLHOW Harpy3Ku
MO3BOJISIET OTCIEIUTD MOBeIeHUE cucTeMbl Ha yuyacTke 0— A. JIjist mocTpoeHus OJIHOU
KpuBOH nepopMupoBaHHs HEOOXOAMMO CMEHUTh TapaMeTp HarpyKeHHs 3a/1aBasiCh
NOIIArOBBIM MPUPALIEHUEM BEIUYUHBI BEPTUKAIBHOTO MTEPEMEILICHHUS.

Pemienrie HENMMHENHOW CHUCTEMBbl YpaBHEHHMM Ha KaXIOM LIAre HarpyKeHHs
BEJIETCA 110 ONMCAHHOMY BBILIE aJITOPUTMY.

Kak u B ciyyae nmpssMoCUMMETpUYHON (POpMBI MOTEPU YCTOWUYMBOCTH, KpPHUBAS
nedhopMHUpOBaHUs TiepecekaeT och B ByX Toukax E u C. PaBHOBecue cucTteMbl B HUX
Bo3MoxHO nipu F =0. Ilpu sTom cucrema numeer aehopMHUPOBAHHYIO KOH(MUTYPALIHIO,
OTJIMYAIOIIYIOCS OT HAYAJIBHOM.

Ha pucynke 6.15 mnpuBenenbl Tpadukd H3MEHEHUS BEIWYMHBI Harpy3KH,
COOTBETCTBYIOIIEH BEPTUKAIBHOMY TEPEMEIICHUIO BEPXHETO Yy3ia (epMbl MpH
Pa3JIMYHBIX 3HAYEHUSIX HAYaJIbHOTO YIJIa HAKJIOHA CTEP KHEH.

BrImoTHUB pacueT Ha pa3IudHBIX HAYAIBHBIX KOHGUTYpanusx Gep™msbl, T.e. MPU

0 o 0
pa3HbIX 3HAYECHUSIX a' ), HAlJeM MWHHMAJIbHOE 3HAYEHHE o =64,1° u3 obnactu

0
90° > o'” > 64,1° Ipu KOTOPOM BO3MOKHa OOpaTHOCHMMMETpU4Hasi (opMa TOTEepHU

YCTOMYMBOCTHU. DTa popMa HE BBISBISAECTCS B pabOTaxX IPYrux UCCiaea0BaTeNeH.
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Pucynok 6.15 — I'padixku u3MeHeHMs BEIMUUHBI HATPY3KH,
COOTBETCTBYIOIIEH BEPTUKAILHOMY MEPEMEIICHUIO BEPXHETO y37a (hepMbl pU
PAa3IMYHBIX 3HAYCHUSAX HAYAJIBHOTO yIJIa HAKJIOHA CTEPKHEN

s UCCIICJIOBAHUS TIOBEICHUS UCCIIeTyeMOM depmbl npu
00paTHOCMMMETPUYHOU (opMe TOTEpH YCTOMUMBOCTH Haubosee 3hPeKTUBHBIM

OKa3bIBACTCA BKIKOYCHHUC B YHCJIO HCHU3BCCTHBIX IIAPpaMCTpa IIPHUPAIICHHUA HAIrpy3KH

AF() Ha KaXXIAOM HIAre AOTrpPpYKCHHUA KW IICPCBOJ B YHMCIO 3adaBACMBIX IMAPaMCTpPOB

IpUpalieHre TIePEMEICHHS Ay( ) wma AxC).
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6.3 'eoMeTpuUYecKu HeJTMHEIHbIE 32/1a44 CTATUKU T'H0KOIl HUTH

6.3.1 'mOkasi HUTh, NpeJHANPAKEHHAS] KOHTPIPY30M

Ha MpaBOM KOHIIE IIPOJI€TA

PaccMoTpuM ruOKyIO HI/ITB(E' =O), NIPEIHANPSIKEHHYIO TOJIBEIICHHBIM Yepe3
0Ji0k Ha mpaBoM KoHIie niposieTa AB rpyzom Q (pucyHok 6.16, a). E€ pacueT BriepBbic

BBIMOJHEH B Hamied pabore [76]. [Ipeamonoxum, 4TO K ATOW HUTU TMPHUIOKEHBI

y3JIOBBbIE HArpy3ku F., 1moja JeiicTBUEM KOTOPBIX CBS3aHHBIE C HUMH YKECTKO Y3IIBI |
HOJIy4yaroT CMEIIEHUS [0 BEPTUKAIU U TOPU3OHTaNIU — AX,, Ay, (pucyHok 6.16, 6), a

MOJIBEIICHHBIN Hampsratomui rpy3 Q nomyuaer nepememnienue h [158, 178].

0 EA i-1 i i+l n
- t 4 4 4 + 4 4
X
:: d] I, J, dI ”[, dl 7 J, dn Q
L
y
a

o
Pucynok 6.16 — ['ubkast HUTh, pacTIHyTasi KOHTPTPY30M
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@parMEHT OCHOBHOM CHCTEMbl CMEIIAHHOTO METOJAa Uil pacCMaTpUBAEMOU

3a/lauu MMOKa3aH Ha pucyHkKe 6.17, a. 3a HEW3BECTHBIE MPUHUMAIOTCS TMEPEMEIICHUS
y3I0B AX,, Ay, IepeMelieHne rpy3a h, u yCuius B HUTH MEXIY Y3JIaMH (i —1), [
(i=1...n).

Ha pucynke 6.17, 6 mnpuBejeHa KOHEYHO-DJIIEMEHTHAs pacueTHash cxema s
JAHHOW 3aJlayd, Ha KOTOPOM TIOKa3aH TMPOMEXYTOYHBIA Y3 | W NMPUMBIKAIOIINAE K

HCMY KOHCYHBIC 3JICMCHTHI.

Ax; g

Pucynok 6.17 — ®parmMeHT OCHOBHOM CHUCTEMBI CMEIIAHHOTO METO/1a /111 THOKOM HUTH

PaccmaTpuBaeMast cuctemMa craTHIeCKH onpenenumas (pucyHok 6.18).

RXO

RV,O *
7 =d,
l ¢ d;=d;

Pucynok 6.18 — Hutb B paBHOBECHOM COCTOSTHUH
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Ycuve B HUTH Ha TOCIEIHEM (IIpaBOM) y4yacTKe paBHO Q (cuie HaTsKeHHS,

co3maBaeMoii KoHTprpy3oM Q) (pucyHok 6.19). [lnuHa 5TOro ydyacTka IOCIHe

Harpy>keHusi Oyet paBHa(dn + h) , TO €CTh YBEIIMUUBAETCS IO CPABHEHUIO C UCXOAHBIM

CTOSTHHEM Ha BEJIMUMHY TOJIbeMa Tpy3a h.

Fn—l

@)

Pucynok 6.19 — Huth Ha ocneaHem (IIpaBoM) ydacTke
W3 ycnoBusi paBHOBECHS] CUCTEMBI CIEAYET:
R, =Q-cCose,,
: oL (6.7)
R,0=Q-sing, - > F.
i1

N3 paccmorpenns K3-1 (pucynok 6.20) monydaem:

RX,() A x

l/ <)) 0+
Ryo +q 5
\

Pucynok 6.20 — K3-1 Hutu

R —(Q + qél))cowl =0,
nim

Q-cosa, —Q-cosa, —G" - cose, =0,

T.C.

él):Q-COSan—Q-COSal :Q_[COSan _1j (6.8)

cosa, cosa,

N3 pucynka 6.18 BumHO, 4TO Ha ydacTke (n —1) —N ycwiIne pacTsKEHUs PaBHO

Q.re. Q+a"=Q; g =0.
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W3 reomeTtpun cuctemsl (pucyHok 6.17, a):

sine, = 2L, cosa, = dl*_ ay
1 dl
sing, =1 COSai:diJr(i(”_Xi),
d . (6.9)
sina, y“‘l , COSQ, = d, :
. d.+h
*d. =1+ q5

1 EA

Jnsa i-ro KD sneMeHTBl Marpunbl OTKIMKOB ONPEAENSIOTCS CIEAYIOIIMMHI

BBIPAKCHUSAMU
ﬁg) —5§,i1) =-Sing;; r;fg =—5~§2 =CoSa;;
fs,('s) = 55(2 =SINa;; ﬁf'g,) =—~5(fj =—C0Se;;
i 1
rl(,Fzz_E F,—-Q-sing; r?_F =Q-cosa;; (6.10)
"3('2:—% F+Q-sing;; r4F -Q-cose;;
oW — Ti
> EF

Pa3zpematomue ypaBHEHHS CMENIAHHOTO METOJa HWMEIOT B JIaHHOW 3ajade
cienyromuii Gu3nYecKuii cMbICT (PUCYHOK 6.21):
R)((l) =0, Rf,l) =0, A(Sl) =0- ns y3ma 1 1 KD-1 cooTBeTCTBEHHO,

2
Il
o
2
|
o
>
o
=
=
)
P
=
)
~
~
)
(@)
Q
Q
—
=
aQ
—
Q
—
or}
(@]
an
an
o

(6.11)

" =, Rgn_l) =0, A" =0- s y3na (n-1) u KD-(n-1) cooTBeTCTBEHHO,
A" =0- w5t yama n u KD-N cOOTBETCTBEHHO.
OTH ypaBHEHHUs MOJy4daroTcsa o0beauHeHueM KO, mpuMbIKaronumx K o0memMy s

HUX y3ITy.
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(n)

q_e =h

Pucynok 6.21 — KO-i nutu

Cucrema HEIMHEWHBIX YpPaBHEHUW pemiaeTcss ¢ y4eToM Cc(HOpMYIUPOBAHHBIX

BbIIIC I'PAHUYHBIX YCHOBHﬁZ

Q' =Q'(COS% _1} 6" =0; " =h; d; =d, +h (6.12)
cosa,

I[J'ISI WIUIIOCTPpAIUU  AJITOPUTMA pPaACU€Ta U  TCCTHPOBAHUA  PC3YIILTATOB
pacCMOTpUM cnyqaﬁ, Korga COCpCAOTOUCHHAA HAarpy3Kka IIpUJI0KCHA TOJIBKO B CCPCANHC

npoJieTa (pUCyHOK 6.22).

Pucynok 6.22 — ['uOkast HUTh, pacTAHyTas TPy30M C COCPEOTOYCHHOU HArpy3KOi
B CE€peIMHE MpoJieTa
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OcHoBHas cucTemMa U300pakeHa Ha pUCYHKe 6.22, a. JIJis 4eThIpex HEeU3BECTHBIX

B OCHOBHOM CHCTEME UMEEM UYEThIpE pa3pellatoinX ypaBHEHUS:

1@+ 60 i) 20
=100+ 000+l 2 <0 -
=58 38 =0,
A =380+ 52 el + 5P 0
3nech
Fis = =051 =—C0sa,; fe =—0.3 =cosa,;
'73(? = _55(192 =sing,; ~1(§) == ~E£i) =sina,;
5% =1, r) =—Q-cos y; ' =Q-cos y);
) :—%+Q-sina(l); 2 :—%+Q-sina(2); (6.14)
sina :ﬁ' sina,,, = :(*l)
0= g "G P
cos ) = 9, ; %’ ; COSQ, = 32 :352 .
1 2 3

[Tocne moncranoBku 3aBucumocteil (6.14) B cuctemy ypaBHeHuit (6.13),

MOJIy4aeM CUCTEMY YEThIpEeX HEJIMHEHHBIX anreOpandecKux ypaBHEHUH OTHOCHUTEIBHO

HEU3BECTHBIX qgl), qff), qél), qu) (c y4€TOM TOrO, 4yTO
0 =a"; o’ =g &7 =0; o =h).

R® :_dl_qgl) ,qél) _I_Q_[dz +qz(11) _ dqu‘l)jzo
' d, d, + q:(f) d,

(1) (1)
1 d d,+q, (6.15)

g d —q®
AV =G g0 Gl o g
5 dl q3 dl q4

g d, +q"
AEZ) _ 3 (1) _H2THy4

1) 4 _
— . g, +0;’ =0.
d,+qf” 7 dy+g? T
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YucnenHoe pemenne cucteMsl npu d,=5m; d,=5m; Q=10m; EA=o;

=
—1=0...15 BBIIIOJHEHO METOAOM II0CJIENOBATEIBHOIO JOIPY)KEHUS C YyTOYHEHUEM Ha

Ka)KJIOM Il1are JOTPYXKEHUs Pe3yJbTaToOB ¢ MOMOIIbI0 MeToga HeioToHa.
Pe3ynbraT pemeHuss 3amayd B BHUAE HM3MEHEHUS T€OMETPUHM CHCTEMBI, MpHU

YCIIOBUU HEPACTSHKMMOCTH HUTHU, IIPEICTABIIEH HAa pUCYHKe 6.23.

lF/Q:O

F/Q=0.5
F/Q=15

F/Q=5

e

F/Q=15

=

F/Q=0.5
F/Q=0

Pucynok 6.23 — ['eoMeTpusi CUCTEMBI TIPU YCIIOBUU HEPACTSHKUMOCTU HUTH

I[J'IH OOCHKH CXOAMMOCTH pPCIICHHUA K TOYHOMY BbIIIOJIHMM CPABHCHHC

YHUCJICHHOT'O PCHICHUA C aHAJIMTUYICCKHM.

3amaaumcs yriom HakiioHa JieBoro anemeHta B 30°. C yuyeTom TOro, 4ro HUTh

HepaCTﬂ}KI/IMa, BCpTI/IKaHBHOG nepeMemeHI/Ie TOYKU HpI/IJ'IO)I(eHI/IH CUJIBI.
@ —d .sin30°=5-05=25 u.
3 1
rOpI/I3OHTaJIBHOG HepeMemeHHe TOYKU HpI/IJ'IO)KeHI/IH CUJIBI.

ay) =d, -(1—cos30°)=5-(1-0.866) = 0.6699 .
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[lepemerienue KOHTPrpy3a COCTABUT:

ay” :\/(d2 + qfﬁ))2 +q —d, = |/(5+0.6699)° +2.5” ~5-1.1966 1.

Yroj HakiI0HA IIpaBoro 3JICMCHTA:

g
Sincy =— %= 2°___ 04034
d,+q? 5+1.1966

o)
cosg. ~Ja+d _5+0.6699 o

® " d,+q? 5+1.1966
PaccMmoTpuM paBHOBecHE MEPBOTO y3ia (JEBOro):

(q§1)+Q) cosa, =Q-Cosa,, gl cosa, +Q-cosa, =Q-cosa,,

COS 0!

@ _ (1) Qi Qi
O =Q-—— 05, -Q, F= (q5 +Q) sina, +Q-sina,),

Cosay,, ) _
F=Q - ————-Q+Q sma(l)+Q-sma(2),

cosa()
: F :
F=Q-cosa, -tana, +Q-sing,), ) =C0S 0y, -tana, +sing,,.

[Tocne moacTaHOBKY 3HAYEHUHN TPUTOHOMETPUUYECKUX (PYHKIIUI MTPHU 3aIaHHOM 0,

IOJIy4aem

g =C0Sa, -tanay; +sing, =0.9150-tan30°+0.4034 = 0.9317
[Ipu cooTHOMICHUU E =0.9317 npm pacyere CUCTEMbI METOAOM KOHEYHBIX

F
3JIEMEHTOB C IIaroM Aorpyxenus — = 0.05

oY =2.49916 a; ¢ =0.712074 ar; ¢\ =1.255625

OTtHOocuTeNnbHAS IMOTrpCHIHOCTL COCTABJIACT!

Agl = 2.5-249916 |\ o qassur. Agt 0.6699—0.712074 | ¢ ooy,
2.5 0.6699

pqt) - 119861255625 o0,
1.1966
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Tak Kak OTHOCHUTEIIbHAS MOTPEIIHOCTh MPU BBIYUCICHUU OJHOTO U3 HEU3BECTHBIX
npeBbImaeT 5%, YMEHBIINM IIar Harpy>KeHus B 2 pasa.

[Mpu cootnomennun F /Q=0.9317 mpu pacuere cucTeMbl METOJOM KOHEUHBIX

AIIEMEHTOB ¢ maroM Harpyxenus F /Q =0.025

o) =2.499757 u; ¢\” =0.699661x; g.” =1.239058.1 .

OTHOCHUTENILHAS MOrp€IIHOCTL COCTABJIACT:

gl = 25= 22";99757 100 = 0.00972%;

aqt? _ 06899 =0.699661 0
0.6699

aql?) _LA966-1239058 o o o
1.1966

[IpoBeneHHbIe pacyeThl TECTOBOM CHCTEMBI TMOKa3biBalOT 3G (PEKTUBHOCTH
pasBuBaemoit (opmbl MKD. TodHOCTH pelIeHUs 3aBUCUT OT BEJIMYMHBI IlIara
Harpyxenud. [Ipsamoe peuienue nanHoi 3agaud no MKD B nepeMenieHus X nojay4uTh

HCBO3MOJKHO.

6.3.2 Hutb, 3arpy:keHHasi B IKBUAUCTAHTHBIX Y3JI0BBIX TOUKAX

PaccMOTpM HHTh C HENOJBIKHBIMH ~OIOpaMHM Ha KOHIIAX IIPOJIETa,
M300paKEHHYIO HA PUCYHKE 6.24, a.

3aaHHbBIC TAPaMETPhl HATH:

obmiass amMHa HATH (quiMHa 3arotoBku) - |, mpomer L, mpumyck Al=1-L,
y3JIOBbIE HArpy3ku F.

IIpennosaraercs, 4To PacCTOSHUAA MEKYy TOUKAMU NPWIOKEHHs Harpy3ku F He

3aBUCAT OT KOH(PUTYPAIMU HATH 1O/ HArpy3Koi U paBHbI d .

3a KOHEYHBIM 3JIEMEHT MPUHUMAETCS YYaCTOK MEXKIY Y3JIaMHu (i —l) u (I)

(pucyHok 6.24, 0).



Pucynok 6.24 — Hutb, 3arpy»eHHas B 9KBUJUCTAHTHBIX Y3JIOBBIX TOYKAX

Ecnmu HUTH HepacTspkMMas, TO W3 YCJIOBHH paBHOBECHS y3Ja | B OCHOBHOM
CUCTEME CMENIaHHOTO MeTo/a (pUCYHOK 6.25) cneayer:

1. R ,=-N;-cosg; + N;,, -cose,, =0,

i+1

2. R, =F—-N;-cose; + N, -cose,, =0. (6.16)
(i=12,..,n-1)

Pucynok 6.25 — Y3en i B OCHOBHOM CHCTEME CMEIIaHHOTO METO/1a

N3-3a otrcyrctBus nedopmainuii B HEpPACTSHKUMOM HUTH, B paspenaroniei
CUCTEME YypAaBHEHUM CMEIIAHHOIO METOJAAa BMECTO YCJIOBHM HEPa3pBIBHOCTH
nedopManyii B HUTSAX, MPUMBIKAIONUX K Y37y i, CJIEIYyeT HCIOJb30BaTh YCJIOBHUE

HEM3MEHHOCTH JUTMHBI HUTHU | TIPHU PA3IMIHBIX €€ KOHPUTYpAIUIX O] HarPy3KOM:

3. ) I-cosg=L=n-d. (6.17)
i=1
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HeusBectHpiMu B ypaBHeHusx (6.16), (6.17) mis Bceil HUTH SBIAIOTCS N

yewiid N,, N yrioB HakJIOHA ¢; MEXY3JIOBBIX y4aCTKOB, BEJIMYMHBLI Peakuui R, #
R,, pacmopa H, T.e. BCero (2n-+3) HEU3BECTHBIX. I MX HaXOXKICHUS HMEEM
2(n—1) ypasHenudl (6.16), onno ypaHenue (6.17) w ypaBHEHUs, CBS3BIBAIOLINE
Harpysku F, peakuuu R, R, u pacnop H uepe3 «0anodHblii U3ru0aromui MOMEHTY:

R :le(%j F, R :Z('Hj F, (6.18)

i=1
Mo=—R-(i-d)+ S F-(i-§)  MI=H.y, (6.19)
j-1
N3 (6.19) cnenyer:
Mi6 B 1 i-1 ] ] ] n-1 n—i _I_
yi_?_ﬁ.|:ZFJ.(I_J)'d_l'd';(T)'Fi}_ H f(F). (6.20)

j=1

Tak kKak BenwuuHsl | u L 3aJIaHbl, T.C.

AI:I—L:ZH:( d —dj:d-zn:[ ! —1) (6.21)

| cose, | cose,
rae COSO!i :;’ tgal :M’
«/1+tgzai d

IIOJIyYUM

Al=d Z \/1+(%) 1] (6.22)

[locne mpeoOpazoBanuii ¢ yuderom (6.19-6.21) ypaBHenue (6.22) momydaet

CIEIYIOIIWMN BU:

Al :%é[\/w.d%[f (F)T-[f(F.)] -H -d} (6.23)

PemmB 310 HEnmHENHOE ypaBHEHHE OTHOCUTEIBHO pacropa H , Halzem nanee

1o (6.20) 3HaueHHs y3J0BBIX NIEPEMEICHUI IPU 3aJaHHBIX Y3JIOBBIX Harpy3kax F..
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BrInonHuM pacyeTr HepacTSKUMOW HUTH IIPH CIEAYIOINX NapaMeTpax:

Jumna wuta | =41 m, nponer L =40 m, pacnpenenennas Harpy3ka =0.5m/ m,

’KECTKOCTb HUTU EA = 0.
B TabOmuie 6.1 IIPUBEACHO CpPaBHCHUE BEIWYMUH pacropa U KOOpPAHWHAT Y3JIOB
KOHEYHO-3JIEMEHTHOW CETKH, BBIYMCICHHBIX [0 H3JIO)KEHHOMY BBILIE AJTOPUTMY C

aHAJIMTHYECKUM perienueM [158, 178].

Tabnuna 6.1
Bennunna Koopaunate! y, () y31mos
pacropa 1 2 3 4 5 6 7
H, (m)
AHanuTHuecKoe 13.33 1233 | 2.349 | 3.231 | 3.761 | 3.822 | 3.297 | 2.069
pernieHue
AbcomoTHas 4.88 -494 | -492 | -488 | -484 | -478 | -465 | -4.23
norpemHocTs (%)
8 KD
AbcomoTHas 1.80 -165 | -163 | -1.60 | -1.56 | -1.50 | -1.37 | -0.96
norpemHocTs (%)
16 KD
AOcomroTHas 1.37 -1.20 | -1.18 | -1.15 | -1.11 | -1.05 | -0.93 | -0.52
norpemHocTs (%)
32 K9
AbcomoTHas 1.28 -1.12 | -1.10 | -1.06 | -1.03 | -097 | -0.84 | -0.43
norpemHocTs (%)
64 KO

OTnnuueM pacyeTa pacTsXKUMON HUTH SIBIISETCS YUET YBEIMUEHHUS OOIICH ITUHBI

HUTU Ha BeIMYUHY Al'. COOTBETCTBEHHO, ypaBHEHUE (6.34) mpuUMET BUJL

AI+A|'=%-g[\/H2-d2+[f(Fi)]z—[f(Fi_l)]z —H -d} (6.24)

Benmnuuna Al' MoxxeT OBITh HaiijiecHa TOJBKO HTEPAIMOHHO. 3a HavajbHOC

NpUOIMKEHUE MOXXEM MPHHATH CYMMapHOE Y/UIMHEHHE KaXKJIOTO ydacTKa HUTH OT

ycunui N, OIpeeNeHHbIX IPHA YCIOBUU HEPACTSHKMMOCTH HUTH.

Al'g = i -Ii'
i1 EA

[Tocne neppoii urepaumu (pemenun npu Al '(0)) HaxXOJUM HAaBOE€ 3HAYCHUE

MpUpALCHUs] JUIMHBI U MOBTOpsieM pacyeT. Pacuer moBTopsieM A0 TeX MOp, MOKa HE

OymeT JOCTUTHYTa 3afaHHas CTEICHh TOYHOCTH ONpeaeieHns Beananubl Al
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BbInonHuM pacyer pacTsSKUMOW HUTH IIPH CIECIYIOIUX MTapaMeTpax:

Jumna wuta | =41 m, nponer L =40 m, pacnpenenennas Harpy3ka =0.5m/ m,
MaTtepuai HUTH — apMaTypHasi CTajlb IepHoIuuecKoro npopuis B25mm (A = 4-910M2) :

6 2

MOAYJIb YIPYTOCTH E=2-10" ke / M .
B Ta6JII/II_IC 6.2 IMPUBCACHO CPAaBHCHUC BCJIIMYHWH pacriopa U KOOPAMWHAT Y3JI0B
KOHEYHO-2JIEMESHTHOM CCTKH, BBIYHCJICHHBIX II0 H3JI0KCHHOMY aJIrOpuTMy C

aHaJIMTHYECKUM perrennem [158, 178].

Tabnuia 6.2
Bennunna Koopaunate! y, () y3mos
pacriopa 1 2 3 4 5 6 7
H, (m)
AHanuTHuecKoe 12.98 1.267 | 2.413 | 3.318 | 3.862 | 3.925 | 3.386 | 2.125
pelieHue
AbcomoTHas 2.23 -2.04 -2.05 -2.05 -2.02 -1.95 -1.82 | -1.40
norpemHocTs (%)
8KD
AbcomoTHas 1.56 -1.35 -1.36 -1.36 -1.33 -1.26 -1.13 | -0.71
norpemHocTs (%)
16KD
AbGcomoTHas 1.40 -1.18 -1.19 -1.19 -1.16 -1.09 -0.96 | -0.54
norpemHocTs (%)
32KD
AbcomoTHas 1.36 -1.13 -1.15 -1.14 -1.12 -1.05 -0.91 | -0.50
norpemHocTs (%)
64KD

Ananus3 3Tux PE3YJIbTATOB IMO3BOJIACT CACIATH BBIBOJA O TOM, YTO AOCTATOYHAA
IJIA IIPAKTHYCCKUX ueneﬁ TOYHOCTDb pacucTa AOCTHUTACTCA YiKC IIPU BOCBMH KOHCYHBIX

OJICMCHTAax.
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6.3.3 Hutb ¢ 3a1aHHOIi cTpes1oii MpoBUCAHUSA

Onpenenum Hanps>KeHHO-1e(OPMUPOBAHHOE COCTOSIHUE HUTH T0]T IEUCTBUEM

COOCTBEHHOT'O BeCa M COCPEIOTOYCHHOM CHIIBI (PUCYHOK 6.26).

TR TTTITIT IIIIIlllIlIlIIllIIIII

(n/2) l>g>EA
L=nd ‘

I
Pucynok 6.26 — Huth non ieiicTBuEM COOCTBEHHOTO BeCa U COCPEOTOUCHHON CUJTBI

3agaHHbIC TApaMETPhl HUTHU:
Crpena mposucanus - f, mpomer L, coOCTBeHHBIM MOrOHHBIN Bec HUTH {, y3i0Bas
Harpy3ka F  JKECTKOCTb HUTH EA.

CoOCTBEHHBIM BeC HUTH — 3TO pacipcaciicHdHasd Harpy3ka 110 JJIMHC HUTH. I[J'I}I

pElIeHHs 3a]]a4l HEOOXOAMMO MPUBECTU ITY HArpy3Ky K pacipeieICHHOM 10 IPOJIeTy.

__9
cosa,

G (6.25)

Ilomaraercsi, 4TO pacCTOSHUA MEXKIY TOYKAMH IIPUIIOKEHUSA HArpy3ku F He

3aBHCAT OT KOH(MIYpalMM HUTH 10A Harpy3koil u pasusl (. IlpuBeneHHas

pacmpeiefieHHasl Harpy3Ka K y3J0BOM:

F.:g- g . 9 _dg 1 N 1

i (6.26)
2 (cosa; cosq,, 2 CoOS¢; COSq,,,

BpInosiHMM pacuetr HUTU B TEOMETPUUYECKU HEIMHENHOW ITOCTAaHOBKE.
Ha pucynke 6.27 mpencraBieH (parMEHT OCHOBHOM CHCTEMBI CMEIIAHHOTO

METOJ4a.



PucyHnok 6.27 — ®parMeHT OCHOBHOM CHUCTEMbI CMELIAHHOTO METO/1a

CocraBiisieM cucTeMy reOMETPUYECKH HEIMHEMHBIX Pa3peIlaloNX YPaBHEHUN.

YpaBHEeHUS paBHOBECHS (i =12,..,n —l) :

N,-cosa, + N, -cose,,, =0,
. ) (6.27)
F-N,-sing, +N,,, -sing,,, =0.
YpaBHeHUS HEPa3pHIBHOCTH JiepopMariuu (i =12,.., n):
) ) |
—0,,; SINe; —Q,;-COSe; +q,;,, -SIN,; + 0,y - COS,, + E_IA “N. =0 (6.28)
FGOMeTpI/I‘{eCKI/Ie MmapaMeCTpbl HUTU C YUCTOM PACTAKCHUA:
. ) -+, —V..—0,. d+q,. —q.,.
I =1 - 1+M , Sing, = Yit Gy 3/"1 qy"‘l, CoSc; = qxv'* qxi'-l,
EA 1 I
N + d (6.29)
) . i .=V . —q. . +0q,..,—0.,:
Iiil _ |i+1 d14+ ji+1 . sin O(i+1 _ y|+l qy’Hi yl qy,| . COS ai+1 — qx,|*+1 qx,l .
EA I I

Pemenne cucteMbl reOMETpUYECKM HEIMHEHMHBIX Pa3pellalolMX YpPaBHEHUMN

(6.27)-(6.29) BhIOIHSAETCSA UTEPAIIMOHHO, KaK U B 11.6.4.2.

BEITIOTHUM YHCIICHHBIN pacdeT MpH CIASAYIONINX apaMeTpax:
nponer L =100 n, crpena mposucanuss f =5 ., muomans kanata A=12 cu’, Moy
yrpyrocti Martepuana E =16-10°mc/ m*, coberBenHslii Bec kamata ¢ =10 xec/ m,
cocpenoTodyeHHas Harpy3ka F =1m.

PeBYJIBTaTBI pacucTra 1npu pa3jindHOM KOJIHNYCCTBC KOHCYHLIX 3JICMCHTOB, d TAKIKC

CpaBHEHHE C aHAIUTHYeCKUM periernem [158, 178], npusenens B Tabnuiie 6.3.
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Tabnuua 6.3

Pactiop H, m N s 7 Yonax s M
AHaTUTHYECKOE PEIICHHE 6.45 6.53 5.81
Pemenune no MKD B popme KCM - 8§ KD 6.4966 6.5638 5.77
[TorpentHocTh -0.72% -0.52% 0.69%
Pemenne mo MKD B popme KCM - 16 KD 6.4665 6.5386 5.7970
[TorpentHocTh -0.26% -0.13% 0.22%
Pemenne mo MKD B popme KCM - 32 KD 6.4591 6.5336 5.8037
[TorpentHocTh -0.14% -0.06% 0.11%

N3 tabGnuiibl 6.3 BUAHO, YTO MOTPEIIHOCTh PEIICHUS 33a/1a4d METOJO0M KOHEUHBIX
AJIEMEHTOB B (pOpME KIACCHUYECKOTO CMEIIAHHOIO0 METOoJ]la Jake MpU pa30MeHuHu Ha 8
K2 He mnpesbimaer 1%. Ilpu yBenuueHuMM 4dYHMCIa pPacCMaTPUBAEMBIX KOHEYHBIX
AJIEMEHTOB TOYHOCTH PEIICHUS YBEIUYUBACTCS, IOTPEIIHOCTh COCTAaBJIsIeM MeEHee
0.15% npu pa3douenun ©HUTH Ha 32 KD. JlanpHeiee yBeIWYCHUE 4YHUCTA
paccMaTpuBaeMbIX  JJIEMEHTOB HE TMPUBOAUT K 3HAYUTEIBHOMY CHIIKEHUIO
MOTPENTHOCTH PEIICHUST U COOTBETCTBEHHO HE OIPaBJbIBACT YBEIUUYCHHE TOPSJIKa

CUCTEMBI pa3peniaonux ypaBHEHUN.

6.4 Pacuer cucTeM ¢ OTHOCTOPOHHMMHU CBA3SIMH

Yacto BcTpeuaromuecs: B MHKEHEPHON MPAKTHUKE CUCTEMBI ¢ OJHOCTOPOHHUMU
CBS3SIMU OTHOCATCA K KJIAacCy KOHCTPYKTUBHO-HEMMHEWHBIX, T. €. CHCTEM C
U3MCHSIONIEHCS B TPOIECCEe HATPY)KCHHs, BO3BEACHHUS WM  OKCIUTyaTalluH
KOHCTpYKTHBHOM cxemoin. [1-3, 14, 28, 29, 51, 55, 113, 124, 135, 136, 152, 153, 154,
179].

[Ipo6nema pacueta CHUCTEM C OJHOCTOPOHHUMH CBS3SIMH  BBI3bIBaJia
3HAUMUTENIbHBIM UHTEepec, HaumHas ¢ 50-x romoB XX B. VYxke B pabdorax
.M. PabunoBuua [153, 154] paccMoTpeHBI TPOCTEUIIUE CIydad, s KOTOPBIX

BO3MOKHO IIOJIYYCHHUC TOYHOI'O PCIICHMA.
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Teopust pacdera KOHCTPYKIIMHA C OJHOCTOPOHHUMH YIPYTUMH U HEYNPYTUMH
CBSI3SMHM CBsI3aHa ¢ OOIIMMU MpodiieMaMu pacyeTa OaJIoK, paM, MIUT, KOHTAKTUPYIOITHUX
C OJIHOCTOPOHHMMHU OCHOBAHUSMH Pa3HBIX THUIIOB, C PACUETOM MPOJETHBIX CTPOCHUU,
MOCTOB, TOHHEJEH W TMOJ3eMHBIX coopyxkeHuil. B [115] paccmartpuBaercs pacuer
KaMEHHBIX KOHCTPYKIIMH, KaK pacyeT KOHCTPYKIIMH, BKJIIOYAIOIIMX OJHOCTOPOHHUE
cBs3H, a B [113] BAaHTOBBIX CUCTEM, B TOM YHCJIC PaM C 3aTSHKKAMH.

Bce paGoThl, CBsI3aHHBIE ¢ UCCIIEIOBAHUEM CUCTEM C OJJHOCTOPOHHUMHM CBSI3SIMU,
MOXHO OOBEAMHUTH YCIOBHO IO HCMOJB3YyeMbIM IMOJXOJaM W METOAaM B UEThIPE
TPYTIIIBI:

- IPSIMBIEC U UTEPAIIMOHHBIC MEeTOBI [2, 3, 8, 104, 149, 171, 174, 179 u np.];

- METO/JIbI JIMHEHHOTO TTporpamMmmupoBanus [93-95, 133, 148, 156 u ap.];

- METOJbl HEJIMHEWHOro mporpammupoBanus [4, 7, 25-27, 108, 109, 117, 132, 173 u
ap.-1;

- BapHAIlMOHHBIE ¥ Pa3HOCTHO-BapUalMoOHHbIe MeTo bl [15, 16, 105, 106 u np.].

B nopaBnsronieM OOMBIIMHCTBE pabOT, CBSA3aHHBIX C UCCIICIOBAHHEM CHUCTEM C
OJTHOCTOPOHHUMH YIPYTHUMHU WU HEYNPYTUMH, KaK KOHCTPYKTHBHO- WU (PU3UUYECKH-
HEJTMHEHWHBIX CHUCTEM MCIIOJIB3YIOTCS HTEpallMOHHBIE METOJbI, BKIIOYEHHBIE B OOIIUI
anroput™m [2, 14, 16, 25, 50, 105, 106]. DTo cBs3aHO C TEM, YTO B ITHX CHUCTEMax
IJIOIIaAb 30HBI “OTJIMIAHUS WM KOJMYECTBO TOUYEK KOHTaKTa C OJIHOCTOPOHHUMU
CBSI3SIMH 3aBUCAT OT BEJIUYMHBI HArpy30K, IMOCIEI0BATEIBHOCTH UX MPUIIOXKEHUS U T. I.
[27, 93, 94, 108]. [TooTomMy B pacueTax ¢ HUCIOJIb30BAaHHEM HUTCPAIMOHHBIX HPOIEAYD H
MPOIICAYp TMOIIAroBOTO HArPyXEHUsS HEOOXOIUMO OTCICKHBATh HAa KaXKJIOM Imare
MPOIECC 3aKPBITUS 3a30POB MEXKJY COOPYXKEHHEM M OJHOCTOPOHHHUMM CBS3SIMH,
W3MEHEHHE 3HAKOB PEAKIHMN B 3THUX CBS3SX M “OTIUIIAHUKE” COOPYXKEHHUS OT CBs3eH
[14, 16, 26, 115].

WrepaninoHHBIA TOAXOJ K pacyeTy CHCTEM C OJHOCTOPOHHHMH CBS3SIMH OBLI
npuMeHeH B pabotax B. A. UrnateeBa [51] m E. M. Tuxonosa [179]. B Hux naHbI
AITOPUTMBI TIOMCKa Pa0OYMX PACUYETHBIX CXEM JJIsi OaJlOK M CHUCTEM IEePEKPECTHBIX

O0aJloKk ¢ OMHOCTOPOHHUMH CBs3siMu. [Ipemnoxkennas B pabdore [179] moambukamms
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anroputMa u3 [16] mo3BoJsisieT u30ekKaTh CIIy4yaeB 3allMKJIMBAHUS UTEPAIIMOHHOTO
npotecca.

B Hacrosimee BpeMsi s pacdyeTa KOHCTPYKTUBHO-HEIIMHEHHBIX CHCTEM C
OJTHOCTOPOHHUMH CBSI3SIMH TPUMEHSAIOTCS, 4Yallle BCEro, METOJAbl JMHEHHOTO U
HeJTMHEeWHoro nporpammupoBanus [4, 7, 94, 108, 117, 156, 173 u ap.]

HaubGonee monHbli 0030p palOOT, TMOCBSILIEHHBIX pacyeTy CHUCTEM C
OJIHOCTOPOHHUMU CBSA3SIMH, Ha3bIBaEMbIMU KOHCTPYKTHUBHO-HEJIMHEUHBIMH,
coaepxkurcs B aucceptaiuu B. Il. Anenuna [2]. B Hell ke BBITIOJIHEH KPUTUUYECKUUN
aHaJIM3 UMEIOIINXCS Ha COBPEMEHHOM 3Tarle MOJIX00B K PEIICHUIO MTPOOJIeMBbl pacueTa
CUCTEM C OJTHOCTOPOHHUMH CBSI3SIMH.

CnoxXHOCTh pacyeTa cuUcTeM Ha AehOpMHPYEMOM OCHOBAHUH, KAaK CHCTEM C
OJTHOCTOPOHHUMH CBSI3SIMH 3aKJIOYAaEeTCS B TOM, 4TO OOJIaCTh KOHTAKTa WJIM TOYKH
KOHTaKTa U3MEHSIOTCS B 3aBUCUMOCTH OT BEJIMYHMHBI U MOPSIKA TPUIIOKEHUS HATPY3KHU.

B pab6ore 3. H. Ilpuropoaooii [149] uznoxkeH KOMOWHUPOBAHHBIA aJITOPUTM
pacuera OaJOK Ha JMHEHHOM OJHOCTOPOHHEM KOHTHHYaJlbHOM oOcHOBaHUU. CyThb
aNIropuTMa 3aKJII0YAETCS B TOM, YTO Ha KaKJOM MTepallud pacyeTa B ciiydyae HaIUYUSA
30HBI ~ OTpbIBA  BBIUMCISIOTCS  JOMOJHUTENbHBIE  COCPEJOTOYECHHBIE  CHIIBI,
NPUKIIAIBIBAEMBIE BO BCEX HAXOJSALIMXCS B ATOM 30HE JUCKPETHBIX OJHOCTOPOHHUX
ormopax [IJisi yCTpaHeHHUs OTpbiBa. llocie OIEHKM TMOJTYyYeHHOTO TakKuM o0pa3oM
pEIIeHHs] HA COOTBETCTBUE PaOOYMM HAIpaBICHUSM OJHOCTOPOHHUX CBSI3E€H peaKiuii U
NEPEMEIICHUI BHOCATCA U3MEHEHUS B PACUCTHYIO CXEMY, M BBINIOJHSETCS CIEeAyIoIIas
utepauus. PacueT cuntaeTcsi 3aKOHYEHHBIM, KOTJ]a JOTOJHUTEIbHBIE COCPETOTOYEHHBIE
CUJIbl CTAaHOBSTCA pPaBHbIMU HYJII0. Ha OCHOBE HIeW IOMOJHUTEIBHBIX HArpy3okK B
paboTax, BBITIOJHEHHBIX B ImKkojie B. A. WrnatbeBa, Obul pazpaboTaH MpsiMOl METO
MOCJICTIOBATENBHBIX TMPUOIMIKEHUH, HA3BaHHBIA aBTOpPAMU MO €ro (U3HYECKOMY
CMBICITY ‘““METOJIOM KOMITCHCUPYIONIMX Harpy3ok” [1, 2, 55, 124, 179].

B paGorax [1] m [2] Ha KOHKPETHBIX NpPHUMEpPax TMOKa3aHbl BO3MOXKHOCTHU
MPUMEHEHUS] 3TOr0 MeEToAa [JIsi pacuera CUCTEM C OJHOCTOPOHHUMH JMHEWHO-

YIPYTUMH, HEJIMHEWHO-YIIPOYHSIOIUMUCS U PA3yNPOYHSIOIIUMUCS CBA3SIMMU.
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Jlna peanu3anuu OTCIEKUBAHUS U3MEHEHHUS PACUETHOU CXEMBI IOCJE Ka)XI0I'o
mara uTEpaluyd WM Harpy»KeHus HauOolsiee YIOOHBIM METOJOM MPE/ICTABISIETCS
pa3zpabatbsiBaembiii Hamu MKD B popme knaccuueckoro cMmenianHoro Mmeroga. Crucrema
pemaromux ypaBuenuit atoit hgopmet MKD npenocTtaBisieT UpOKUe BO3ZMOKHOCTHU ISt
aHaJIn3a MOBEJCHUS CUCTEMBI, KaK IPU U3MEHEHUAX PAa3IMYHbIX ApaMETPOB, TaK U MPU
M3MEHEHUAX BUJIOB BO3JICUCTBUS HA cUCTEMY. Tak, HaIpUMeEpP, MOKET paCCMATPUBATHCS
3a71a4a O HaXOXJIEHUU HArPy3KU, KOTOPOM COOTBETCTBYET 3aJaHHBIA YPOBEHb Y3JIOBBIX
NEePEMENICHU WM Y3JIOBBIX YCUIMWA U T.JA. He MEHssl CTpyKTypy 3TUX YpaBHEHHH,
MOKHO TPUHUMATh 3a HEW3BECTHBIE TMapaMeTphl JtOOble U3 TMEPEYUCICHHBIX TpeX:
IapamMeTrp CHIOBOTO HATrPYKEHUs, MapaMeTp JIMHEWHOTO TMEPEMEIIEHUS Y3JI0B
(mporuObl) WK MapaMeTp YCHIUS B Y3JIOBBIX TOYKaX (M3rHOArOIINE MOMEHTHI).

HeoOxomuMocTh CMEHBI MapamMeTpa HarpyXKeHUs BO3HHKAeT TIPU aHalu3e
KOHCTPYKTUBHO HEJIIMHEWHBIX CHCTEM C MCIOJb30BAHUEM MPOUEAYp IOMIArOBOTO
Harpy>K€Hus U CME€HbI pACUETHOUN CXEMBI.

[IpeumyiectBoM anroputMma siBisieTcst noaHas uadopmanus o HJIC cucremsr Ha
KQKJIOM I1are Harpy>KeHus U Ha KaXJOW UTEpalyy NPU YyTOUHEHUU PELICHUS HA 3TOM
mare. AJTOPUTM Ja€T BO3MOXHOCTh YCTPAHEHHsS MPOOJIEMbl  3alMKIMBAHUS
UTEPALIMOHHOTO IIPOLIECCa U OTCIEKUBATh MPOLIECC BKIIOYEHUS WM BBIKIIOYECHUS
OJTHOCTOPOHHUX CBSI3€M B MPOLIECCE MTOIIArOBOr0 IPUPALCHUS ITapaMeTpa.

B nanHOM paspene u3nmaraeTcst omyOJIMKOBaHHBIN B Hamux padorax [60, 66, 67]
QITOPUTM pacdeTa CUCTEM C OJHOCTOPOHHUMHM CBsi3siMu Ha ocHoBe MKD B dopme

KIIACCHUYCCKOI0 CMCIIIaHHOI'0O MCTOJ14a.

6.4.1 AJIropuT™M pacyeTa CTeP;KHEBBIX CHCTEM € OJJHOCTOPOHHUMM CBS3SIMH

I[Ipumenenne MKD B (Qopme KIaccMYECKOro CMEIIaHHOTO MeTojaa JIs
MOJICIUPOBAHUS CTEPKHEBBIX CHUCTEM C OJIHOCTOPOHHHMH CBS3SIMH PACCMOTPUM Ha

IIpUMEPE MHOTONPOJIETHOW OalKM C 3aJlaHHOM Harpy3koi, W 3azopamu A, MexXay
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Oasikoi W ynpyrumu omnopaMu (pucyHok 6.28, a). OcHOBHas cUCTEMa CMEUIaHHOIO
MeTojia JIsl paccMaTpuBaemMoil Oanku u3oopaxkeHa Ha (pucyHok 6.28, 6). Ha pucynke

6.28, 6 moKkazaH OTAENBHO -l KOHEYHBIH 3JIEMEHT, 32 KOTOPBII MPUHUMAETCA Y4aCTOK

6anku Mexay onopamu (i—1), i.

dparMeHT OCHOBHOM CHCTEMBI CMEIIIAHHOT'O METO/1a TIOKa3aH Ha pucyHke 6.29. B
KOKJIOM HaJIOMOPHOM CEYCHHH OalKM TIOCTABICHBI CBS3HM, MPEMATCTBYIOIIHE €T0

JIMHEMHBIM CMCILICHUAM qi IO HAIIPAaBJICHUIO OCH OY mu YIJIOBBIM CMCILICHUAM @

(moBopoTaM ceyeHuil).
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Pucynok 6.28 — MuoromnposeTHast 6aika ¢ 3aJJaHHOW Harpy3KO# U 3a30pamMu MEXTy
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Pucynok 6.29 —CDparMeHT OCHOBHOM CHCTEMBI MHOTOTIPOJICTHOMN OanKu
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Ha »TOM pucyHke BBEJI€HBI ClIeIyIOII1Me 0003HAYECHUS:

F, M., N, — cocpeaoToYeHHbBIE IIPUBEICHHBIE K Y3JI0BBIM Harpy3KH,

() ()

P, P - Harpy3KH B JIEBOU U npaBoil mosioBuHax KO,
A; —33a30pbI MEX [y OAJIKOM U ONIOpaMH, ¢, — JKECTKOCTh YIPYTHX OIOp,

VYpaBHEHUS PaBHOBECUS y371a i IIPU OTCYTCTBUH B HEM OIOPBI.
1'R)(/i) =R+ R =F + (o™ + p{]) -4 + G =0,

ZM(I) M. +q(l) qél+l)+q(l)| q(l+l) ;1 M(np)+M(ﬂ) _0’

i+1,p
3.RW =— (') q('”) + N, =0.
VYpaBHeHHs cOBMECTHOCTH Jedopmaliuii B pazpese i-ro KO
4.5 =00 + 50200 + 30l + S0+ + 554 + o) -5 =0,
5.6 = 00" + 503+ %0+ 0008 + 5030 + A%+~ =0
6.5 =g — ¥ + 50 =0.
Ecnu B y31€e j HaxoauTcs XKecTKas omnopa, To qi” =0 H peakuus B HEH

(1+l)

(np) 1) @) 4
Ry =F+(p" +p2) -0+,
Eciu B y311e j HaxoauTcs ynpyras ornopa, To peakiys B Hel
R, =c;q.

Ecnu B y311€ | HaxXomuTcs ynpyras OJHOCTOPOHHSS OHOpa, KOTopas UMEET 3a30D

(1

A; mexny Heit u Gankoit, To R;—¢;(q;,” —A;)=0, 1. e. onopa Bxrouaercs B padory

10 CBOEMY paboyeMy HaIpaBJICHUIO TOJILKO B TOM Cy4ae, Korjaa q(” A;>0.

Cuctema paspemaromux ypaBHenud MKD B dopme KCM mpemocramiser
IIAPOKKE BO3MOXKHOCTHM I aHaliu3a TOBEJACHUS CHUCTEMbl, KaK MPU HU3MEHEHUSIX
Pa3IMYHBIX MApaMETPOB CUCTEMBbI, TaK U MPHU U3MEHEHUSAX BH1a BO3JICHCTBUS HA HEE.

DTO 03HA4yaeT, YTO B HEH MOXKHO MEHSTH MapaMeTp IOIIaroBOro JAOTPYKEHHUS,

nepexonasa OT <OKCCTKOI0» CHIIOBOrO IIOIIAroBOro JOIPYXKCHHUA W HAXOXIACHUA
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COOTBETCTBYIOLEH KaXKJIOMY IIary KOH(PUTI'Yypaluu CUCTEMBI K «MSATKOMY» MOIIArOBOMY
ne(OpMallMIOHHOMY JIOTPYKE€HHIO, 3aJaHUEM KOH(UTYpaluu CUCTEMBI U OTHICKAHHEM
COOTBETCTBYIOILECH €l HATPY3KH.
KOHCTpYKTUBHO-HEIMHENHBIMHA 3JIEMEHTAMHA B pacCMaTpPUBAaEMBbIX 3aJ1adax
ABJISIIOTCS OJHOCTOPOHHUE OIOPBI, 3aKpBIBAIOILMECS IIOCIEe ucyepnaHusa 3asopa. Hx
[IOBEJICHUE OINPENEIAETCA CIECAYIOIUMH YCIOBUAMMU:

Ecnu:

yi <A

R =0 TO OOJHOCTOPOHHSA OI1Opa HE pa60TaeT;
i 1

(6.30)
Yi > A ', TO OJHOCTOPOHHSISI OIMOpa BKIIOYAETCS B PabOTy MO CBOEMY
R, > 0. pabodemy HanpaBJICHUIO.
351eCh:

y, — IepeMeIlIeHne 10 HaIPaBJIEHUIO 3a30Pa B i -0l OAHOCTOPOHHEN CBS3H;
A, — BEIMYMHA 3a30pa MEXKAY OAJIKOH U i -0l 0OJTHOCTOPOHHEH CBSI3bIO.

Anroput™M pacdeTa OalIkKu C 3aJJaHHBIMUA YIPYTUMU OJHOCTOPOHHUMHU CBSI3SIMU U
3a/TaHHOM HATrPy3KOH MOKET OBITh MPEJICTABJICH B CIICAYIOIIEM BUJIC BUJIC:

1. 3amaercs war no Harpyske AR =F /n, rie N— 4yucio maroB Mo Harpyske

(mpy HEOOXOAMMOCTH OH MOYKET OBITh YBEIMYEH UM YMEHBIIICH B XOJI€ pacyeTa)

2. Bce 0fHOCTOPOHHME CBSI3M MPUHUMAIOTCS 32 IBYXCTOPOHHUE U BBITIOJIHSIETCS
pacyeT MpU pacyeTHOM CXEME CO BCEMH ABYXCTOPOHHUMH CBA3SMH W Harpy3kamu
F® =AF,.

3. B niepBoii uTepanny BHINOJIHSIETCS OLEHKA BEJIMUYMH W HAIIPaBJICHUU peakuui B
OJTHOCTOPOHHUX CBSI3X, IPEOOPA30BAHHBIX B IBYXCTOPOHHHUE:

- BBIOMPAIOTCSI BCE CBSA3M B KOTOPBHIX HANpPaBIEHUS PEaKIMii HE COBMAAAIOT C MX
paboyuM HaIPaBJICHHUEM;

- Ta U3 BBIOpaHHBIX CBS3€il, B KOTOPOM BEJIMYMHA PEAKIIMM MaKCUMallbHa IO
a0COIOTHOMY 3HAYCHHIO, UCKITIOUAETCSI B PACUETHON CXEMe.

4. Ha cnenyroleid uTepaluu BBIMOJIHAETCS pacueT OajKu C pacueTHOM CXEMOW,

MOJYYEHHOW HA MPEABIAYILIEH UTEPALIIH.
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5. Ilo pesynbraTam pacueTra BBINOJHAETCA OLIEHKA BEJIWYMH W HaIPABICHUU
peakuuii B OCTaBIIMXCSA, NPeoOpa3oBaHHBIX U3 OJHOCTOPOHHUX, JBYXCTOPOHHHX
CBA3AX:

- U3 3TUX CBA3EH BBHIOMPAOOTCS BCE T€, B KOTOPBIX HAIpaBICHHUS peaklMil He
COBMAJIAIOT C UX PaOOYNM HaNpaBICHUEM;

- Ta U3 BBIOPaHHBIX CBS3€H, B KOTOPOM BEIMYMHA PEAKUUU MaKCUMallbHa IO
a0COJIOTHOMY 3HAUEHUIO, UCKITIOYAETCSl B PACUETHOM CXEME.

6. Takyke BBINOJIHSETCSA OIIEHKA BEJIIMYMH W HANPABICHUN MEPEMENIEHUN Y3J0B,
COOTBETCTBYIOIINX UCKIOUYEHHBIM B OCHOBHOM CUCTEME OJHOCTOPOHHUM CBSI35IM:

- cpeau HUX BbIOMpabOTCS Te€ BCE Y37bl, B KOTOPBIX HAaNpaBIEHUS HX
NEepEeMEeIleHN COBIAAI0T ¢ pabOYMMU HAIIPaBICHUSIMU OTIOPHBIX CBA3EH;

- B TOM y3J1€, JJIsl KOTOPOTr'0 BEINYMHA [TEPEMEIICHUS] MAKCUMAJIbHA U TIPEBBIIIAET
3aIaHHBINI] 3a30p A, BBOAUTCS CHOBA JBYXCTOPOHSSI CBSA3b.

7. Ecnu HampaBlIeHUs] pEeakUUid BO BCEX OCTaBIIMXCA OJHOCTOPOHHHUX CBSA3SX,
npeoOpa3oBaHHBIX B JABYXCTOPOHHHE, COBIAJAIOT C pabOYUMHU ¢ BEITUYUHBI
NEPEMELIEHUN y3JI0B, COOTBETCTBYIOIIUX OJHOCTOPOHHHUM CBSI35IM, HE IMPHUBOAAT K HX
BKJIFOUEHHUIO B paboTy (3a3a0pbl HE 3aKPBITHI WM TEPEMEIEHHE MPOUCXOIUT B
HaIIPaBJICHUH IPOTHUBOMOJIOAKHOM CBSI3M), TO PacyeT Ha TEKYIIEM LIare HarpyXeHUs
3aKOHYEH, T.€. pacueTHas CXeMa TEKyUIero Iiara HarpyxeHus HalaeHa. Haue
anropuT™M mnoBTopsercs ¢ mara 4. HWrepauuu OpomOKAIOTCS 0 HAXOXKICHUS

PaCcUETOHM CXEMBI ISl Harpy3KH, 3aJaHHOM Ha TEKYILEM 1Iare HarpyKeHHusl.

8. Janmee BwmonHsercs ypemuuenwe Harpysku F=k-AF,(k=2.n) u

aJIrOpPUTM MOBTOPSiETCS C miara 4.
ANropuTM peann3oBaH B pa3pabOTAaHHOM HAaMU TPOTPAMMHOM CpEJICTBE, C

MCITOJIb30BAaHUEM KOTOPOTO BBITIOJHEH PAaCcUYeT KOHCOJIBHOT'O CTEPKHA C KECTKOCTHIO Ha
2
w3rn6 El =44.5m /[ m° n 6GeCKOHEUHO-)KECTKUMH OJIHOCTPOHHMMH OIOpaMu (PUCYHOK

6.30, a) 11 KOTOPOro M3BECTHO KaK aHaauTHYecKoe pemenue [136] (pucyHok 6.30, 6),

TaK ¥ YMCJICHHOE penieHne ¢ ucnoinr3zoBanuem [1K JIMPA-CAIIP [29].
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Pucynok 6.30 — KoHCOJIbHBIN CTEPIKEHb C OJTHOCTOPOHHUMU CBSI3IMU

[Tpu pacuete 66110 BEIOpaHo 10 maroB Jorpy>kKeHusl.

Ha IICPBOM IIAre HArpy>KCHUA, IOCJIC HepBOﬁ HUTCpaluu, OBLIH MMOJTYUCHBI

pe3yabTaThl, IpeACcTaBICHHbIE B Ta0auIe 6.4.

Taomuna 6.4

Howmep y31a
2 3 4
Crartyc onopsl pabouee pabouee pabouee
3Hak nepeMenieHus B “paboyeM HampaBJIeHUN - + +
[lepemenienus y3ioB, u 0 0 0
3HaK peakluu B “paboyeM HanpaBJICHUN - + +
Peakmuu B onopax, m 0.070707 -0.43597 0.21155

AHanus

npeoOpa3oBaHHBIX B JBYXCTOPOHHHWE, IOKA3bIBAET, YTO HAIMpABIEHUS pEaKIUil He
COBIAJAIOT ¢ pabo4YuM BO 2-OM M 3-€M y3iaX, IPU ITOM BEIWYMHA PEaKIuu B 3-ei

CBsI3M MaKCHMaJIbHA I10 a6COJ'IIOTHOMy 3HAYCHHUIO U OHa CTAaHOBUTCA OI[HOCTOpOHHGﬁ B

pacyYEeTHOU CXEME BTOPOU UTEPALUH.

[locne BTpopoli wWTEepanuu Ha MEPBOM MIare JAOTPYKEHHs, OBbLIM TOJyYCHbI

pe3yIbTaTHl, IPeACTaBICHHBIE B TabauIe 6.5.

BCIIMYHMH H HaHpaBJIGHI/Iﬁ pCaKHI/Iﬁ B OAHOCTOPOHHHUX CBA3AX,

Tabnuma 6.5
Howmep y3na

2 3 4
CraTyc onopsl pabouee He pabouee pabouee
3HaK nepeMelieHus B “paboueM HanpaBiIeHUH - + +
[lepemenienue y3na, m 0 0.0077189 0
3HaK peakuuu B “paboyeM HampaBieHUH - + +
Peaknus B onope, m -0.3850798 0 0.0530155

R=0.5302
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AHalIu3 BEJIWYMH W HAINpaBICHUW pPEaKIUid B OJHOCTOPOHHHUX CBS3SX,
peoOpa3oBaHHBIX B IByXCTOPOHHUE, TTOKA3BIBAET, YTO HAIMPABICHUS PEAKIU BO BCEX
OCTaBIIUXCSl OJTHOCTOPOHHUX CBSA35X, MPEOOPA30BAHHBIX B JIBYXCTOPOHHHE, COBIA/IAIOT
C pabo4yrMHU M BEJIUYMHBI MEPEMEIICHUM Y3JI0B, COOTBETCTBYIOIIUX OJIHOCTOPOHHUM
CBS3sM, HE MPUBOASIT K WX BKIIOYEHUIO B paboTy (mepemenieHue MPOUCXOAUT B
HaIpaBJICHUU MPOTUBOIOIOXKHOM CBSI3M). TakuM oOpa3om, pacueT Ha TEKYyIIeM Ilare
HArpy’>KeHUsl 3aKOHYeH. PacueTHass cxeMa Tekylmero mara (IepBOro) HarpyXeHHs
HalJieHa.

Ha BrOopoM mmare porpyKeHus, IMOCJ€ TMEPBOM HWTEpalluu, ObUIM TOITYYEHBI

pe3yabTaThl, IpeJACcTaBICHHbIE B Ta0auIe 6.6.

Tabnuma 6.6
Howmep y3na

2 3 4
Crartyc onopsl pabouee He pabouee pabouee
3Hak nepeMenieHus B “paboyeM HampaBJIeHUN - + +
[lepememenue y3ia, v 0 0.0154378 0
3HaK peaknuy B “‘paboveM HaANpaBJICHUH - + +
Peakmus B omope, m -0.7701596 0 0.1060309

AHanu3 BeNWYMH U HaNpaBICHWH peakiuii B OJHOCTOPOHHHUX CBS3X,
npeoOpa3oBaHHBIX B JIBYXCTOPOHHUE, NTOKA3bIBAET, UTO HAMPABIICHUS PEAKLUd BO BCEX
OCTaBIIIUXCSl OJJHOCTOPOHHUX CBS3SIX, MPEOOPA30BAHHBIX B ABYXCTOPOHHUE, COBIAAIOT
C paboyuMU W BEJIMYHHBI MEPEMEIICHUN Y3JI0B, COOTBETCTBYIOIIMX OJHOCTOPOHHUM
CBSI35IM, HE TPUBOIAT K WX BKJIIOYEHUIO B paboTy (mepeMeleHue NPOUCXOJIUT B
HAIPABJIICHUH MPOTUBOIIOIOKHOM CBsi3H). TakuM 00pa3oM, pacueT Ha TEKyIIEeM Iare
Harpy>keHHs 3aKOH4YEH. PacueTHas cxeMa TEeKylIlIero 1mara HarpyKeHus HailieHa.

AHaNOTMYHO BBIMOJIHAETCS PACUET HA BCEX MOCIEIYIOIINUX IIarax J0rpyKEHUs.
PacuetHas cxema mpu 3TOM OCTAETCS] HEU3MEHHOM.

Ha pecsatom (mocnenHem) mare OOTPYKEHHUsI, MMOCTE MEPBOM HUTepaluu, ObUIH

MOJIY9CHBI PE3YJIBTATHI, IPEICTABICHHBIC B TA0IHUIIE 6.7.

Tabauna 6.7
Howmep y3na
2 3 4
Cratyc onopsl pabouee He pabouee pabouee
3HaK nepeMerieHus B “paboueM HanpaBIeHUH - + +
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[lepememienue y3ia, v 0 0.0771891 0
3HaK peakuuu B “paboyeM HampaBieHUH - + +
Peaxius B onope, m -3.8507982 0 0.5301545

AHanu3 BEJIWYMH W HaNpaBlICHUM peaKuid B OJHOCTOPOHHUX CBSI3SX,
npeoOpa3oBaHHBIX B ABYXCTOPOHHHUE, MTOKA3bIBAET, YTO HAIIPABJICHMS PEAKIIMil BO BCEX
OCTaBILUXCS OJJHOCTOPOHHUX CBSI3SIX, MPEOOPA30BAHHBIX B JBYXCTOPOHHHUE, COBMAIAIOT
C paboyuMU M BEJIMYMHBI MEPEMEIIECHUN Y3JI0B, COOTBETCTBYIOIIMX OJHOCTOPOHHUM
CBS3sM, HE MPUBOASIT K WX BKIIOYEHUIO B paboTy (mepemenieHue MPOUCXOAUT B
HANpPaBJICHUH MPOTHUBOIOIOKHOM CBsi3U). TakuMm o0Opa3oMm, pacyeT Ha TEKyILEeM Iare
Harpy>kKeHHsl 3aKOHYeH. PacyeTHas cxema TMoOcjie MPWIOKEHUS OKOHYATEeIbHOU
Harpy3Ku HaieHa.

B tabnuie npeacrtasieHsl 6.8 aHanmuTHYECKOE pellIeHUE, TPUBEACHHOE B paboTe
[136], pesyabratel pacuera B IIK JIMPA-CAIIP [29] 3aBHCHMOCTH OT KOJHWYECTBa
UTepalnii, 1 To pa3padaTbiBAEMOW W HAa OCHOBE PACHUIUPEHHOIO METOAa KOHEUHBIX

3JICMCHTOB B (1)0pM€ KJIACCMYCCKOI'0O CMCIIaHHOI'O MCTOd4a.

TaoOmuma 6.8
[Tapamerp | Anamutuueckoe pemenue | JIMPA-CATIP (ureparuit) MKD B popme
2400 10000 30000 KC® (10 mraros

norpyxenus, 11
uTeparui)

Rz, m -3.7872 -3,83 -3,795 -3,7871 -3.8508

R4, m 0.5302 0,52 0,527 0,5301 0.5302

Z3, m 0.0772 0,0778 0,0773 0,7772 0.0772

PacueTa 6ajok ¢ OMHOCTOPOHHUMH CBSA3SIMH C 3a30paMH UIU 0€3 HUX M0 METONY
KOHEYHBIX 3JIEMEHTOB B ()OpME KJIACCHUYECKOTO CMENIaHHOTO METO]Ia BBITIOJIHSIETCS O
€AMHOMY aJrOPUTMY, IPUBOIAIIEMY K pe3yJibTaTaM, COBIAJAIOLIMM C pe3yJIbTaTaMH,
MOJIYYCHHBIMU JIPYTUMH METOJIaMH, WLTIOCTPUPYS 3(PPEKTHBHOCTH MPEATIOKEHHOTO
aNIropuTMa pacyeTa, a TAakKe €ro OCHOBHBIE MPEUMYIIECTBA — MOJHAS WHMOpPMAIUsI O
HAC cucrembl Ha KaxAoW UWTEpalMd WIM 1IAre HAarpy>KeHus, YHIPOLIECHHE
MPOrPAMMHPOBAHUSI UTEPALIMOHHOTO QJITOPUTMA PacyeTa, 3HAYUTEIBHOE COKpALICHUE
yuia WUTepaluii U 0O0BEMOB BBIYMCICHUN, BO3MOXHOCTb YCTPAHEHUs MpPOOJIEeMbI
3aIMKJIMBAHUS UTEPAIIMOHHOTO TIporiecca. Pa3zpaboTaHHBIN anropuTM pacdeTra U €ro

YAaCTHBIC BApHAHTBI IMO3BOJIAIOT OTCICIKHBATH IIPOHCCC, BKIKOYCHHA M BBIKIIIOUCHUA
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(«oTnunaHus») OMNHOCTOPOHHUX CBS3EH KaKk B MPOIECCE IMOIIAroBOr0 JOTPY>KEHHUS
0anok, Tak W TMPU M3MEHEHUU BHUJA HArpy3Kd (CHUJIOBOM WM KUHEMATHYECKOWU) U

MOCJICIOBATCIILHOCTH €€ ITPUIIOKCHUA.

6.4.2 PacyeTt n3ruéaemMpIxX MIIACTUHOK € OJTHOCTOPOHHUMM CBSI3AIMHU 10 METO1Y

KOHCYHBIX 3JICMCHTOB B Q)opMe RIACCHYECKOI0 CMCIIAaHHOI'O ME€TOaA

PaccmoTpuM  anropuTM  MaTEMaTHYECKOTO MOJEIMPOBAHMUS KOHCTPYKTHUBHO-
HEJIMHEWMHOW  3a7auM  u3ruba  IUIACTUHOK C  OJHOCTOPOHHUMHU  JHCKPETHO
pPacnoyioKeHHBIMU CBA3SIMU Ha ocHOBe MKD B (opme KiIaccM4eckoro CMEmIaHHOTO
METOo/1a.

B nmaHHOW 3amadye HWCNONB3yeTCs  I[UIACTMHYATBHIA  KOHEUHBIA  DJIEMEHT

IPSIMOYTOJILHOM (hOPMBI C IBEHAIIIATHI0O HEM3BECTHBIMU B OCHOBHOM cHCTEMe (PUCYHOK

6.31, a).
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a) 0)

Pucynok 6.31 — [IpsimoyronbHbiit u3rubaemprii K9-nnactunka ¢ 12 HeM3BeCTHRIMU

B kadecTBe HEHU3BECTHBIX B OCHOBHOM CHCTEME IIPUHUMAKOTCA YCHWINA —

usrubaromue MOMEHTBIM,, M 1 TMHEHHBIE IEpEMENIEHNS B y3/1aX — IPOTHOBI W.
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JIns MIacTUHKU € JBYXCTOPOHHUMH CBSI3IMM B KOHTYPHBIX y3JaX CHCTEMa
paspelnaromuX ypaBHEHUH 11 y31a 1] KOHeYHO-3JIeMEHTHOM ceTku ((pucyHOk 6.31, 6)
AMEET CHEAYIOIINN BU:

bl I 1l v
LRy =Ry +Ry + Ry +Ry =0, — ypaBHEHHS PABHOBECH,
2. Ai(jy) = gpigy) = Aé + A;' + Aé” + Ai\ll =0,| — ypaBHEHMS COBMECTHOCTH yIJIOB
II0OBOPOTA HOPMAJIH K (6.31)
TIOBEPXHOCTH ILTACTHHKH B Y3II€

Ij oTHOCHTENBHO Ocelt Oy u OX

3.AY =g = Ag+ Ay + Ay +A} =0.

COOTBETCTBEHHO.
[Ipy Hanuuuu BO BCEX WM HEKOTOPBIX Y3/IaxX | JBYCTOPOHHUX YNPYTHX

(JIMHEWHBIX) OMOP, MOJACIUPYIOUIUX YIPYroe OCHOBAHME, BEJIWYMHBI PEaKIMil B HUX U

NepeMEIeHU 0 HaIPaBJIEHUSM STHUX OTOPHBIX CBsI3ed (OpPMaIbHO OMHUCHIBAIOTCS

cucreMamu ypaBHeHu# (6.31). OmHako B HHMX CHeAyeT y4ecTb achopMaliid STHUX

yIPYTUX OMOP, TO €CTh YU€CTh, UTO

R; =CA;. (6.32)
[TorToMy B mepBoM ypaBHEHUH cucTeMsl (6.31) i y3na jj momydaem

_ pl I m v
Rij —Rij +Rij +Rij +Rij = CA; (6.33)

HOC—)TOMy I10 CpaBHeHI/IIO C N3J10KCHHBIM BBIIIIC aJIFOpI/ITMOM pacqua
CTEP)KHEBBIX CHCTEM, QJITOPUTM pacyeTa IUIACTHMHKH, MPEJCTaBIsIEMON aHcamOeM

KOHCYHBLIX 3JICMCHTOB, YUUTHIBACT AOIMMOJHUTCIIBHO YIIPYTUC JIMHCWHbBIC OJHOCTOPOHHHC

OMOPBl B y3/lax € JKECTKOCTBIO Cj M 3a30pbl A,

MEXIy OSTUMH OINOpaMU W
TOPU30HTAITBHON MTOBEPXHOCTHIO INIACTHHKH (PUCYHOK 6.32).

Jist  oTcheXuBaHUS W3MEHEHHsI HANPSKEHHO-Ie(OPMUPOBAHHOTO COCTOSHUSA
IUIACTHHKKA B TIPOIECCE CTATUYECKOTO HATPYXKEHUS HCIONB3YyeTCs MpoIenypa
MOIIIarOBOTO HArpyKeHHWsT Mo mapameTpy. [Ipu JIBYXCTOpPOHHUX CBS3SIX TaKUM

NapamMeTpoM SBIAETCA CUIoBas ys3aoBas Harpyska F;, K KOTOpOH NpuBOAMTCS

Harpy3kKa, pacrnpeiesieHHas o IO TUIaCTUHKHY.
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Pucynok 6.32 — V3en i] IIaCTMHKM ¢ yIPYTUMH JTUHERHBIMU OJHOCTOPOHHUMH

oropamu

JUIs WUTIOCTpaliy anTOpUTMa BBITIONHLY TecT-pacyeT IUIACTHHKH, ONEPTON MO
KOHTYPY Ha JKeCTKHE OJTHOCTOPOHHUE IAaPHUPHBIE OTIOPHI.

HcxonHbie naHHbBIE:
E=1.092-10" H / M* - momyms ynpyrocts; 1 =0.3 - ko3pdumment ITyaccona;
h=0.01m - TommuHa MIACTHHEL,

a=1.0m u b=1.0m - pa3Mepsl CTOPOH IUIACTHHBI BAOJb OCEH X M Y IJI00aNbHOM

CUCTEMBI KOOP/IMHAT, COOTBETCTBEHHO.

[InacTWHKA 3aTpy’KeHa paBHOMEpHO Harpyskoif (=1H /m°, mpuBeneHHOH X
y3JI0BOM, ¥ TIOKa3aHHOM Ha pUCyHKe 6.33, a.

[IracTuHKY TIpencTaBUM aHcaMOJIeM KOHEYHBIX JIEMEHTOB C CETKOW y3J10B 4X4
(pucynku 6.33, 6, 6.33, 6). Hymepatust Heu3BeCTHBIX (PHCYHOK 6.33, 6) IPOU3BOIUTCS
B CIICIYIOIICH TIOCIICIOBATEIFHOCTH: CHaYalla HyMEPYIOTCSl BCE TIEPEMEIICHUH B y3JaX,
3aTeM — BCE M3THOAIOIINe MOMEHTEHI, B TOH )K€ TIOCIICI0BATEIILHOCTH Y3JIOB.

Takum 00pa3omM, COrJIaCHO TPHUBEACHHBIM BBHIIIE MpPaBWIaM HyMEpaIHUH
HEHU3BECTHBIX MBI UMEEM TIPH CETKe y3II0B (4%x4) 75 Hem3BecTHBIX: 1-5, 6, 10, 11, 15, 16,

20, 21-25 — BepTUKaIbHbBIE JIMHEHHBIE cMelIeHus Z, ; 26-/5 — u3rubarouiye MOMEHTHI
otHocuTenbHO oceii OX, OY COOTBETCTBEHHO B STHX JK€ YIJIOBBIX TOYKaX (PHUCYHOK

6.33, ).
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Pucynok 6.33 — [InacTuHKka ¢ 0OIHOCTOPOHHUMU OTMIOPAMU IO KOHTYPY
a) KOHEYHO-3JIEMEHTHAsl ceTKa 0) HyMepalus HEU3BECTHBIX
B) HyMepalusl KOHEYHBIX 2JIEMEHTOB

B paccmarpuBaemMoil 3amade HEOOXOAUMO HAWTH pabOUyI0 PACUYETHYIO CXEMY
IUTACTUHKYU HA OJTHOCTOPOHHUX JKECTKUX CBS3SX B KOHTYPHBIX y3lax. B cooTBeTcTBUU C

M3JI0’)KEHHBIM BBIIIE AJITOPUTMOM HaiJeM IMOCIeN0BAaTENbHO paboune pacyeTHbHIC
CXEMBI MOCIIE KaXXI0T0 1Iara 1orpyxeHus Ag = a , TI€ N — YKCII0 11aroB Mo Harpyske (B
n

AaHHOM mpuMepe mpuMem N =10).
BrIinosiHMM pacuer nociie nepBoro mara Harpy>KeHus q(” =A(Q.

Ha nepBoii urepanuu Bce OMOPHBIE CBSI3U NPUHUMAIOTCS 34 IBYXCTOPOHHHUE.

B y3max 1, 5, 21 m 25 BO3HHMKAaOT peakiuu MPOTUBOIOJIOKHBIE paboueMy
Harnpasiiennto 1 paBHbie 0,0207 H. DTu ONOpHBIE CBA3U HCKIIOYAIOTCS B CIEAYIOUIEH
pacueTHOU CXeMeE.

Ha BTOpoO#i nrepanus BbINOIHIETCA MPOBEPKA MIPUHITON pacueTHOM cxeMbl. [Ipu
3TOM AaHAIM3HUPYIOTCA KaK pPEaKUuMW, TaK W IEPEMEIICHUS B Y3JIaX HAa KOHTYpE.

Pe3ynbTaThl, MOTydeHHBIC HAa STOM IIIare, MPUBEICHHI B Tabmuie 6.9.
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Tak Kak HU OJHO MEPEMEILECHUE HE HAIIPABICHO B CTOPOHY UCKIIOYEHHBIX OIOD,
M BCE PEAaKUUU HAIpaBJICHbl B pa0Oo4yeM HAMpaBIECHUU OINOpP, TO pacyeTHas CXxeMa He
U3MEHSETCS U OCYLLECTBIICTCA MEPEXO Ha CICAYIOLINN 1Iar HarPy KECHU.

Ha nepBoit urepauuu BTOPOro 1iara Harpy>K€Hus pacyeTHasl cxema, IOoJIydYeHHas
[I0Cje IMEepBOr0 I1uara, MPUHUMAECTCA 3a MCXOAHYHO, BBIINOJHACTCS pacuer |
OCYILIECTBIIAETCS MPOBEPKA MEPEMEILIEHUN U PEaKLUi B y3/1aX Ha KOHTYpPE IUIACTUHKH.
Pesynprarsl, nosydeHHbIE Ha MEPBOM MTEpPALlMU JTOrO IIara, TAKXKE IIPUBEACHBI B
tabmune 6.9. Kak u paHee, HM OJHO MEPEMELIECHUE HE HANPABIEHO B CTOPOHY
UCKJIIOYEHHBIX OIOp, M BCE PEaKIMU HampaBieHbl B pabouyeM HampaBlIE€HUU OIOP.
PacueTHass cxema He U3MEHSAETCS M OCYILIECTBIIICTCSA IEPEXO] Ha CIEAYIOLIMN Iiar
HarpykeHus. Ha Bcex mnocneayromux marax JOIPY)KEHMs pacueTHas cxema,
IIOJIy4YEHHAsl Ha NIEPBOM IlIare Harpy»KeHusl, He NU3MEHAETCS.

Kak mnoka3piBalOT AajpHEWIIME pAcCyYeThl HaA MPOTSIKEHUM BCEX CIEIYIOLIUX
maroB omopel 1, 5, 21, 25 ocTaroTcsd HUCKIIOYEHHBIMU W3 pacuera. Pe3ynbpTarhl,
NOJyYeHHbIE Ha JEeCATOM IlIare HarpyeHus, npueieHsl B Tabmune 6.9. Hu oxHo
IIEPEMEIIEHUE HE HAIPaBJICHO B CTOPOHY HCKIIOYEHHBIX OIIOP, M BCE pEAKLUHU

HaIIpaBJICHLI B pa60‘IGM HaIIpaBJICHUHU OIIOP. PacuetHas cxema He U3MEHSETCS.

TaoOmuma 6.9
[Toka3zarenn VY3en
1 | 2 | 3 | 6 \ 11

Bropas uteparus nepsoro mar Harpyxenus (AF =0,1F )

Peaxmus, H 0 —0,006407 —-0,012185 —0,006407 —0,012185

EepeMemeH“e %1 ~0,0000595 0 0 0 0
IlepBas utepanus BToporo mar Harpyxenus (AF =0,2F )

Peakmus, H 0 —0,012815 —0,024370 —0,012815 —0,024370

Hepevemenie Wi | _0,000119 0 0 0 0

IlepBas urepauus jgecaToro mar Harpyxenus (AF = F )
Peakmus, H 0 —0,064074 —0,121852 —0,064074 —0,121852

[Iepememienue w,

" —0,0005949 0 0 0 0

Hamy BBINOJNIHEHO CpaBHEHUE pe3yJbTATOB pacueTa IUIACTUHOK C CETKOH
KOHEUHBIX 71eMEHTOB (4x4) u (8%8), BBINOJHEHHBIX IO W3JI0KEHHOMY BBIIIE

aJIrOpuTMy Ha OCHOBC MCTOJa KOHCYHLBLIX JJICMCHTOB B (bopMe KIIaCCHUYCCKOI'O
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cmemannoro meroga (MKD B ¢opme KCM) u monydeHHBbIX ¢ ucnosnb3oBanueM [IK

JINPA-CAIIP.

B tabnune 6.10 (cetka KO 4x4) u (cetka KD 8x8) mis cpaBHEHUS] MOKa3aHBI
IIEPEMEILICHNS] XapaKTEPHBIX Y3JIOB IEPBOM YETBEPTH IUIACTUHKH, HMEIOIIUX HE
HyneBble nepemenieHus. Pesynpratel o MKD B popme KCM npunsTh 3a “TOUHbBIE”,
TaK KaK OHM CJEAYIOT W3 YPAaBHEHUH, YIOBJIETBOPSIOIIUX OJHOBPEMEHHO YCIIOBMS
paBHOBECHS W COBMECTHOCTU JAedopManuii B y3Jax KOHEUHO-IJIEMEHTHOW CETKH.

Hywmepanus y3noB mist cetku KO 8x8 npuBenena Ha pucynke 6.34.

[
VTV
Tyl

//@/@

Pucynok 6.34 — ®parMeHT — nepBasi 4eTBEPTh IUIACTUHKU C HyMepaluen y3I0B

=Y

Taomuna 6.10

[lepememienue W, M
Yaer, Ne MKD 5 popme KCM | MK JINPA-CAITP Aw, (%)
Cetka KD (4x4)
1 ~0,0005949 ~0,0008638 31,13
7 0,00222 0,002466 9,99
8w 12 0,003112 0,003402 8,53
13 0,004322 0,0047 8,05
Cetka KD (8x8)
1 ~0,0007231 ~0,0007688 6,3
2w 10 ~0,0001954 ~0,0002245 14,9
11 0,0006217 0,0006387 2,7
21 0,0022998 0,0023512 2,24
31 0,0037843 0,0038523 1,8

N3 nonydeHHbIX pe3yiabTaToOB MOXKHO CAEIATh BBIBOJ O TOM, YTO MPHU CTyLICHUH
CEeTKH KOHEYHBIX 3JIEMEHTOB pe3yjbTaThl pacyeta, nonydeHHele B [IK JIMPA-CAIIP
COMMKAIOTCA C ““TOYHBIMH’ PE3yJbTaTaMHM, MIOTYYEHHBIMU HA OCHOBE METOJ1a KOHEUHBIX

OJICMCHTOB B Cl)OpMC KIIaCCHUYCCKOIo CMCIIaHHOIo ME€ToJ44a.
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6.5 BeiBoabI 1o ri1ase 6

1. Pa3zpa®oTaHHBI aNrOPUTM pEIICHUS CHCTEM HEJIMHEWHBIX anreOpandecKux
YpaBHEHMM, TMOJy4aeMbIX NpH HUCIOJIb30BaHUU pacmupeHHoro MKD B ¢dopme
KJIACCUYECKOTO CMEIIaHHOTO METOJa, MPOCT M YAOOEH B pealiu3allud, TaK KaK 3TU
YPaBHEHHUs COCTABIISIFOTCS HEMOCPEACTBEHHO I JUCKPETHBIX PACUYETHBIX CXEM.
Pe3ynpTaToM pelieHus SIBISETCS IMOJHAS KapTUHA HaIpPsSKEHHO-Ae(POPMUPOBAHHOTO
COCTOSIHMSI KOHCTPYKIIHH.

2. AHaiU3 TEOMETPUUYECKU HEIMHEHHOro ne(opMHUpOBaHMSI HEKOTOPHIX THIIOB
CTEp>KHEBBIX CHUCTEM Ha OcHOBe pacmupenHoro MKD B ¢opme kiaccuueckoro
CMEIIaHHOTO METOAa TIO3BOJWJI I[0Ka3aTh OMIMOOYHOCTH BBI3BABIIMX JAUCKYCCHIO
BBIBOJIOB U PEKOMEHAAINI B MyOIMKAUSIX HEKOTOPBIX HCCIIEOBATENICH.

3. BrolmosiHeHHbIE TPUMEPHI pacueTa MOKa3bIBAIOT BBICOKYIO 3(PGHEKTUBHOCTH
pacmmpenHoro MKD B ¢dopme kiaccuyeckoro cCMEIIaHHOTO MeToja. Bricokas
TOYHOCTb, MTOJIY4YaE€MbIX C €r0 MOMOUIBIO PELICHHM, MTO3BOJIIET PEKOMEHI0BATh €0 IS
aHaJau3a pe3yJbTaTOB PacyeTOB, MOJYYEHHBIX C HCIIOIb30BAaHUEM APYIMX UYHUCICHHBIX
METO/OB.

4. MWcnonw3oBanue pasBuBaemoir GopmMbl MKD mMo3BOMISIET BBISIBUTH IIPH
UCCJICIOBAHUN  YCTOWYMBOCTU  IIAPHUPHO-CTEPKHEBBIX CHUCTEM KOH(DHUTyparuw,
COOTBETCTBYIOIIIME TOUKaM Oudypkanuu (BETBICHUS PEIICHHI ), U IPOCICAUTh KPUBYIO
PaBHOBECHBIX COCTOSIHHI 32 TOUKON OMdypKaIuy, T.€. B 3aKPUTHIECKON 00JIaCTH.

5. MKD B paccmarpuBaemoii (popme MO3BOISET BBIMOIHATH PAacyeThl HUTEH U
KOHCTPYKLMH C UX UCMOJIb30BAHUEM.

6. Ilokazana 3¢ GheKTHBHOCTh Pa3padOTaHHOTO aJIrOpPUTMa pacueTa CUCTEM C
OJTHOCTOPOHHUMH CBS3SIMA Ha OCHOBE pacmmpeHHor ¢opmer MKD. Anroputm
ITO3BOJIAET OTCIEAUTH BKJIIOYEHHUE U BBIKIIIOYEHUE OJHOCTOPOHHHX CBS3E€M B IpoOLECCE
MOIIAarOBOr0  HArpy»KEHHUs, MEHSATh M[apaMeTp  HarpyXeHus (CHUJIOBOM  Ha
nehOpMHUPOBAHHBI W HA000POT), HE M3MEHSSI MPU ATOM CTPYKTYPY paspenaroniux

YpPaBHEHUW, BHOCUTH HW3MEHEHUS B PACUECTHYK) CXEMYy IIOCJI€ KaXJoro uiara
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Harpy>keHusi. Takol WTEpallMOHHBIM aJIrOpUTM CBOOOJAEH OT 3alUKIUBAHUA U
MO3BOJIIET HAWTU PELICHUE IMPU MUHUMAJIBHOM KOJIWYECTBE HUTEpALlMM B IPOLECCE

HAXO0XKIEHUS pab0UYMX PACUETHBIX CXEM.
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3aKJII0uUeHHue

OcHoBHBIE pe3yJbTaThl

1. B coorBeTcTBUU CO CPOpMYIMPOBAHHOM IE€JIbIO B JHUCCEpTalUU pa3paboTaH
pacCUIMPEHHBI METOJI KOHEYHBIX JJIEMEHTOB B (POpME KIACCMYECKOTO0 CMEIIaHHOTO
MeTofa (PU3MUECKUN CMBICI KOTOPOro HauOosiee JOTUYHO OOBSICHSAETCS C MOMOIIbIO
BBEJCHHOTO TEPMUHA-TIOHTHUS ‘‘MaTpuila OTKJIMKOB KOHEUHOT'O AJIEMEHTA.

2. Ha ocnoe at0i1 hopmbl MKD pazpaboranbl puznko-maTeMaTuuecKue MOoIeNu
HEKOTOPBIX THUIIOB KOHEYHBIX 3JIEMEHTOB U aJITOPUTMBI (POPMHUPOBAHUS Pa3peIIaAONIUX
ypaBHEHUN MTPUMEHHUTENIFHO K JUHEHHBIM U HEJIMHEHHBIM 3aJjadaM CTaTUKU, JTUHAMUKU
U YCTOWYHMBOCTH B CTPOUTEIIBHOM MEXaHUKE.

3. PazpabGoTraHbl aJirOpUTMBI U MPOTPAMMHBIE CPEJICTBA YUCIICHHOMN peaau3aiiuu
pa3penamimmXx KOHEYHO-2JIEMEHTHBIX YPaBHCHHIM.

4. DddexkTuBHOCTh pa3zpabOTAHHBIX MoOJENed M aJrOPUTMOB MOATBEPKICHA
YUCJIEHHBIM PEIICHUEM IIUPOKOTO Kpyra TECTOBBIX NPUMEPOB: JIMHEWHBIX U
HEJIMHENWHBIX 3aJa4 CTaTUKH, JWHAMUKH M YCTOMYMBOCTH, W CPaBHEHHEM C
UMEIOIINMUCA AHAJIMTUYECKUMU PEMIEHUSIMH W Pe3yJbTaTaMH, ITOJIYYEHHBIMH Ha
OCHOBE JAPYIUX METOJIOB.

5. Pa3zpaborannbie mporpaMMHbBIE CPECTBA M BHITIOJTHEHHOE WX BHIYUCIUTEIHHOE
TECTUPOBAHME CO3JAIOT OCHOBY HJisi pa3paOOTKM MPOrpaMMHOTO oOecreueHus
pasBuBaemoit popmbr MKD.

6. 3aJI0’EeHbI OCHOBBI JIJIsl JAJIbHEHIIETro pa3BUTUS pacliupeHHor Tteopun MKD
Ha OCHOBE KJIACCHYECKOTO CMEIIAaHHOTO METOJa, PACIIUpEeHHs OMOIMOTEKH MaTpPHII
OTKJINKOB KOHEYHBIX AJIEMEHTOB, pa3paOOTKH MPOTPAMMHBIX CPEACTB IS peaTu3aiuu

AJITOPUTMOB pacdcTa CIIOKHBIX KOHCpr1(I.[PII>i.
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BrIBOaBI

1. OO630p nuTepaTypbl MO TEME WCCIEJAOBaHUA IMOKa3al OTCYTCTBUE
COMOCTaBUMOIro 1Mo 3(dekTuBHOCTH U creneHn (Qopmanuzauun ¢ MKD B
nepeMenieHus X Apyrux popm mim sapuantoB MKD.

2. Ilpn peanmzanmu BBIYUCIMUTENBHOrO mpouecca no MKD B mepememeHusx
BO3ZHUKAET PsAJl HE PEIICHHBIX 10 CETOAHSIIHETO THS MPOOJIEM.

3. Hauboinee nepcnekTUBHON, U3 UMEIOLIUXCS B Hacrosmiee Bpems Gopm MKD,
npencrapisiercs pacmupeHHbii MKD B ¢opMe KilaccMYecKoro CMEmaHHOTO METO/IA.
[lo crenenu mnpocToThl (QopManIM3alUd U AITOPUTMH3ALMHU, T.€. MATEMATUYECKOIO
moaenupoBanusi, MKD B »atoii ¢dopme anajmoruueH kiaccuueckomy MKD B
nepemenieHusx. Iloaromy Bce mnporpaMMmHble cpeacTtBa, peanusyromue MKD B
NEPEMEIEHUSIX, MOTYT OBITh MCIIOJIb30BaHbl KaK OCHOBA JJI MPOTrPAMMHBIX CPEICTB,
peanusyromux MKD B hopme cMemmanHoro Metoa.

4. OcHOBHOE TepMHUHOJIOTHYECKOe oTinuue 3Toi popmbel MKD 3akitouaercs Bo
BBEJICHHOM  (YHIaMEHTAJIbHOM  TEPMHHE-TIOHATHUM —  «MAaTpUllda  OTKJIMKOBY,
MO3BOJIUBIIEM JIOTHYECKH OOOCHOBAaTh COOTBETCTBYIOIIME CMEIIAHHOMY METOIY
¢uznueckre W MaTeMaTUYECKHE MOJENIM KOHEYHBIX D3JIEMEHTOB W Pa3pelialoninx
CUCTEM YPaBHEHHIA.

5. Hucno 3TiX ypaBHEHMH onpenensercsa, kak 1 B MKD B nepeMenieHust, Yucaiom
HEU3BECTHBIX B y3JI¢ KOHEYHO-JIEMEHTHOM CETKM NPUHUMAEMOW OCHOBHOM CHUCTEMBL.
OTo o3HayaeT, 4yro W TpaaunuoHHoW Gopme MKD, u B aibTepHATUBHOW YHUCIIO
ypaBHeHUI Oyaetr oamHakoBbiM. OIHAKO B ajJbTEPHATUBHOW (DopMe B pa3pemiaronux
YPaBHEHUAX COJAEPXKATCA OJHOBPEMEHHO KaK KHHEMAaTHYECKUE, TaK U CHUJIOBBIE
HEHU3BECTHBIC, 4YTO IIO3BOJIAET IIOJIYYUTh B pE3YyJbTAaTe€ PEIICHUS BCE OCHOBHBIC
napaMeTpbl HanpsHKEHHO-Ie(OPMUPOBAHHOTO COCTOSHUSL MCCIIEYEeMON KOHCTPYKLIHUU

(HanpsKEHUs U IepeMelleHus ).
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6. BpInogHEHHBIE MpPUMEPBI pacyeTa Ha OCHOBE pa3paOOTaHHBIX MOJENeH
MO3BOJIMJIM BBIIBUTH s/l MpeuMylIlecTB U ocodenHocteir MKD B ¢popme kinaccuueckoro
CMEIIaHHOTO  METOZAA, IMO3BOJLIONIMX  PEHIUTh PsAd  OTMEYAEMBIX  MHOTMMU
UCCJeI0BaTENsIMU TPOOJIEM, CBA3aHHBIX C MPUMEHEHHEM TpaguuoHHoro MKJ:

- OJHOBPEMEHHOI'O0 YIOBJIETBOPEHUs YCIOBUM pPABHOBECHS M  YCIOBHUHI
HEepa3pbIBHOCTHU JehopMaluii;

- obecrie4yeHus COBMECTHOCTH KakK MEPEeMEIECHUN, TaK U yCWJIMHA Ha TpaHuLax
CMEKHBIX KOHEYHBIX JIEMEHTOB;

- HCKJIIIOYEHUE U3 PACUYETOB BIMSHUSA CMEIICHUS KOHEYHOTO DJJIEMEHTA Kak
KECTKOTO 1IEJI0T0;

- y4eTa BIMSHUS KOHEUHBIX 3JIEMEHTOB C OYEHb OOJBIION KECTKOCTHIO.

7. OcHOBHBIE TmpeuMmylecTBa paszBuBaemoil Gopmbl MKD 3akmrouarorcs B
CIEAYIOIIEM:

- HE MEHSS CTPYKTYpPy CHCTEMBbI pa3pelialoliX YPaBHEHHM, MOXHO IOCIE
J000r0 11ara Harpy>keHusi CMEHUTH BUJI MTapaMeTpa Harpy»XeHus, T.e. MEHSITh MECTaMu
3a/1aBa€Mblil BUJ] [TapaMETpa HArpyKEHUsI U OJUH U3 MOJJIEKAIIUX HAXO0KICHHUIO BUIOB
HEU3BECTHBIX, YTO OCOOCHHO BAXXKHO NpPH pacyeTe KOHCTPYKTUBHO — HEIMHEHHBIX
CUCTEM C TOIIAroBOM MPOLIEypO HArpy>KEHHsI, UTO OKa3bIBAETCS 0UeHb () PEKTUBHBIM
IPU UCCIEIOBAHUM 3aKPUTUYECKOTO MOBEICHUS CTEPKHEBBIX KOHCTPYKIMMU, MO3BOJISSA
IIPOCIICIUTD “BETBJICHHUE  PEIICHHUHN B 3aKPUTHUYCCKOU 001aCTH;

- pa3peliaronias CUCTeEMa KOHEYHO-3JIEMEHTHBIX YPaBHEHHH METOJa KOHEUHBIX
AJIEMEHTOB B aJbTEPHATUBHOU (hOpME OKa3hIBAETCS OCOOCHHO YJAOOHOU MpH perieHUuU
F€OMETPUYECKM M KOHCTPYKTMBHO HEIHMHEHMHBIX 3a1ad, T.€. B pacuere CUCTEM C
W3MECHSIOIIENCA PAaCUCTHOM CXEMOW IMpHU I[OIIArOBOM IPOLECCE HArpyKEHHS
(MHKpEMEHTaIbHOE HAarpyKEHUE);

- BO3MOYKHOCTb pacueTa HEPACTKUMBIX U PACTSKUMBIX HUTEH, YTO HEBO3MOXKHO

B TpaaurmonnoM MKD.
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CBUIAETEJDbBCTBO

0 rOCYIapCTBEHHOI perucTpauuu nporpammsl ais 9BM

Ne 2018619882

Pacuer yCTOﬁqHBOCTM CTEPKHEBLIX CHCTEM 110 METOAY
KOHCYHBIX 3JICMECHTOB B (bopme KJACCHYECKOro CMECIIAHHOIO
METOAA

IpaBooGnanarens: Henamoee Anekcanop Baraoumupoeuu (RU)

Astop: Menamvee Anexcandp Baaoumupoguu (RU)

Basexa Ne 2018617515

JHara nocrynienus 12 mionn 2018 .

Jara rocyapcTBeHHOH perucTpauuu

8 Peectpe nporpamm s 9BM 14 aezycma 2018 2.

Pyrosooumene @edepansroil cyncowl
N0 UHMEeNIeKMYanbHOU COOCMBEHHOCU

</—7€ oL L'I1. Henues
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POCCHIMICKAS ®EIMEPAIMA

E ==X

CBUAETEJIBCTBO

0 roCyJapCTBEHHOH perucTpanuu nporpammsl ais DBM

Ne 2017661091

PACYET M3I'MBAEMbIX IVIACTHUH IO METOAY
KOHEYHBIX 9JIEMEHTOB B ®OPME KJIACCHYECKOI'O
CMEIIAHHOI'O METOJA

IpasooGnanarens: Pedepabroe zocyoapcmeenHnoe 6100xcemuoe
obpazoeamenvroe yupesrcoenue 6vicuiezo 00paz0eanus
«Bonzozpaockuii 2ocyoapcmeennsiii mexHuueckuii yrugepcumemy
(BonzI'TY) (RU)

Asropsi: Mznamvee Anexcanop Bnaoumuposuu (RU),
Heesopoea Enena Anexcanoposna (RU)

3aseka Ne 2017617826
Jara nocrynnenns 04 aBrycra 2017 .

Jlata rocyaapcTBeHHOH perucTpaiyn
B Peectpe nporpavm ana OBM 03 oxma6p;1 2017 a.

Pyrosooumenv @edepanvrou ciyxcowi
RO UHMENNEeKMYANbHOU COOCMBEEHHOCMU

(/:e Coe e I'1l. Henues
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CBUAETEJIBCTBO

0 rocylapCTBeHHOH perucTpauuu nporpammsi aas DBM

Ne 2016660344

Hporpamma pacyeTa IVIOCKHX CTEPXKHEBBIX CHCTEM MO METOAY
KOHCYHBIX 3JICMCHTOB B (l)opme KJACCHYECKOro CMCHIaHHOI0
MeToaAa

TpasooGnanarens: Dedepanvroe 2ocyoapcmeennoe 6100xicemnoe
obpazoeamensroe yupexcoenue bicuLez0 npodheccuoHanIbHoz0
obpasoeanun «Bonzozpadckuii 2ocyoapcmeennbii
apxumexmypHo-cmpoumensuutii ynusepcumem» (BoazlIACY) (RU)

Asropsi: Henamuee Anexcandp Bnadumuposuu (RU),
TI'abosa Buxmopus Buxmopoena (RU)

asexa Ne 2016617731
Jlara nocrynnenns 18 mions 2016 I.

Jara rocy1apcTBEHHO#MN perucTpauun
B Peectpe nporpamm ans DBM 13 cenmaopa 2016 2.

Pyxosooumenv Pedepanvroii ciysucool
N0 UHMENNEKMYanbHoU cobecmeenHocmu

(l_’e i LI'11. Henues
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YTBEPK/IAIO:

Hupexrop OOO«CrpoiicepBHcy

% C. 10. Mupymxkus

«0% mions 2019r.

AxT
0 BHEJJPEHUH Pe3yJIbTaTOB HAYyUHbIX MCCIICIOBAHHM,
noJydeHHbIX B aucceprauuu Urnarsesa A.B.
«Pa3BHUTHE METO/1a KOHEYHBIX 3JIEMEHTOB
B (popMe KIIaCCHYECKOro CMELIAHHOIO METO/Ia CTPOUTENBHOM MEXaHHKHY

PesynbraThl auccepraionHoi paborsl Mruateesa A.B. «Passutue MeToza
KOHEYHbIX JJIEMEHTOB B (opMe KIaCCHUECKOro CMEIIAaHHOTO  MeToja
CTPOMTENBbHOW MEXaHUKH» BHEJPEHB B TpaKTHYecKyro aestenbHocts OO0
«CTtpoiicepBucy.

B 4acTHOCTH, B IPaKTHKE MPOEKTHON JIeATeIbHOCTH BHEPEH POrpaMMHBIH
komruieke «[TK KC® MKD».

[lporpaMMbl  KOMIUIEKCa  [O3BOJIAIOT — BBIMONHATh  CTATHYECKHMH W
JAMHAMHUYECKHH pacyeT YacTeil CTPOUTENbHBIX KOHCTPYKIUMI U HCIIONB3YIOTCS IS
BepudUKaK (CPaBHUTENBHOIO aHanKW3a) pe3ysbTaToB pacyera, MOJYYEHHBIX C
HCIIOJB30BAHUEM JIPYTHUX IIPOrPAMMHBIX KOMIIJIEKCOB, UYTO MO3BOJISET MCKIIHOYUTH
NOJy4YeHHEe He JIOCTOBEPHBIX Pe3yJIbTaToB.

ITppmMeHeHHe  NPOrPaMMHOIO  KOMIUIEKCA  YMEHbIAeT  BEPOSATHOCTh
BO3HMKHOBEHHMs aBapuil M3-3a BO3HMKHOBEHHUs OMIMOOK B pacuérax, 4TO WMeEeT

BaXXHOE COLIUAIBHO-DKOHOMHWYECKOE 3HAYCHHC.

['eHepanbHbIi AUPEKTOP

L}
001 01265513
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YTBEPKIAIO:

[TepBblii MPOPEKTOP-AMPEKTOP HHCTHTYTA
apxuTeKkTypsl # ctpoutesnbersa ®PI'BOY BO
«Bonrorpajickuii rocyiapcTBeHHbIH TEXHHYECKHH

YHHBEPCHTET?
JOKTOP TeXHHYECKHX HayK

0 BHEJIPEHHH Pe3yJIbTATOB HAYYHBIX HCCJIEI0BAHHIA,
nony4eHHsIX B qucceprauuu Mruateena A.B.
«Pa3BHTHE METOZIa KOHEYHBIX HJIEMEHTOB
B hopMe KIACCHYECKOr0 CMEIIaHHOTO MeTO/1a CTPOUTENEHOMH MEXaHHKI)

PesynbTathl anccepralmonHoii paboter MUruateena A.B. «Pa3suThe meTozna
KOHEYHBIX 9JIECMEHTOB B  (QopMe KIacCHYECKOro CMelIaHHOro Meroja
CTPOMTENBHOH MeXaHWKW» BHeApensl B yueOHeli npouecc HMHcTHTyTa
apXHTEKTYpPhl U CTPOHTENILCTBA Bosrorpaackoro rocy1apcTBEHHONO TEXHHYECKOIO
yHuBepcuTera. B yacTHocTH:

- BHeJApeHbl B yueOHbIH Mnpouecc NpH H3YYEHHH CTYJAeHTaMH (akyabTera
CTPOMTENBCTBA H KHUITHILHO-KOMMYHA/IBHOT0 X034HCTBA IHCLIHILIHH:

- 08.03.01 Crpourenscrso  (IIpoMbimneHHoe H  rpakIaHCKoe

CTPOHTENLCTBO): «CTPOHTENbHAA MEXAHHKAY,

- 08.04.01 Crpoutensctso (Teopus H nNpOEKTHpOBaHHE 3JaHHH H

coopyxeHHui): «MeToasl MexaHuku JedopMUpyemMoro TBEpAOro Tera B

pacuyérax CTPOHTENbLHBIX KOHCTPYKUMi», «CoBpeMeHHBIE METOAB! pacyéra

IUVIOCKHX H TPOCTPAHCTBEHHBIX CHCTEM HAa OCHOBE JIHCKPETHBIX H

KOHTHHYAIIBHBIX MOJENeH»;

- 08.05.01 CrpouTenbcTBO YHHKAIBHBIX 3JaHHH MW COOpPYKEHHH

(CTpoHTeNBCTBO BBICOTHEIX M GONBILENPONETHBIX 3IaHHH M COOPYKEHM):

«[Tpuknagnas wmexanuka (CrpoutensHas Mexauuka)», «Henuuelinsie

3afa4d  CTPOMTENBHOM  MexaHuku», «JluHamMMka ¥W  yYCTOWYHMBOCTB

COOpYKEHHID,;

- 08.06.01;Texnuka W TexHonoruu crpourTenscTBa (CrpouTenbHas

mexaHuka): «CTpoHuTenbHas MEXaHHKa»,

- ¢ 2003 r. B yuebHOM mnpouecce Hucrnoabdyercs yvebrHoe mnocobue:
BapHauroHHBIe METO/BI pacyeTa B CTPOMTENBHON MexaHuKe: yueb. nmocobue / B.
A. Urnarses, A. B. Urnatees. - Bonrorpaa: y4e6. mocobue, 2003. - 106 c.;
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- ¢ 2005 r. B yuebHOM npouecce Henonssyercs yuebHoe nocodue: CMmemannas
(opma MeToa KOHEYHBIX TEMEHTOB B 3aa4aX CTPOMTENLHON MEXaHHKH: yued.
nocobue / B. A. Urnarses, A. B. Urnartees. - Bonrorpan: y4e6. nocobue, 2005. -
99¢.;

- ¢ 2008 r. B yyeOHOM npouecce ucnonbiyercs ydeOHoe nocobue: Pacuer
CTePKHEBBIX CHCTEM METOAOM KOHeYHbIX ieMeHToB : B 2-X 4. Y.l : MKD B
3ajlavax cratuku: y4eb. nocobue / B. A. Urnarwes, A. B. Mruatees, T. U.
Anpakcuna, KO. H. baxtun. - Boarorpaa: y4e6. nocobue, 2008. - 168 ¢.;

- ¢ 2014 r. B yyebHom mpouecce ucnonssyercs yuyebHoe nocobue, comepiaiiee
pasjeisl, [NOCBAUIECHHBIE MPUMEHEHHIO METO/Ia KOHCYHBIX 2JIEMEHTOB (opme
KJaCCHYECKOro CMelaHHoro wmeroja: HenuuedHas CTpouTeNbHas MeXaHHKa
cTepkHeBbIX  cHcTeM. OcHoBel Teopud. [lpumepsl pacuera [Diek-TpOHHbIHA
pecype]: yueb. nocobue / B. A. Urnatves, A. B. Urnarses, B. B. INunmaukosa,
E. B. Onnmenko; M-o obpasosanus u nayku Poc. ®enepaunn, Bonrorp. roc.
apXHT.-CTPOHT. YH-T. - DNIEKTPOH. M3]. ceresoro jocryna. - Boarorpaa: yued.
nocodue, 2014. - 97 c;

- ¢ 2015 r. B yueGHOM npoliecce Henonbsyercs yyebHoe nocobue, coaepxkaniee
pasjelibl, MOCBALIEHHBIE TPHMEHEHHIO METO/la KOHEYHBIX 3JIEMEHTOB (opme
KJIacCH4ECKOro cMmelanHoro meroaa: lunamuka coopykeHui [DnekTpoHHbli
pecype]: yueb. nocobue / B. A. Mruatves, A. B. Uruarses, B. B. Nabosa. -
Bonrorpan: yue6. nocoGue, 2015;

- ¢ 2016 r. B yuebuoM mnpouecce ucnonszyerca [lporpamma pacuéra
MJOCKMX CTEPKHEBBIX CHCTEM [0 METONY KOHEYHBIX 3JIEMEHTOB B (opme
Kjaccuyeckoro cMmemantoro Meroaa / A. B, MUruarses, B. B. 'abosa; Boarl’ACY.
- 2016:

- ¢ 2017 r. B y4ebHOM npouecce ucnonae3yercs nporpamma: Pacuér
u3rnbaemMeiX TUIACTHH M0 METOJY KOHCYHBIX JIEMEHTOB B (POpPME KJIACCHYECKOro
cMewianHoro merona / A. B. Urnatees, E. A. Hesszoposa; Boarl TV. - 2017;

- ¢ 2018 r. B yuebHoM mpolecce HCTONB3YIOTCA IPOrPAMMHBIE CPEICTBa:

Pacuer yCTOHYHBOCTH CTEPKHEBBIX CHCTEM 110 METOAY KOHEYHBIX

3EMEHTOB B (hopme KilaccH4YecKoro cMetantoro merona / A. B. MUruatbes.

— 2018; JluHamuueckuii pacuér MIOCKHX cTepxkHeswiX cuctem (JIPIICC

KC® MKD) / A. B. Urnarses; Boarl TVY. - 2018; Moayiib Busyanusauuu u

pacuéra miockux crepxHesbiX cuetem s [TIK KC® MKD / A. B. Unbun,

A. B. Urnarves; Bonr['TY. - 2018.

3amecTuTelb JIMpeKTopa
no yuedHoit pabore

HAuC BoarI'TY W 3axapos E. A



